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Performance of minimum energy controllers
on tiltrotor aircraft

Tugrul Oktay
College of Aviation, Erciyes University, Kayseri, Turkey

Abstract
Purpose – The purpose of this article is to evaluate performance of minimum energy controllers thoroughly on a tiltrotor aircraft.
Approach – Minimum energy controllers are designed for tiltrotor aircraft models for helicopter and airplane modes. Performance of minimum
energy controllers is evaluated with respect to several criteria.
Findings – Minimum energy controllers can be used for tiltrotor aircraft flight control system design. These controllers show satisfactory
performance when noise intensities and variance bounds vary.
Practical implications – Minimum energy controllers can be implemented for tiltrotor aircraft flight control system design.
Originality/value – In this paper, minimum energy controllers are applied for tiltrotor aircraft flight control system design and the performance of
minimum energy controllers is evaluated deeply on a complex physical system (i.e. tiltrotor aircraft).

Keywords Tiltrotor aircraft, Output variance constrained control, Minimum energy control, Closed-loop analysis

Paper type Research paper

Nomenclature

P, q, r � aircraft angular velocities, [deg/s]
U, v, w � aircraft linear velocities, [m/s]
��, ��, �� � Aircraft Euler angles, [deg]
�coll, �long, �lat, �ped or
u1, u2, u3, u4 � Collective, longitudinal stick,

lateral stick and pedal perturbed
pilot control inputs, [deg]

X � State covariance matrix
� � Convergence tolerance for

controller design
a � the scalar used to multiply with

output variance bound
b � the scalar used to multiply with

noise intensities
E � expectation operator
J � controller cost, []
n � number of iteration for controller

design
T � matrix transpose
V � sensor noise intensity and
W � process noise intensity

Introduction
Tiltrotor aircrafts have been used in civil and military
operations for important missions (e.g. search and rescue).

The development of the tiltrotor aircraft models used in this
article for control system design is presented in detail by
Ferguson (1983), Klein (2006), Kleinhesselink (2007).
Tiltrotor aircrafts experience many stability problems that
make an efficient control system design essential. Recently,
the technological advances succeeded in the area of control
theory have contributed growth of the area of tiltrotor flight
control system design. Advances in the tiltrotor technology
were discussed in detail by Ford (1999).

Several control strategies have been applied on the tiltrotor
aircraft flight control system throughout the years, such as
classical Proportional-Integral-Derivative (PID) controllers
(Papachristos et al., 2011; Mattaboni et al., 2012), modern
control techniques based on matrix algebra linear matrix
algebra, Linear Quadratic Regulator and Linear Quadratic
Gaussian (LQG) approaches (Miller, 1991; Mattaboni et al.,
2012), H-inf control synthesis (Walker and Voskuijl, 2007;
Yoo et al., 2009), adaptive control techniques (Rysdyk et al.,
1997; Rysdyk and Calise, 1998; Rysdyk and Calise, 1999;
Kendoul et al., 2006; Krishnamurthy and Khorrami, 2011),
Model Predictive Control (Nixon et al., 2001), Higher
Harmonic Control (Nixon et al., 1997; Nixon et al., 1998),
Neural and Fuzzy Control (Rysdyk et al., 1997; Zhu et al.,
2010; Chang et al., 2012; Yu et al., 2005; Kim et al., 2010)
and some other control aspects (Budiyono and Sutarto, 2004;
Mueller et al., 2006; Malpica et al., 2012). In this article, a
different control technique, namely, minimum energy
controllers, is used for the tiltrotor aircraft flight control
system design. Minimum energy controllers have been studied
on other physical systems over the years such as hubble
telescope (Skelton and Lorenzo, 1985), tensegrity structures
(Skelton and Sultan, 1997a, 1997b) and helicopters (Oktay
and Sultan, 2012a, 2012b, 2012c, 2012d; Oktay and Sultan,
2013). More research on minimum energy controllers to get
better performance (e.g. disturbance rejection) have also been
done recently (Baromand and Khaloozadeh, 2007; Baromand
et al., 2007; Khaloozadeh and Baromand, 2010).
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Minimum energy controllers have many advantages with
respect to the other control approaches. First, these minimum
energy controllers are improved LQG controllers, and they
use Kalman filters as state estimators. Estimators are very
important for complicated systems such as the tiltrotor
aircraft, as some of the states of the linearized system cannot
be easily measured. Second, second-order information (i.e.
the state covariance matrix) is used for minimum energy
controllers. It is crucial for multivariable control design, as all
stabilizing controllers are parameterized in terms of this
second-order information, which is physically meaningful.
Finally, for strongly coupled, large Multi-Input Multi-Output
(MIMO) systems, such as integration of minimum energy
controllers and tiltrotor aircraft model in our work, the
minimum energy controller design provides guarantees on the
transient behavior of individual variables by enforcing upper
bounds on the variance of these variables. Previous studies
with minimum energy controllers revealed that they have
lower controller cost than PID controllers (Skelton, 1987;
Skelton et al., 1998). Because the robustness of LQG
controllers is not guaranteed, the requirement for robust
control design, in fact, encouraged the control designers to use
H-inf control synthesis. For H-inf control, robustness is
certainly guaranteed; however, it has the disadvantage of the
price of having to design an over-conservative controller. On
the other hand, in the previous studies, robustness of
minimum energy controllers on helicopter models is satisfied
during flight condition uncertainties and inertial uncertainties,
as well as both of these uncertainties (Oktay and Sultan,
2012a, 2012b, 2012c, 2012d; Oktay and Sultan, 2013). The
nonlinear control theory is also used in the tiltrotor aircraft
flight control system design, but the control designer has to
deal with important difficulties such as implementation,
computational hardness and robustness problems.

