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CONSTRAINED CONTROL OF COMPLEX HELICOPTER MODELS
Tugrul Oktay

ABSTRACT

Complex helicopter models that include effects typically ignored in control models,
such as an analytical formulation for fuselage aerodynamics, blade lead-lagging and
flexibility, and tail rotor aerodynamics, are derived. The landing gear, horizontal
tailplane, a fully articulated main rotor, main rotor downwash, and blade flapping are also
modeled. The modeling process is motivated by the desire to build control oriented,
physics based models that directly result in ordinary differential equations (ODE) models
which are sufficiently rich in dynamics information.

A physics based model simplification procedure, which is called new ordering
scheme, is developed to reduce the number of terms in these large nonlinear ODE
models, while retaining the same number of governing equations of motion. The resulting
equations are trimmed and linearized around several flight conditions (i.e. straight level
flight, level banked turn, and helical turn) using Maple and Matlab. The resulting trims
and model modes are validated against available literature data.

The linearized models are first used for the design of variance constrained controllers
with inequality constraints on outputs or inputs, output variance constrained controllers
(OVC) and input variance constrained controllers (IVC), respectively. The linearized
helicopter models are also used for the design of online controllers which exploit the
constrained model predictive control (MPC) theory. The ability of MPC to track highly
constrained, heterogeneous discontinuous trajectories is examined. The performance and
robustness of all these controllers (e.g. OVC, IVC, MPC) are thoroughly investigated
with respect to several modeling uncertainties. Specifically, for robustness studies,
variations in the flight conditions and helicopter inertial properties, as well as blade
flexibility effects, are considered.

Furthermore, the effectiveness of adaptive switching between controllers for the
management of sensor failure during helicopter operations is studied using variance
constrained controllers. Finally, the simultaneous design of the helicopter and control
system is examined using simultaneous perturbation stochastic approximation in order to
save active control energy.
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CHAPTER 1:

Introduction

1.1 Literature Review and Summary

Historically, aerospace vehicles control was approached using a decoupling principle:
a single rigid body model was considered sufficient and the equations of motion were
assumed to decouple. This led to tremendous simplification, resulting in low order
controllers. However, when inertial roll coupling was first analyzed [1], the decoupling
approximation was soon found inadequate even for fixed wing aircraft. Nevertheless,
decoupling continued to be used because technological limitations placed severe
restrictions on the dimension of controllers that could be implemented.

For rotorcraft, the single rigid body and decoupling assumptions are crude
approximations. Their relative success in helicopter control was due to very conservative
designs, which are not suitable for multi-objective missions with conflicting
requirements. Several publications actually advocate for the use of coupled, multibody
models for rotorcraft control design. For example in [2-4] rotor and control system
optimization was performed over flap stiffness, flap-lag elastic coupling factor, and
control parameters. In [2] a coupled rotor-fuselage model with rigid blades [5,6] was used
for integrated design, leading to the conclusion that lower control effort is achieved if the
rotor and control system are designed simultaneously. Moreover, rotor dynamics and
handling qualities cannot be treated independently [7].

For control design the ideal situation is when the model used for control is physics-
based and it captures the essential dynamics of interest through a process called “control

oriented modeling”. The main advantage of physics versus data based (e.g. identified)



models is that the former are more robust and versatile than the latter. In the first part of
this dissertation the development of such models for helicopters is presented. The models
include a fully articulated main rotor, linear main rotor downwash, blade flexibility, an
analytical formulation for fuselage aerodynamics using slender body theory, a tail rotor
aerodynamic model, horizontal tailplane, and landing gear. For control oriented
modeling, lumped system modeling [8] is used for blade flexibility instead of solving
nonlinear partial differential equations (PDEs) [9,10] or using finite element methods
[11]. The control oriented modeling approach, which involves application of the physics
principles, leads directly to dynamic models composed of finite sets of ordinary
differential equations (ODEs). This is a tremendous advantage for control design because
it facilitates the direct use of modern, multivariable control theory tools. Modern control
system design relies heavily on state space representations of the system’s dynamics,
which are readily obtained from ODEs. However, the situation is different, if application
of the physics principles leads to models composed of PDEs. To obtain a finite set of
ODEs from the infinite dimensional set of PDESs, tremendous work is required to find and
retain a finite number of modes for control design. Thus only several ODEs are retained,
usually selected to capture the modes that are considered relevant for the control design
problem of interest, amounting to qualitative and quantitative alteration of the original
PDEs based mathematical model. Moreover, this procedure complicates the verification
and validation of the control system.

The models obtained using the control oriented approach consist indeed of nonlinear
ODEs, but have too many terms, making their use in fast computation impossible.

Therefore, a systematic simplification method, which is called “new ordering scheme”, is



applied to reduce the number of terms. The resulting models are validated by comparing
their features, specifically trim values and eigenvalues of linearized models, with results
in the literature.

In the second part of the dissertation the feasibility of these models in modern control
design is studied. Since helicopters are subject to output and input limitations and a key
requirement is minimization of control energy, the performances of output variance
constrained controllers (OVC) and input variance constrained controllers (1VC) [12-19]
were investigated. Such controllers were designed for linearized models and several flight
conditions, monitoring: a) speed of convergence of solution algorithms, b) stability of the
closed loop systems, c) satisfaction of constraints. Furthermore, since systems are subject
to modeling uncertainties, closed loop stability robustness is thoroughly evaluated, first
by varying helicopter’s speed. Secondly, the effect of modeling uncertainties was
evaluated by using controllers designed for rigid blade models on flexible blade models
and finally using controllers designed for flexible blade models with uncertain inertial
properties.