In this article, minimum energy controllers are applied on
linearized tiltrotor aircraft models and their performance is
deeply evaluated with respect to several criteria (i.e. sensitivity
to noise intensity variation and variance bound variation).
Closed-loop responses of the tiltrotor aircraft perturbed states
and controls are also thoroughly examined with respect to
these criteria. Both helicopter and aircraft modes are
considered for these analyses.

This is the first article applying minimum energy controllers
to the tiltrotor aircraft flight control system. One of the other
important contributions of this article is in analyzing the
performance of minimum energy controllers thoroughly on
such a sophisticated system. Moreover, this is the first time
closed-loop response analyses have been conducted using
minimum energy controllers for tiltrotors.

Tiltrotor aircraft model
The tiltrotor aircraft model used in this article is presented by
Ferguson (1983) in detail and summarized by Klein (2006)
and Kleinhesselink (2007). This model captures fuselage,
wings (left and right), horizontal stabilizer, vertical stabilizers
(left and right), rotors (i.e. left and right) and rotor inflow.
The blade flapping motion (i.e. collective and two cyclics) is
also included in this model.

The key points of any tiltrotor aircraft are summarized next.
The tiltrotor aircraft is neither a helicopter nor an aircraft, but

it is combination of both. There are two main modes of the
tiltrotor aircraft flight: helicopter and airplane modes. In the
helicopter mode, the rotor shafts are pointed upward, similar
to conventional helicopters, and the incidence angle is zero
(Prouty, 2005). For the tiltrotor aircraft, longitudinal control
(fuselage pitching motion) is obtained similar to that for
helicopters by longitudinally tilting each rotor swashplate (i.e.
left and right). Collective control is also obtained similar to a
conventional helicopter by vertically moving the swashplate.
Lateral and directional controls (fuselage roll and yaw
motions) are the main differences between tiltrotors and
helicopters. For helicopters, lateral control is obtained by
laterally tilting the swashplate. On the other hand, for
tiltrotors, it is made via differential collective inputs on each
rotor. Directional control is obtained via differential
longitudinal swashplate tilting for tiltrotors (Figure 1 for these
rotor controls) and using tail rotor for helicopters. In the
airplane mode, similar to conventional airplanes, longitudinal
control is obtained using elevator and lateral control, which is
obtained using differential movement of ailerons (it should be
reminded that XV-15 has full-span flaps, and the ailerons are
flaperons providing lateral control via differential movement).
Directional control is obtained via movement of rudders. For
more details and tiltrotor aircraft modeling discussion the
references, Barkai et. al. (1998), Ford (1999), Maisel et al.
(2000), Miller and Narkiewicz (2006), Yomchinda (2009),
Yomchinda and Horn (2009) can also be examined.

Tiltrotor aircrafts have six rotor controls (i.e. three controls
each for the left and right rotors, collective and two cyclics for
each of the left and right rotors) and three airplane controls
(i.e. aileron, elevator and rudder; Figure 1). For
simplification, only pilot controls (i.e. collective, longitudinal
and lateral sticks, pedal) are considered by Ferguson (1983).
The XV-15 tiltrotor aircraft is used for the study of minimum
energy controllers, and its configuration data can be found in

Figure 1 Helicopter and aircraft controls
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the study by Ferguson (1983), Klein (2006), Kleinhesselink
(2007).

The linear time-invariant (LTI) tiltrotor aircraft systems are
in the following form:

ẋ � Ax 	 Bu (1)

where , x and u are the perturbed states and control inputs (pilot
controls). Matrices A and B are of size 9 � 9 and 9 � 4. The state
and control vectors are x � �u v w p q r �A �A �A �T and
u � ��coll �long �lat �ped �T, where u, v, w are perturbed linear
velocity states; p, q, r are perturbed angular velocity states; �A, �A,
�A are perturbed Euler angle states; �coll, �long, �lat and �ped are
collective, longitudinal stick, lateral stick and pedal perturbed
pilot control inputs, respectively. In this article, for analyses, the
XV-15 tiltrotor aircraft is chosen, and for hover flight condition
(helicopter mode) and 200 kts straight-level flight condition
(airplane mode), the A and B matrices are given in Appendix.

Minimum energy controllers
This article examines the specific minimum energy controller,
namely, output variance constrained controller (OVC)
(Skelton, 1987; Hsieh et al., 1989; Zhu and Skelton, 1991;
Skelton et al., 1998). The OVC problem is summarized next.
For a given continuous LTI system:

ẋ � Ax 	 Bu 	 Dw, y � Cx, z � Mx 	 v (2)

and a positive definite input penalty (matrix or scalar) R 
 0, find
a full-order dynamic controller:

ẋc � Acxc 	 Fz, u � Gxc (3)

to solve the problem:

min
Ac,F,G

E� uTRu � tr(RGXGT) (4)

subject to:

E� yi
2 � 
i

2, i � 1, ...., ny (5)

From the above, y and z represent outputs of interest and
sensor measurements, respectively; ny is the number of
outputs; wand and v are zero-mean uncorrelated Gaussian
white noises with intensities of W and V, respectively; 
i

2 is the
upper bound imposed on the i-th output variance; xc is the
controller state vector; X is the state covariance matrix (Hsieh
et al., 1989; Zhu and Skelton, 1991); and F and G are state
estimator matrix and controller gain matrix, respectively.
Furthermore, tr denotes the matrix trace operator; min is the
minimization operator; E� – limt¡�E; and E and T are
expectation operator and matrix transpose operator,
respectively. OVC solution reduces to an LQG problem
solution by choosing the output penalty Q 
 0, depending on
the inequality constraints [i.e. equation (5]. An intelligent
algorithm for the selection of Q is presented in Hsieh et al.
(1989) and Zhu and Skelton (1991). OVC parameters, after
converging on output penalty Q, are:

Ac � A 	 BG � FM, F � XMTV�1, G � �R�1BTK (6)

where, X and K are solutions of two algebraic Riccati
equations:

0 � XAT 	 AX � XMTV�1MX 	 DWDT (7a)

0 � KA 	 ATK � KBR�1BTK 	 CTQC (7b)

In comparison with the classical LQG, in the specific
minimum energy controller used in this article, namely, OVC,
the penalty matrices Q and R are selected such that variance
constraints on outputs of interest are satisfied, while the
controller cost is minimized. In next two sections the Euler
angles are outputs of interest, and the sensor measurements
are all the perturbed states (i.e. linear and angular velocities
and Euler angles). The inputs of interest are all perturbed
control inputs. The measurement matrix is M � eye(9) and
the output matrix (i.e. C) is the last three rows of matrix M.

Performance of minimum energy controllers
In this section, the performance of minimum energy
controllers, specifically OVC, is deeply examined with respect
to many criteria (i.e. sensitivity of output variances to
magnitudes of noise intensities change, sensitivity of controller
cost to magnitudes of noise intensities change, sensitivity of
input variances to magnitudes of noise intensities change,
sensitivity of controller cost to magnitudes of output variance
bounds change and sensitivity of input variances to
magnitudes of output variance bounds change).

Two flight conditions are considered to design OVC. The
1st flight condition is the helicopter mode (i.e. hover flight
condition), and the 2nd flight condition is the airplane mode
(i.e. 200 kts straight-level flight). For the 1st OVC, the outputs
of interest were tiltrotor aircraft-perturbed Euler angle states
(pitch, roll and yaw), while the inputs of interest were all four
control inputs. The magnitude of variance bounds on the
Euler angle states was 
��A, �A, �A�

2 � 10�4�1 1 10 �. The
additional OVC algorithm parameters to run the code were
n � 100 and � � 10�5, where n is the maximum allowable
iteration number and � is the convergence tolerance.
MATLAB is used to run the code. After 12 iterations, the
OVC algorithm converged and satisfied the output constraint
with a convergence error of 5.99 � 10�6. The controller cost
for this design was 0.15 [equation (4)].