One deficiency of the previously discussed variance constrained controllers is that
they do not consider output and input constraints simultaneously. Due to this reason,
model predictive control (MPC), which accounts simultaneously for output and input
constraints, was examined. Past research in MPC for helicopters focused predominantly
on simple [20-25] or identified models such as those obtained using neural networks [26-
31]. On the other hand, the models created in this dissertation are physics based, control
oriented, and sufficiently complex to account for important effects in helicopter

dynamics. MPCs were designed for control oriented models evaluating: a) ability to track



discontinuous trajectories, b) satisfaction of heterogeneous constraints, ¢) computation
time, d) robustness to modeling uncertainties.

For maneuvering flight, control design is critical for safe and performant helicopter
operation. In particular, helical turns and banked turns are of major interest. For example,
they enable transitioning between two straight level flight conditions and monitoring an
area of interest. They also allow armed helicopters to avoid ground attack, to possibly
engage in air to air combat, etc. In this study the design of modern controllers are
analyzed for such maneuvers. Since these maneuvers are highly constrained, any control
design should account for constraints on outputs and inputs. Due to these requirements,
variance constrained controllers with inequality constraints on outputs or inputs and
model predictive control (MPC), which explicitly accounts for many constraints, are
analyzed.

Another important issue in helicopter control is management of sensor failure.
Physical (direct) redundancy, which means adding duplicate or even multiple sensors, is
sometimes used for aerospace vehicles. This approach has many limitations [32,33]. For
example, some sensors can be very expensive, and there are stringent space limitations on
board helicopters which limit the number of sensors that can be carried. Moreover,
placement of specific sensors is predetermined due to physical and operational
conditions. For example, if all sensors measuring the same quantity are placed in a certain
region of the helicopter, a physical phenomenon, such as regional stall and flow
separation, may cause failure of these sensors all together. Therefore, different
approaches, in which mathematical relations are used to obtain redundant measurements,

are recently being developed [33-37].



In this dissertation an alternative approach, namely adaptive switching between
controllers which are adequate for different sets of sensors, but provide the same
prespecified performance, is proposed. This approach has nowadays become possible due
to recent advances in control theory, signal processing, microelectronics, power
electronics, and microprocessors. Switching between controllers can then be easily and
reliably implemented electronically, thus not requiring addition of mass. The idea
investigated is if one can adaptively change the controller in flight to satisfy the same
constraints when the set of measurements changes due to sensor failure. Therefore,
variance constrained controllers and MPC with different sets of measurements are also
studied.

Traditionally, the plant to be controlled is given a priori to the control engineer who
has no influence on the plant design process. However, it is well-known that the plant and
control system design problems are not independent [38,39]. Simple changes in plant
parameters may improve performance significantly. The traditional sequential approach:
1) design the plant, and 2) design the control system, does not usually provide the best
overall design [38,39]. Ideally, the plant and control system should be simultaneously
designed to optimize a given objective (e.g. cost function). This is definitely a much more
difficult problem. In this dissertation we pursue this idea and simultaneously design
helicopter plant (blade and operation parameters) and control system to minimize the
active control effort while obeying constraints on the physical parameters of the
helicopter and control system.

Previous work in helicopter redesign was limited to passive design -- control system

parameters were never included. For example, in [7] a redesign optimization study is



performed in which rotor dynamics and flight dynamics are simultaneously taken into
account to maximize the damping of a rotor lag mode with respect to certain design
parameters (e.g. blade torsion stiffness, blade chord length). In another study [40],
vibratory loads at the rotor hub, which are the main sources of helicopter vibration, are
reduced by redesigning the helicopter using certain variables (e.g. blade lag and torsion
stiffness). Several other papers also report helicopter redesign studies [41,42].

For our simultaneous design study complex physics based control oriented helicopter
models are used. However, the resulting constrained optimization problem is very
complex and does not allow analytical computation of derivatives such as gradients and
Hessians. Since numerical approximation of these derivatives for such complex (large)
problems is prohibitive and possibly numerically unstable, we selected a fast stochastic
optimization method, called SPSA (simultaneous perturbation stochastic approximation),
to solve these problems [43,44]. An algorithm, which illustrates the effectiveness of
combining SPSA and simultaneous helicopter plant and control system design to
minimize control effort, is developed. A novel adaptive SPSA that accounts for the
constraints that the optimization variables must be between lower and upper limits is also

developed to solve related problems.

1.2 Main Contributions

One of the major contributions of this dissertation is in showing a complete process of
control oriented, physics based model development for helicopters followed by modern
control design. The modeling process is specifically designed to result in ODEs which are

sufficiently rich in dynamics information for modern control design.



For this dissertation, in order to simplify the nonlinear ODEs, firstly the classical
ordering scheme (see Celi [45]) was used. However, it was quickly ascertained that strict
application of this classical ordering scheme leads to erroneous results (for example,
unrealistic modes were obtained). This led to the development of a novel model
simplification procedure, called the “new ordering scheme”, which resulted in realistic
trim conditions and modes which were also validated against available literature data.

Another important contribution of this dissertation is that it shows that modern
constrained controllers can be applied to the helicopter models developed herein, which
are beyond the typical complexity used for helicopter control design. This is the first
study to apply variance constrained controllers to helicopters, while also thoroughly
investigating their stability robustness properties. This is also the first advanced study
which shows that constrained MPC can be used and implemented online to robustly track
discontinuous helicopter trajectories, even when the models are sophisticated and physics
based.