The 2nd OVC is designed for the 2nd flight condition (i.e.
200 kts straight-level flight, tiltrotor airplane mode). The only
different design parameter for the 2nd OVC from the previous
OVC is that the magnitude of variance bounds on Euler angle
states was 
��A, �A, �A�

2 � 10�4�2 2 20 �. After 16 iterations, the
OVC algorithm converged and satisfied the output constraint
with a convergence error of 9.77 � 10�6. The controller cost
for the design of the 2nd OVC was 0.022. In the next
subsections, the performance of OVC for two tiltrotor modes
(i.e. helicopter and airplane modes) is examined.

The state estimator and controller gain matrices are given in
Appendix for 1st and 2nd OVCs.

Helicopter mode (hover flight condition)
In this subsection, the tiltrotor aircraft model, which is
linearized around hover flight condition, is used. In Figure 2,
the sensitivity of output variances to magnitudes of noise
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intensities change is shown. In this figure, the 1st OVC is
used, and the controller parameters [state estimator and
controller gain; equation (6)] are fixed. The linear tiltrotor
model [A, B, C and M matrices; equation (2)] is also fixed.
The altering parameters are intensities of process and
measurement noises (i.e. W and V). These intensities are
multiplied with a scalar, b, simultaneously, and the behavior of
output variances is shown in Figure 2. It can be seen from this
figure that there is a linear relationship between the
magnitudes of b and output variances (i.e. E��A

2 , E��A
2 , E��A

2).
As the magnitude of b increases, the magnitudes of output
variances increases in a linear fashion.

In Figure 2, the sensitivity of controller cost to magnitudes
of noise intensities change is also given. From Figure 2, it can
also be easily seen that when the magnitude of b increases, the
amount of controller cost increases linearly. In this figure, Jnom

is the nominal controller cost, which is obtained using b � 1.
In Figure 3, the sensitivity of input variances to magnitudes

of noise intensities change is shown. Because the variance of
the 2nd input is relatively too small with respect to other
inputs, it is given separately. In Figure 3, the varying
parameters are the same as those of the previous figure (i.e. W
and V). From Figure 3, it can be concluded that when noise
intensities are multiplied with b simultaneously, the
magnitudes of input variances increase in a roughly linear
fashion. In this figure, �E�ui

2�nom shows the nominal variance
value-related input.

In Figure 4, a different scenario is examined. In the
previous example, the control system parameters [F and G;
equation (6)] and linear model parameters [A, B, C and M
matrices; equation (2)] were fixed, while the noise
intensities (i.e. W and V) were altering simultaneously with
multiplication scalar, b. However, in this figure, the linear
model parameters and noise intensities are fixed, while the
output variance bound for the OVC design is changed. In
this figure, the logarithmic scale is used, as the controller
cost and input variances are too large when the output
constraint is too tight (a � 0.5). Variance bound of each
output of interest (i.e. yaw, pitch and roll states) is
multiplied with scalar, a, and for each output constraint
bound (i.e. the ones found after multiplication with scalar
a), a new OVC is designed with the same code summarized
at the beginning of this section. In Figure 4, log10 is referring
to logarithm to the base of 10. In Figure 4, the sensitivity of
controller cost and input variances to magnitude of output
variance bound change is given, and from this figure, it can
be concluded that the controller cost and input variances
increase in a rough exponential fashion as the multiplication
scalar a decreases. The increases of input variances with
decreasing a explain why controller cost also increases with
decreasing a. It should be reminded that the input variances
and controller cost change in the same direction (Skelton,
1987; Skelton et al., 1998).

Figure 2 Sensitivity of output variances and controller cost to magnitudes of noise intensities change
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Airplane mode (200 kts straight-level flight condition)
In this subsection, the tiltrotor aircraft model which is
linearized around 200 kts straight-level flight condition
(airplane mode) is used. In Figure 5, the sensitivity of output
variances and controller cost to magnitudes of noise intensities
change is given, and a similar study with Figure 2 is done. In
addition, in this example, the controller parameters [F and G
matrices; equation (6)] and linear tiltrotor model [A, B, C and
M matrices; equation (2)] are fixed. The differences between
Figure 2 and Figure 5 are control system parameters (F and G
matrices, 1st OVC for Figure 2 and 2nd OVC for Figure 5)
and linear aircraft model (A and B matrices). It can be also
concluded from Figure 5 that output variances (i.e. E��A

2 ,
E��A

2 , E��A
2) and controller cost increase in a linear fashion

with increasing b.
In Figure 6, the sensitivity of input variances to magnitudes

of noise intensities change is given. The linearized model and
control system parameters in this figure are similar to those in
Figure 5. The differences between Figures 2 and 5 are also
similar to the ones between Figures 3 and 6. From Figure 6,
it can be easily concluded that the magnitudes of input
variances change linearly with increasing b.

In Figure 7, a different situation is studied. In the previous
examples of this subsection (Figures 5 and 6), the control
system parameters (F and G) and linear model parameters (A,
B, C and M matrices) were fixed, while the noise intensities
(W and V) were multiplied with b. On the other hand, in
Figure 7, the linear model parameters and noise intensities are
fixed (b � 1), while the output variance that is bound for OVC
design varies. The study done in this figure is similar with the
one in Figure 4. In Figure 7, the sensitivity of controller cost
and input variances to magnitude of output variance bound

change is given, and from this figure, it can be safely said that
the amount of controller cost and input variances increases
exponentially with decreasing a.

Figure 7 Sensitivity of controller cost and input variances to
magnitude of output variance bound change.

Simulation results
In this section, the performance and sensitivity of closed-loop
responses of outputs of interest (i.e. Euler angle states), other
outputs (i.e. linear and angular velocity states) and all inputs
to noise intensities (i.e. W and V ) variation are investigated.
For this purpose, both process and measurement noise
intensities are multiplied with a scalar constant, b,
simultaneously. The performance and sensitivity of
closed-loop responses of all outputs and inputs to output
variance bound (
��A, �A, �A�

2 ) variation is also studied. To
perform this analysis, output variance bound to design OVC
(i.e. output variance-constrained controller) is multiplied with
a scalar constant, a. For both of these studies, two linearized
models are used (i.e. the ones linearized around the hover
flight condition and 200 kts straight-level flight condition).

The closed-loop systems are created using a dynamic
control system (i.e. OVC designed for the linear tiltrotor
aircraft model) and coupled to a dynamic system (i.e. linear
tiltrotor aircraft model). Closed-loop systems are also excited
by white noise perturbations of intensities W and V.

Helicopter mode (hover flight condition)
In this subsection, the tiltrotor aircraft model which is
linearized around the hover flight condition is used. In
Figure 8, the sensitivity of closed-loop responses of outputs of

Figure 3 Sensitivity of input variances to magnitudes of noise intensities change
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interest (i.e. Euler angle states) to magnitudes of noise
intensities variation is given. The closed-loop system used for
this figure is obtained by using OVC designed for tiltrotor
aircraft model linearized around hover flight condition with
variance bound of 
��A, �A, �A�

2 � 10�4�1 1 10 � (i.e. the 1st
OVC) and the tiltrotor aircraft model linearized around the
hover flight condition. This closed-loop system is also excited
by the process and measurement intensities of W and V,
respectively. In Figure 8, the varying parameters are white
noise perturbations of intensities W and V, and these
intensities are multiplied with a scalar, b, simultaneously. In
this figure, closed-loop responses of Euler angle states (i.e.

�A :roll, �A :pitch, �A :yaw) are given, while noise intensities
are simultaneously multiplied with b � 1 (solid black line),
b � 0.1 (solid pale purple line) and b � 10 (solid cyan line).
From Figure 8, it can be easily seen that the peak values of
Euler angles increase as the multiplication scalar, b,
increases.

In Figure 8, the closed-loop responses of outputs of interest
are also given when b � 1. From this part of figure, it can be
concluded that the peak value of any output increases with
increasing variance bound. In this part of figure, the largest
variance bound is on the yaw angle state, and its peak of value
is the maximum among all Euler angle states.