The simultaneous helicopter plant and control system design idea is also investigated
with advanced constrained control techniques and highly complex helicopter models.
This is the first study which shows a complete process of simultaneous helicopter plant
and control system design. This is also the first study examining simultaneous helicopter
plant and control system design using variance constrained controllers. A stochastic
optimization technique, specifically SPSA, is used for the first time for this purpose. A
novel adaptive SPSA accounting for the constraints that the optimization variables must
be between lower and upper limits is also developed.

Finally, the idea to switch adaptively between controllers for the management of



sensor failure during helicopter operations is investigated, also for the first time.
Specifically, output variance constrained controllers (OVC) and input variance

constrained controllers (IVC) are considered.



CHAPTER 2:

Modeling and Model Simplification

2.1 Newton-Euler (Dynamic) and Kinematic Equations of a Generic Helicopter

Throughout this dissertation the following general key assumptions are made to derive

Newton-Euler and kinematic equations of a generic helicopter:

Key Assumptions:
- The helicopter has a plane of symmetry.
- The gravitational force and moment acting on the blade is ignored.

- Each blade is composed of individual blade segments that are considered rigid.

In order to derive Newton-Euler equations of the helicopter, forces and moments due
to the blade motion should be found. To obtain these forces and moments, the position,
velocity and acceleration of any generic blade point are needed. For the simplified blade

model depicted in Fig. 2.1 these vectors can be easily obtained as showed next.
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Figure 2.1: Scheme of Rotating Blade Connected to Axially Rotating Hub

In Fig. 2.1 the hub rotates around z, , which is inertially fixed for this simple example,
with constant angular velocity, €2. The reference axes x, and y, are attached to the hub,

F and M are the total force and moment acting on the blade at its center of gravity, while

Xo, Yg,and z, are unit vectors of a blade rotating frame and x and z,, are unit

He Yho H

vectors of the hub frame. Ignoring the blade thickness, the position of a generic point P

on the blade in the rotating frame is

Rropz[rp1 Ip, OT (2.1)

Using the Transport Theorem [45, 46] the velocity of the generic point is expressed as

V =215 + 0 ©r (2.2)
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I _R
where  is the angular velocity of the rotating frame with respect to the inertial frame

and in the hub frame it is

Jo'=[0 0 af (2.3)

Assuming that the blade is rigid, the velocity of the generic point is

~N

V = o © (2.4)

The acceleration of the generic point, also expressed using the Transport Theorem, is

I_OP 5 1_R _OP | _R I_.R _op

aza(w®r)+a) Q(w & r ) (2.5)
To obtain Newton-Euler equations of the helicopter, Egs. 2.4 and 2.5 will be modified
later on to account for the motion of the hub and helicopter with respect to the inertial
(gravitational) frame.

The helicopter moment equation is derived using Euler’s Law (see [45]) and it is

h+ o ® h (2.6)

where h and o are the angular momentum and angular velocity of the helicopter

with respect to the inertial frame. These are given by

I I _ A | A

h=1 o , R =[p q r]T (2.7)

where the inertia matrix is

IXX 0 _IXZ
I=l o I, o (2.8)
_IXZ 0 IZZ
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Using Egs. 2.7 and 2.8 the helicopter moment equation is

L Ixxp_(lyy_Izz)qr_lxz(pq+r)
IVIA= M |= Iyyq_(lzz_lxx)pr+Ixz(pz_rz) (29)
N Izzr_(lxx_Iyy)pq_lxz(p_rq)

To obtain the helicopter force equation, Newton’s 2™ Law is used. This is simply

Ay N, 1A
F=M, —3Z=M, —at9+ 0w ®FV (2.10)

Ve =[u v w]T (2.11)

and M, is the helicopter mass. Accounting also for the helicopter gravitational force, the

helicopter force equation is

X M,(U+gqw-rv)+M,gsin(6,)
Fa=lY |=| M,(V+ru-pw)-M_,gcos(6,)sin(¢,) (2.12)
Z| |[M,(W+pv-qu)-M,gcos(6,)sin(¢,)

The rotational kinematic equation of the helicopter is derived using the helicopter’s
angular velocities (p, g, r) and Euler orientation angles (¢,, 65, w,). For the 3-2-1

rotation sequence [45, 47] (general aviation assumption), the rotational kinematic

equation is
p ‘iBA'WASi”(HA)
q|= t//Acos(HA)Sin((])A)+0Acos(¢A) (2.13)

r Y acos(0,)cos(n) - Opsin ()
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2.2 Nondimensionalization

Nondimensionalization is widely used in all engineering disciplines. In helicopter
dynamics the general rules of nondimensionalization (see [48] [p.142] for details) are:

I. Lengths are nondimensionalized by the main rotor radius, R

A

I
- 2.14
. (2.14)
ii. Time is nondimensionalized by the main rotor angular speed, 1/Q2
f=_t (2.15)
1/0Q '

U=—0or V=—1r, W=——r (2.16)

p= (2.17)

P
Q

v. Flapping, flapwise bending, and lagging springs are nondimensionalized by Ib_Q2

K K K
k. = B ’ k.= o) ’ k - ¢ 2.18
N Nok o) S ok (2.18)
vi. Tail rotor thrust coefficient is nondimensionalized by 7,02 /R
K:R
ky =—1 2.19
T Ib.Qz ( )
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2.3 Nondimensionalized Dynamic and Kinematic Equations of The Helicopter

After application of the previous nondimensionalization rules, the nondimensionalized
dynamic and kinematic equations are obtained as follows.

Force Equations:

LIPS S LI Y S,
dy QR Q°RM,
LI L CVLLIGY B (2.20)
dy 0% R Q*RM,
imﬁv_q i 9c08(9A2)cos(¢A) . YA
dy %R Q’RM,
Moment Equations:
d ~ - Iyy Izz Ixz["" d "j L
PG F| |- PG F =
dl// IXX IXX IXX dl// IXX Qz
dia_Iﬁf |Ii_:i +|Ii('62_(jz N MQZ (2.20)
v yw oy yy yy
d . . .| I | .. d . N
——f-pg| - —i(q r——p}
dl// IZZ IZZ 77 dl// IZZ Qz
Kinematic Equations:
. d d .
=—2a¢, ——y,sin(0
P dy Pn dWV/A (6a)
. d . d
G =—wAC05(6,)SIN(Pn) +—04COS(4,) (2.22)
dy dy
. d d .
F=——wAC05(0,)COS(dy) ———0,5in(¢,)
dy dy
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2.4 Blade Aerodynamics

The following general key assumptions are made to derive blade aerodynamic

equations in this dissertation.

Key Modeling Assumptions:

-The radial component of blade section oncoming air velocity is negligible.

-The tangential component of blade section oncoming air velocity is much bigger than its
perpendicular component.

-Linear and incompressible aerodynamics is considered.

-Blade unsteady flow is ignored.

-The Mach number and angle of attack are small.

-Quasi-steady flow is considered [45].

To obtain aerodynamic forces acting on blades, blade element theory (see [45] and

[49] [pp. 45-57]) is used. The aerodynamic force acting on a blade element is
=dL+dD (2.23)
where the infinitesimal lift and drag forces acting on any blade element, dL and dD, are

dl::%p V2. ¢ cdrV,, dD Z%p V2. cqcdrV, (2.24)

where V., IS the total oncoming air velocity of the blade element. Assuming that
U; >U, and Uy is negligible, the infinitesimal lift and drag forces acting on the blade

element are
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dI:Z%pUT2 clcdrl}n, d|3=%pUT2cdcdrl}t (2.25)

Zur ¥,
f=p+o / ar
me}“&--m_h‘ — |/
| o bk T — “Yiw
UP¢GJU—>‘}1.{\._\:—::.“:._—\. _._c__cq_-::-:‘-_\-_ ......
f =,

Figure 2.2: Blade Element-Infinitesimal Lift and Drag

Assuming that 1) the blade section profile drag coefficient is ¢, =, + 5,a” [50] [p. 591],

2) linear and incompressible aerodynamics exist, and the blade element lift coefficient is

C, =8, a,3) dL>dD (U, /U;) [51] [p. 118], the infinitesimal aerodynamic force and

moment acting on the blade element become

0
I U 1 Up )
Vb (g ui- Up o L )
it Faoro = 2y (9 UZ-Up UTJUT %{5“52 (9 UTJ J dx (2.26)
2
I OUZ — Up Us |
T
dLrMaero =[0 ~XR (dicrFaero) i XR (dicr Faero)ll} (2.27)

Here vy = R*pac/ I, is the Lock number and x is the nondimensional position of the blade

element from the blade hinge (see Figs. 2.3 and 2.4).
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2.5 Blade Dynamics

For this dissertation the following general key assumptions are made to derive blade

dynamic equations.

Key Modeling Assumptions:
-Strip theory is used (see [45] and [50][pp. 133-137]).
-Aircraft’s acceleration is small with respect to any blade strip acceleration.

-Flapping and lagging hinge offsets are located at the same position.

The last assumption requires further clarification. There are several helicopter flap-
lag-pitch hinges configurations commonly used in practice and widely described in the
literature. These configurations are illustrated in Fig. 2.3. For example, for the first
configuration the flap hinge is closest to the main rotor hub. The pitch hinge is far from
the main rotor hub. The lag hinge is between them. For the third configuration flap and
lag hinges are aligned and the pitch hinge is far from them with respect to the main rotor.
The type-3 configuration is chosen (Sikorsky S58, Westland Sea King, Westland Wessex)

for helicopter model.

17
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Figure 2.3: Flap-Lag-Pitch Hinges Configurations (Taken from [52] [p. 87])
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Figure 2.4: Fully Articulated Main Rotor with Type-3 Configuration
(Taken from [49] [p. 7])

The type-3 configuration is depicted in detail, together with other required

components, in Fig. 2.4. The absolute acceleration of a blade strip point, P, at position

_P
r from the helicopter’s center of gravity is

azﬁ(w®r)+w Q(w ® r) (2.28)
where

I_R I_A A_R

0w = 0 + (2.29)

These angular velocities in specific frames are
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A R T

o =Q[p 4§ i, ho =20 0 1] (2.30)

For the strip theory application, the blades are modeled as flat rods (without thickness)
in the blade span direction (see Figs. 2.6 and 2.7). The position of strip P on the blade
with respect to the helicopter’s center of gravity, including flapping and lead-lagging

motions specifically, is

eR + xRcos(S(w))cos(¢ (v))
r = -XRsin(¢ (w)) (2.31)
hR +xRsin(S()) cos(¢ (v))

| _P
Using a (Eg. 2.28) and the blade’s moment of inertia I, = (1/3)m R*(l-e)*, the

infinitesimal inertial force and moment acting on any blade strip are

— I——P — — —
dF, = - 3l a dx, dM,=redF (2.32)
R%(1-e)?
where
<r=[xR 0 O (2.33)

2.6 Blade Flapping and Lead-Lagging Motions

During forward flight, the local oncoming air velocity of each blade changes
significantly. The advancing blades move faster than retreating blades, causing an
important aerodynamic phenomenon called “dissymmetry of lift” (see Fig. 2.5). The
dominant effect of this phenomenon is that the helicopter tends to roll. This dissymmetry
is the main difference between helicopter flight and fixed-wing aircraft. In order to solve

the rolling problem experienced by helicopters during forward flight, the blades are

20



joined to the rotor hub via flexible articulations that allow each blade to experience
different angles of attack. This idea was first proposed by Spanish inventor, Juan de la
Cierva [53] [p. 64]. This added flexibility enables the flapping motion, which is an “up

and down” motion with respect to the rotating frame (Fig. 2.6).