Figure 4 Sensitivity of controller cost and input variances to magnitude of output variance bound change
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Figure 5 Sensitivity of output variances and controller cost to magnitudes of noise intensities change

Figure 6 Sensitivity of input variances to magnitudes of noise intensities change
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In Figure 9, the sensitivity of closed-loop responses of some
other outputs (i.e. some linear and angular velocity states)
and some inputs of interest (collective and longitudinal
sticks) to magnitudes of noise intensities variation is shown.
The closed-loop system used for simulation results is the
same with the one used in the previous example. Solid
black, pale purple and cyan colors refer the situations of b �
1, b � 0.1 and b � 10, respectively. In addition, using
extensive analyses from this figure, it can be seen that the
other outputs (the ones which are not used for OVC design)
do not experience fast and large variations. Their peak
values increase as the magnitudes of noise intensities
increase. The peak values of inputs increase with increasing
multiplication scalar, b, and the second input is less

effective than other inputs while controlling the closed-loop
system.

In Figure 10, the sensitivity of closed-loop responses of
outputs of interest to magnitude of output variance bound
variation is shown. In this figure, a different situation is
studied. The control system (i.e. OVC) changes with a
multiplication scalar, a. The closed-loop system changes with
altering a. In this example, three different closed-loop systems
are obtained for a � 1, a � 0.5 and a � 2. From Figure 10,
it can be easily seen that the peak values of closed-loop
responses of Euler angle states increase with increasing
multiplication scalar, a.

In Figure 11, the sensitivity of closed-loop responses of
some other outputs (i.e. some linear and angular velocity

Figure 7 Sensitivity of controller cost and input variances to magnitude of output variance bound change
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states) and some inputs of interest (collective and longitudinal
sticks) to magnitude of output variance bound variation is
given. In this example, the closed-loop systems used for
simulation results are the same with the ones used in the
previous example. Using extensive analyses, it can be
concluded from Figure 11 that the peak values of linear
velocity states (i.e. u, v, w) increase as the multiplication scalar
a increases. On the other hand, the peak values of angular
velocities (i.e. p, q, r) decrease with increasing a. Moreover,
the peak values of all the inputs decrease with increasing
multiplication scalar, a, and the result can be explained by the
fact that when the output variance bound to design an OVC
becomes smaller, the amount of inputs (Skelton, 1987;
Skelton et al., 1998) becomes larger.

Airplane mode (around 200 kts straight-level flight
condition)
In this subsection, the tiltrotor aircraft model which is
linearized around 200 kts straight-level flight condition is
used. In Figure 12, the sensitivity of closed-loop responses of
outputs of interest (i.e. Euler angle states) to magnitudes of
noise intensities variation is given. In this figure, the
closed-loop system obtained by using OVC designed for the
tiltrotor aircraft model linearized around 200 kts straight-level
flight condition with variance bound of 
��A, �A, �A�

2 � 10�4

�2 2 20 � (i.e. the 2nd OVC) and the tiltrotor aircraft model
linearized around 200 kts straight-level flight condition is
used. This closed-loop system is also excited by process and
measurement intensities. In Figure 12, the changing quantities
are noise intensities, and they are multiplied with b
simultaneously. In this figure, closed-loop responses of Euler
angle states are given, while noise intensities are

simultaneously multiplied with b � 1 (solid black line), b �
0.1 (solid pale purple line) and b � 10 (solid cyan line). From
Figure 12, the same result with Figure 8, it can be concluded
that when the multiplication scalar b increases, the peak values
of Euler angles increase.

Figure 8 Sensitivity of closed-loop responses of outputs of interest
to magnitudes of noise intensities variation

Figure 9 Sensitivity of closed-loop responses of some other outputs
and inputs of interest to magnitudes of noise intensities variation

Figure 10 Sensitivity of closed-loop responses of outputs of
interest to magnitude of output variance bound variation
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In Figure 12, the closed-loop responses of outputs of interest are
also shown while b � 1. From this part of figure, it can easily be
seen that the peak value of the yaw angle state (solid cyan line) is
the maximum among all three Euler angle states, as the variance
bound on it is the maximum (
 �A

2 � 2�10�3).
In Figure 13, the sensitivity of closed-loop responses of

some other outputs (i.e. the outputs which are not considered
for the control system design) and some inputs of interest
(collective and longitudinal sticks) to magnitudes of noise
intensities variation is shown. The closed-loop system used in
this example is obtained similarly as the one used in the
previous example. Using extensive analyses from Figure 13, it
can be easily seen that the other outputs (i.e. linear and
angular velocity states) do not experience catastrophic
behavior (i.e. fast and large variations). The peak values of
other outputs increase with increasing b. It arrived at the
conclusion similar to that in Figure 9 that as b increases, the
peak values of inputs increase.