T 80 knots
’ .
430 knots "6=0
WA ™THN
430 knots
J,B max TB max
430 knots g0 knotsT
80 knots T J’B \' TB /1
430 knots

EEE——

80 knots | B =0

Figure 2.5: Velocity Distribution During Forward Flight and
Blade Flapping Motion
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Figure 2.6: Blade Flapping Motion

Figure 2.7: Blade Lead-Lagging Motion

When Juan de la Cierva invented the flapping hinge, he fixed the problem of the non-
symmetric aerodynamics. However, after flying for a short time, another important
problem was revealed: structural distress always occurs due to the in-plane bending
moment at the blade root. After Cierva understood that this in-plane bending moment is

very high, he decided to add another hinge (lag hinge), thus solving this problem also
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[53] [p. 65]. The lag hinge allows a “forward and backward” motion of the blade in the
rotating frame. This motion is called lead-lag motion (see Fig. 2.7).

The lagging hinge solved another problem, namely the “ground resonance” effect (see
Fig. 2.8). When the helicopter comes close to the ground, the perpendicular component of
oncoming air velocity becomes smaller, and therefore, the angle of attack becomes larger.
Due to the increase in lift, the rotor produces more thrust than required and this causes
the helicopter to climb. Since lagging motion reduces the tangential component of

oncoming air velocity, this problem can be solved with the lagging hinge.

induced Velocity

NG

Induced Velocity

J777 7777777777777 27 7777777777757

—
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Figure 2.8: Ground Effect (Taken from [54] [p. 64])

2.7 Reference Frames

Defining reference frames is crucial to derive the dynamic and kinematic equations of
the helicopter. Gravity, aircraft, hub, rotating, flapping, lead-lagging, and flapping&lead-

lagging frames are used in this dissertation and G, A, H, R, F, L and LF subscripts are
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used to refer to them, respectively. All transformation matrices used in this dissertation
are defined next (see [45] for more details).
i. Transformation matrices from the aircraft frame to the hub frame and from the hub

frame to the aircraft frame are

10 0 10 0
Tuen=|0 1 0|, Toy=/0 1 0 (2.34)
00 -1 00 -1

ii. Transformation matrices from the gravitational frame to aircraft frame and from the

aircraft frame to the gravitational frame are

Taco =|SiN(@y)sin(0,)c0s(ywa) —Cos(Ba)sin(yw,) Sin(gn)sin(0,)sin (wn)+cos(ga)cos(y ) sin(g,)cos(6,)

c05(0,)cos(w ) cos(0,)sin (v, ) ~sin(¢a) } (2.35)
| COS(¢)Sin (0)C0S(W2) +sin(ga)sin(ya)  cos(ga)sin(Ga)sin(wa)-sin(ga)cos(y,) cos(ga)cos(6,)

Toen =|€0s(8,)sin(w,) sin(gy)sin(0,)sin(yn)+Cos(g)Cos(w,) €os(ga)sin(6,)sin(w,)-sin(gs) cos(y )
—sin(g,) sin (g, )cos(6,) c0s(¢,) c0s(6,)

[cos(8,)cos(ws) SN (¢a)sin(6,)Ccos(w ) —COS(Ba) SiN(W )  COS(B )SiN (8, )COS(W ) +SiN(Ba) SIN(WA) ] (2.36)

iii. Transformation matrices from the hub frame to the rotating frame and from the

rotating frame to the hub frame are

cos(y,) sin(y,) O cos(y,) -sin(w,) O
Tren =| -Sin(w,) cos(y,) Of, Ther =|Sin(wy) cos(y,) O (2.37)
0 0 1 0 0 1

iv. Transformation matrices from the rotating frame to the flapping frame and from the

flapping frame to the rotating frame are

cos(B(w)) 0 sin(B(w)) cos(B(w)) 0 -sin(B(w))
Teer = 0 1 0 v Taee = 0 1 0 (2.38)
-sin(B(y)) 0 cos(B(w)) sin(B(w)) 0 cos(B(w))
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v. Transformation matrices from the rotating frame to the lead-lagging frame and from

the lead-lagging frame to the rotating frame are

cos(¢(v)) -sin(C(y)) O cos(¢(v)) sin(c(w)) O
Tier=[sin(c(w)) cos(C(y)) 0| Tpep=|-sin(c(y)) cos(c(y)) 0| (2.39)
0 0 1 0 0 1

vi. Transformation matrices from the rotating frame to the flapping&Ilead-lagging frame

and from the flapping&Ilead-lagging frame to the rotating frame are

[cos(¢ (w))cos(B(y)) -sin(S(w)) cos(C (w))sin(B(w))
Tirer=|SIN(CW))cos(B(y))  cos(S(w)) sin(S(w))sin(B(y)) (2.40)
—sin(B(y)) 0 cos(B(y))

cos(S (w))cos(B(w)) sin(¢(w))cos(B(y)) —sin(B(w))
Trer = =sin(¢ (w)) cos(¢ () 0 (2.41)
L cos(C(w))sin(B(w)) sin(S(w))sin(B(y))  cos(B(w))

2.8 Blade Flexibility

For this dissertation the following general key assumptions are made to model blade

flexibility.

Key Modeling Assumptions:
-Flapwise bending is dominant.

-Lagwise bending, axial displacements, and torsion are ignored.