In Figure 14, the sensitivity of closed-loop responses of
outputs of interest (i.e. Euler angle states) to magnitude of
output variance bound variation is shown. In this figure, the
closed-loop system changes with altering a. From Figure 14, it
can be ascertained that as a increases, the peak values of
closed-loop responses of Euler angle states increase.

In Figure 15, the sensitivity of closed-loop responses of some
other outputs (i.e. the outputs which are not considered for
control system design) and some inputs of interest (collective and

Figure 11 Sensitivity of closed-loop responses of some other
outputs and inputs of interest to magnitude of output variance
bound variation

Figure 12 Sensitivity of closed-loop responses of outputs of
interest to magnitudes of noise intensities variation

Figure 13 Sensitivity of closed-loop responses of some other
outputs and inputs of interest to magnitudes of noise intensities
variation
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longitudinal sticks) to magnitude of output variance bound
variation is given. The closed-loop systems used for this example
are the same with the ones used in the previous example. It
should be reminded that there are three controllers (for a � 1,
a � 0.75 and a � 2); therefore, there are three control systems
(i.e. OVCs). Using extensive analyses from Figure 15, it can be
seen that the other outputs (i.e. linear and angular velocities) do

not experience catastrophic behavior when a varies, and when a
increases, the peak values of all the inputs decrease. When a � 2,
the 1st and 2nd inputs seem ineffective. This is due to the too low
input variance values after designing OVC with a � 2.

Conclusions
Linear tiltrotor aircraft models capturing helicopter and
airplane modes are used for the design of minimum energy
controllers, specifically OVCs. The performance of OVCs is
thoroughly examined with respect to several criteria (i.e.
sensitivity to noise intensity variation and variance bound
variation). Closed-loop responses of perturbed states and
controls are studied when noise intensities and variance bound
for OVC design change.

Similar results are found for helicopter and airplane modes.
For fixed OVC, the magnitudes of input and output variances
and the amount of controller cost increase in a linear fashion
with increasing magnitudes of noise intensities. While OVC
changes due to the variation of output variance bound, the
controller cost and input variances increase in an exponential
fashion with decreasing magnitude of the output variance
bound. Closed-loop response studies demonstrate that for a
fixed tiltrotor flight control system (i.e. OVC), the peak values
of Euler angle states (i.e. outputs of interest) and inputs
increase with increasing magnitudes of noise intensities, and
when OVC changes, the peak values of Euler angle states
increase with increasing magnitude output variance bound.
On the other hand, the peak values of inputs decrease as the
output variance bound increases. Moreover, any output and
input do not experience fast and large variations in both
situations (i.e. for the cases of noise intensity variation and
variance bound variation).
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Appendix
For hover flight condition and 200 kts straight-level flight condition, A and B matrices are given in equations (8a), (8b), (9a) and
(9b) (taken from Ferguson, 1983).
Helicopter Mode (hover flight condition)

A � �
�0.0127 0 �0.0027 0 1.3154 0 0 �32.166 0

0 �0.057 0 �1.2538 0 �0.487 32.1662 0 0
�0.0707 0 �0.1984 0 0.3576 0 0 0.4963 0

0 �0.005 0 �0.3568 0 0.1159 0 0 0
0.0007 0 0 0 �0.2007 0 0 0 0

0 0.0012 0 0.1511 0 �0.0286 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0

� (8a)

B � �
1.33 �0.0843 0 0

0 0 �0.0434 0.2446
0.0154 �5.3566 0 0

0 0 0.2411 0.0232
�0.1887 �0.0029 0 0

0 0 �0.0211 0.1006
0 0 0 0
0 0 0 0
0 0 0 0

� (8b)

Airplane Mode (200 kts straight-level flight condition)

A � �
�0.4138 0 0.0729 0 �6.5286 0 �32.1621 0 0

0 �0.3744 0 6.3158 0 32.1621 0 0 0
�0.1709 0 �1.2073 0 325.1683 0 �0.7124 0 0

0 �0.0131 0 �0.8073 0 0 0 0 0
0.0215 0 �0.0372 0 �2.1913 0 0 0 0

0 0.0096 0 �0.1881 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0

� (9a)

B � �
�0.0656 5.1084 0 0

0 0 0.0041 �2.7109
�3.1791 0.0615 0 0

0 0 0.3339 �0.0694
�1.4324 �0.2439 0 0

0 0 0.0902 0.3816
0 0 0 0
0 0 0 0
0 0 0 0

� (9b)
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State estimator and control gain matrices
For 1st and 2nd OVCs, the state estimator and gain matrices are found using OVC algorithm (Hsieh et al., 1989; Zhu and Skelton,
1991), and these are:

G1st_OVC � �
2.67e�3 6.93e�18 1.31e�5 �1.80e�15 1.63e	1 �4.86e�16 �3.81e�15 2.85e	1 �1.45e�16
7.30e�5 7.00e�19 �1.87e�7 �1.59e�16 2.53e�1 3.20e�18 �2.91e�16 4.38e�1 �4.46e�18

�5.25e�18 1.52e�2 6.06e�18 �1.14e	1 2.21e�15 3.02e�2 �2.00e	1 2.69e�16 2.05e�1
�2.08e�18 �7.55e�3 3.82e�19 �1.71 4.57e�16 �7.34 �1.59 7.96e�17 �2.89

� (10a)

F1st_OVC � �
8.31 1.94e�10 �2.84e�1 �2.31e�11 �4.47e�1 �6.66e�11 �1.54e�10 �1.10 1.35e�10

5.80e�16 8.23 2.58e�16 3.96e�1 �3.28e�16 4.75e�2 1.09 �1.38e�16 2.45e�2
�2.84e�1 �2.46e�11 8.60e�1 �5.75e�12 1.19e�1 2.81e�10 �2.27e�12 5.06e�2 2.47e�12

�2.40e�16 3.96e�1 1.15e�15 6.21e�1 2.59e�16 8.38e�2 1.46e�1 7.43e�17 3.75e�2
�4.47e�1 �6.95e�11 1.19e�1 �5.92e�12 6.93e�1 �8.64e�11 �2.50e�11 1.63e�1 �9.47e�11
2.58e�17 4.75e�2 2.43e�16 8.38e�2 3.02e�17 8.94e�1 3.06e�2 8.78e�18 4.06e�1

�3.90e�16 1.09 4.03e�15 1.46e�1 4.70e�16 3.06e�2 2.86e�1 1.36e�16 1.50e�2
�1.10 �2.00e�10 5.06e�2 �3.06e�11 1.63e�1 �1.38e�10 �7.00e�11 2.90e�1 �4.95e�11

�1.43e�17 2.45e�2 1.36e�16 3.75e�2 1.68e�17 4.06e�1 1.50e�2 4.89e�18 1.28

�
(10b)

G2nd_OVC � �
3.86e�3 3.63e�18 �2.82e�3 �1.73e�15 1.57e�1 �1.08e�15 �2.93e�15 1.31 �2.43e�15

�1.45e�4 2.44e�18 �7.67e�5 �2.21e�16 1.33e�2 �3.96e�17 �4.24e�16 6.13e�2 3.79e�16
7.88e�18 2.49e�2 �5.37e�18 �5.37 4.81e�16 �2.44 �1.00e	1 2.37e�15 �4.12e�1
9.27e�18 7.43e�3 �4.36e�18 �1.27 2.19e�16 �2.26 �5.77e�1 1.44e�15 �1.13

� (11a)

F2nd_OVC � �
7.50 �9.82e�11 �2.33e�1 2.38e�9 �4.82e�3 �5.90e�10 �6.55e�9 �9.70e�1 3.87e�10

2.83e�16 2.42e	1 �3.34e�14 1.41e�1 �4.57e�15 �8.95e�1 2.51e�1 8.78e�16 �6.40e�2
�2.33e�1 3.34e�10 2.17e	1 �5.99e�10 8.07e�1 5.50e�11 1.52e�9 4.29e�2 1.92e�10
1.81e�16 1.41e�1 1.28e�15 4.56e�1 3.45e�16 1.37e�2 1.72e�1 �1.15e�16 6.03e�3
�4.82e�3 �2.96e�11 8.07e�1 �6.25e�11 6.50e�2 8.88e�12 1.17e�10 1.31e�3 1.36e�11

�3.57e�17 �8.95e�1 �1.01e�16 1.37e�2 7.96e�17 8.00e�2 9.34e�2 �2.81e�18 7.62e�3
8.71e�17 2.51e�1 3.24e�16 1.72e�1 9.84e�17 9.34e�2 1.11 �3.95e�17 5.37e�2
�9.70e�1 6.52e�11 4.29e�2 �7.32e�10 1.31e�3 1.71e�10 1.94e�9 2.46e�1 �1.34e�10
1.44e�19 �6.40e�2 9.65e�17 6.03e�3 1.65e�17 7.62e�3 5.37e�2 �3.40e�18 1.00

�
(11b)
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