For helicopter modeling, lumped system modeling [8] was used for blade flexibility
instead of solving nonlinear partial differential equations (PDEs) and integro-differential

equations (IDEs) [9, 10] or using finite element methods [11]. In this approach the blades
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are divided into rigid segments joined by flapwise bending springs and dampers (see Fig.
2.9).

The flapping angle of the (i+1)-th blade segment is
i -
i B)=Bly)+ kglé(w)k, i=1..,n-1 (2.42)

where n is the number of blade segments, &(y), is the deflection angle of the k-th
flapwise bending spring, ;,, B(yv) is the flapping angle of the (i+1)-th blade segment, and

S (w) is the root flapping angle.

Figure 2.9: Lumped System Modeling for Blade Flexibility

It is assumed that the deflection angles are small. For helicopter modeling the blades are

divided into three segments.

2.9 Multi-Blade Equations

The following general key assumptions are made to derive multi-blade equations for

this dissertation.

Key Modeling Assumptions:

-The blades are identical.
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-Each blade motion is synchronous.

-Higher harmonic terms are neglected.

Most helicopters have at least two blades or more and each blade moves differently
than others. This is very important for helicopter dynamics and aerodynamics. Therefore,
the discussions in previous sections are extended for multi-blade main rotor models.
After ignoring higher harmonic terms (and also using 4 blades for the main rotor), the

blade flapping, lead-lagging and flapwise bending motions are described by

O,() = 0, + O, cos(y;) + O, sin(y;) + Oy (-1)' (2.43)
where the blade azimuth angle is

yi=y-(z/2)(i-1), i=1..4 (2.44)

and © is the generic notation for any of the three angles mentioned in the above while

0,, 0.,0,,and O, are collective, two cyclic and differential components, respectively.

Synchronous flapping motion is illustrated in Fig. 2.10 (see [47][pp. 102-106] for more

discussion).
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Figure 2.10: Synchronous Blade Flapping

2.10 Fuselage Aerodynamics

For this dissertation the following general key assumptions are made to derive

fuselage aerodynamic equations.

Key Modeling Assumptions:

-The fuselage is in the uniform downwash of the main rotor.

-Stationary incompressible aerodynamics exists.

-The fuselage is a regular body which is a good assumption for slender body theory.

-The linear velocities are much larger than the velocities due to the fuselage rotation.

Fuselage aerodynamic modeling is generally done computationally or experimentally.
However, in this dissertation an analytical approach [55] is used, derived using slender
body theory, to obtain fuselage aerodynamic equations. For a body of revolution (Fig.
2.11), the infinitesimal aerodynamic forces and moments acting on a fuselage strip of

length ds are
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d - R -
df i = PV, V;27R; (S) S R¢ (), dM | = Tas @ df i (2.45)

ds

S AR R B,
fprag =EpMV2Rf(S)Cdf +Epr\/L‘Vl2Rf(S)CdpdS, M prag = Fas ©® Ofpey  (2.46)

where R;(s) is the fuselage radius at distance s along the fuselage reference line (FRL)

measured from the nose, T is the position vector of s, V is the local air velocity, V, and

V, are the local air velocity’s components perpendicular and parallel to FRL,

respectively.

Figure 2.11: Fuselage Shape

The pressure drag coefficient, ¢, , and the skin friction drag coefficient, c, , are

p £

estimated from [56] [pp. 2.1, 3.9]. The profile function of the fuselage radius is

R, (s) =2d [ﬁ -?J (2.47)

where | and d are the fuselage length and height, respectively (see Fig. 2.11). Assuming

that the fuselage is in uniform downwash, V is
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V--Vi+ V, (2.48)

where the kinematic velocity at distance s on the FRL and the uniform downwash are

|
Vo= Vpt'dtens, Vv, [0 0 o] (2.49)

where T,q in aircraft frame is Alas = R[xe—s 0 zF]T. Integrating the infinitesimal

aerodynamic forces and moments along the fuselage span, the fuselage aerodynamic

force and moment are obtained.

2.11 Landing Gear Aerodynamics

The following general key assumptions are made to derive landing gear aerodynamic

equations for this dissertation.

Key Modeling Assumptions:

-Main rotor inflow effect on the landing gear is ignored.

-Stationary incompressible aerodynamics exists.

-The linear velocities are much larger than the velocities due to the landing gear rotation.

-Drag decrease due to the landing gear being retractable is ignored.

Rough drag coefficients for several landing gear configurations are given in Fig. 2.12.
For the case helicopter “Puma SA 330”, the landing gear is the semi-retracting tricycle
type, with twin wheels on each unit, and all of the units (the nose and tail units are under
the fuselage) are partially exposed when retracted. The drag coefficient is chosen with
respect to the nose and tail wheels’ areas, strut shape, and e/d ratio (see Fig. 2.12). The

nose and tail units (landing gear) are modeled as a single rigid body to simplify
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derivation of related equations. Specifically, a single rigid body is considered at the
geometric center of the three units and the corresponding drag force and moment are
computed and placed at this center. After determining the landing gear parameters, the

landing gear drag force and moment (around helicopter’s center of gravity) are

=~ |
D =—p‘ V;
g

\7TsI ¢+ M =F @D (2.50)

g lg Ig lg
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Figure 2.12: Landing Gear Drag (Taken from [54] [p. 303])
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2.12 Empennage Aerodynamics

For this dissertation the following general key assumptions are made to derive

empennage aerodynamic equations.

Modeling Assumptions:

-The tail rotor does not flap, is not canted, creates a force in anti-torque direction, and its
inflow is ignored.

-Interactional aerodynamics between tail rotor and main rotor is ignored.

- The linear velocities are much larger than the velocities due to the tail rotor hub&shaft

and horizontal stabilizer rotations.

Figure 2.13: Tail Rotor Subsystem

The tail rotor subsystem is illustrated in Fig 2.13. The flapping motion can also be

modeled for the tail rotor, but it does not result in important contributions to forces and

32



moments. Therefore, the flapping motion for the tail rotor is not modeled for this

dissertation. Using the tail rotor modeling assumptions, its thrust is
T
aFrai =[0 K6 0] (2.51)

where K; is the maximum thrust coefficient, chosen to keep the collective pitch angle of

tail rotor, € <1. The tail rotor moment around helicopter’s center of gravity is

aMrgi =[21Ke0r 0 K6, ] (2.52)

Fairad
F_- a

Unfairad

-0 -8 -6 -4 -2 o 2 4 ] 8 10
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110
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1.05-
#
2 100k Unfaired
-l -~
95 /;e:
= Pt tighaty = 0°
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8 g5k~
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Figure 2.14: Tail Rotor Hub&Shaft Drag (Taken from [54] [p. 299])
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The tail rotor hub and shaft’s frontal area and drag coefficient are given for several
helicopters in [54] [p. 298] for the case of 0% rpm. The effects of tail rotor shaft angle of
attack and percentage rpm with respect to being unfaired or faired are given in Fig. 2.14.
For the Puma SA 330 helicopter the drag coefficient is 0.98 for 0% rpm (static case). The
hub&shaft is unfaired and the shaft angle of attack is assumed zero, which yields the drag
coefficient equal to 1.03 (0.98*1/0.95).

The tail rotor hub&shaft drag force and moment are

= 1 |11 N =
D e :Ep‘ Vil VS g Cangs Mg = @0 (253)

where the frontal area and drag coefficient of the tail rotor hub&shatft, Sh& and Ca .
S &s

are estimated from [54] [pp. 298, 299] (Puma SA 330 and Bo 105 have unfaired and
faired tail rotor hub, respectively). The position of the tail rotor (and also the horizontal
stabilizer) with respect to the helicopter’s center of gravity, and the local air velocity of

the tail rotor are, respectively,

A =[x 0 —z:]', V;=-V,-'¢"®F (2.54)

The horizontal stabilizer has an aerodynamic shape which is similar with the main
rotor blades shape. Using the blade element theory and considering the taper ratio of the
horizontal stabilizer along its span, the infinitesimal aerodynamic lift and drag forces

acting on any horizontal stabilizer blade section are

- 1 5 - = 1 5 5
dlps =5 p Vis €, Cns ns Vo dDps =52 Vs € Chs diys 1y

2.55
> . > (2.55)

otal hs
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where V, is the oncoming horizontal stabilizer blade section airspeed, ¢, (flowfield is
hs
also effective on its magnitude [47] [p.150]) and c, are the lift and drag coefficients of
hs

any horizontal stabilizer blade section, respectively (see [47] [pp. 149-151, 265] for more

details), and x,, is the distance from the connection point between the fuselage and

horizontal stabilizer to any horizontal stabilizer blade section. The horizontal stabilizer

blade chord length, c,, is

Chs = Chs0 - khs Xhs (2-56)

where ki is the linear decrease ratio of the horizontal stabilizer chord length along its

span. The infinitesimal moment of the horizontal stabilizer section around helicopter’s

center of gravity is
Mhs = ﬁw ® (dl:hs + d[_jhs) (2-57)

where T is the position vector of any horizontal stabilizer blade section with respect to

the helicopter’s center of gravity.

2.13 Momentum Theory and Inflow

For this dissertation the following general key assumptions are made to apply

momentum theory for the flight conditions examined.

Key Modeling Assumptions:
-There is no sudden increase or decrease (i.e. discontinuity) in air velocity while passing
through the rotor disc.

-Stationary incompressible aerodynamics exists.
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2.13.1 Momentum Theory for Hover and Climbing

When the air passes through the rotor disc, there is a jump in the pressure. This jump

creates thrust which is equal to
T=ApS (2.58)

In Fig. 2.15 S, S;, S; are upstream, rotor disc, and downstream areas, respectively.
In this moving control volume, for far upstream the pressure is the ambient pressure, p,,,
and the velocity is the climbing velocity, v, . Stations 1 and 2 include the regions before
and after rotor disc in control volume, respectively. Some additional mass flow, m, ,

enters the moving control volume. In this streamtube v; and v, are referring to the

velocity increase for airflow around the rotor disc and far downstream, respectively. It is
important that there is no velocity jump at the rotor disc, but the pressure increases (Ap )

while airflow is passing through the rotor disc.
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station 1

station 2

station 3

Figure 2.15: Momentum Theory for Axial Flight

The continuity equation for the cylindrical control volume between stations 0-3 (see Fig.

2.15) is

pSOVC + rﬁq = p(SO - S(:’)Vc + pS3(Vc +V3)

(2.59)

The mass flow coming from the outer cylindrical control volume is obtained using the

continuity equation (Eq. 2.59) and it is
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The continuity equation between stations 2-3 is
pA(Vc +Vi) =pS3(VC +V3) (261)

Including mass flow coming from the outer cylindrical control volume and using entrance
and exit pressures and velocities, the force equilibrium equation for the vertical direction
IS

T =-pSeVe = SoP., — (PSaVs)V, + P(Sg — S3)Vi +(Sp - S3) Py + P3Sz + PS5(Ve +Va)*  (2.62)

Using the continuity equation (Eq. 2.61) and the thrust equation (Eq. 2.58), the pressure

jump at the rotor disc by eliminating the cross section areas is

Ap:w(pa—pw)+p(vc+vi)v3 (2.63)

(Ve +V3)
The thrust without eliminating the cross sections is
T =S3(P3 - P.) + PA(Ve +V; )V (2.64)

Applying the Bernoulli equation to the stations 0-1 and 2-3, the results are

1 1

P+ Ve =P p (Yot ) (2.65)
1 1

p+Ap+EP(Vc +Vi)2 = p3+§P(Vc+V3)2 (2.66)

To find an alternative equation for pressure jump at the rotor disc, subtract Eq. 2.66 from

Eq. 2.65 and the result is

1
Ap = p; - P, + p(V, +EV3)V3 (2.67)
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Using Egs. 2.67 and 2.63, the resulting equation related to the pressure jump at the rotor
disc is

Vi -V, 1
= pV,(V: ==V 2.68
VY, P 3( 75 3) ( )

(Ps- )

If it is assumed that p; = p,,, the induced velocity and rotor thrust are

v, :%v3, T =2pS, (Ve +V;)y, (2.69)

2.13.2 Working States for Vertical Flight

For hover the induced velocity using the thrust (Eq. 2.68) is

T
Vio = / 2.70
i0 2/)81 ( )

For hover the thrust is also equal to the helicopter weight. For climbing this equality is

not valid because of inertias and fuselage drag. However, if these effects are ignored,
hover and climb can be better compared. Assuming that the thrust is equal to the
helicopter weight for the climb (assumed to be a uniform climb), the induced velocity at

the rotor disc is

2
v, =—V—2Ci (ﬁj +Viy (2.71)

There are two solutions for the induced velocity, but the positive solution is physically

correct for climbing. Nondimesionalizing Eq. 2.71, the induced velocity for climbing is

2
[ij:_i[v_c}i [v_J 4 2.72)
Vio 2\ Vip ) 2\ Vi
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Eq. 2.72 is valid for climb velocities ratios v, /v;, =0 and the rotor state is defined as

normal working state for this particular case.

The thrust equation and induced velocity for descent (-v, is used to emphasize

descent) are given by

T =-2pS, (V. +V;)V,

(2.73)

(2.74)

v, =V, \ vlortt.‘x . v,
+ ring Youngs |—
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. . g slate
windmill AR <
brake \, ~ .
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e Ve
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Figure 2.16: Working States for Axial Flight (Taken from [47] [p. 118])

Using Eq. 2.74 it is seen that the induced velocity is real just for v, /v;, <-2 and this

particular condition is defined as windmill break state. All working states are illustrated

in Fig. 2.16 (see [47] for more details).



2.13.3 Momentum Theory for Forward Flight

Applying the conservation of momentum and Bernoulli’s theory (see [48, 49, 51] for
more details), the air velocity of the ultimate slipstream (see Fig. 2.17), rotor thrust, and

mass flow rate are

Vg=2v;, T=2my;, m=pSU (2.75)

propulsive force

Figure 2.17: Momentum Theory for Forward Flight

In Fig. 2.17 T, L, D are main rotor thrust, lift and drag, respectively and W is the

helicopter weight. The velocity at the rotor disc U is

U =\/u2+v2+(—w+vi ) (2.76)

The rotor thrust for forward flight using the momentum theory and the formula for U is

T =2pSy, \/uz V2 (—wy, ) (2.77)
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For much faster forward velocities such that V., =+/u® +v?+w?® = v;, the thrust equation
IS
T =2pSVV,, (2.78)

Nondimensionalizing the rotor thrust (Eq. 2.77) by the rotor tip path speed 2R and using

the fact that the disc area is zR,*, the nondimensional thrust becomes

T

A~ ~ A~ 2
mz%\/uz+vz+(—w+%) (279)

2.13.4 Linear Inflow Model

The main rotor sucks in air molecules while rotating. This effect is important for the
main rotor aerodynamics and should be modeled. There are many approaches in the
helicopter literature to include this effect. Since creating control oriented helicopter
models is one of the major goals of this dissertation, linear static inflow model is

selected. Its cyclic components, 4., A, are (see [51] [p. 160], Pitt&Peters)

e = /1015—7rtan (l) 4 =0, y-tant -2 (2.80)
23 2 W A

where y is the wake skew angle. The uniform component of the linear inflow, A, is

computed numerically using the momentum theory and it is

T 2 - -
m = /’LO\/U2 + V2 + (/10 - W)2 (281)
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Figure 2.18: Wake Skew Angle

There is one other famous linear inflow approach in the helicopter literature, namely

the dynamic inflow theory developed by Pitt&Peters. In this theory inflow parameters

change with time as follows [47][p.128]

: -1
g | (G

M QA t+|L| 44 t=1C, (2.82)
j's ’15 CM

where the matrices M and L are the mass and gain functions, while C;,C, and C,, are

the thrust, rolling and pitching moment perturbations, respectively. For advanced
aerodynamics oriented design this theory is widely used, but for this dissertation control

oriented modeling is a priority and therefore, the linear static inflow theory is preferred.

2.14 Model Simplification

At the end of this modeling process, implemented using Maple, we find the nonlinear

governing equations of motion in implicit form:

f(X,%,0) =0 (2.83)
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where f e R*, xe R* and v € R* for straight level flight and f € R*, x e R** and

v € R* for maneuvering flight. Note that the discrepancy between the size of f (44) and

the size of x (41) is due to the three static downwash equations for straight level flight.
For maneuvering flight there is an additional flight path angle algebraic equation.

For the helicopter model, 44 and 45 governing equations of motion are obtained for
straight level and maneuvering flights, respectively. There are 9 fuselage equations (6
Newton-Euler and 3 kinematic equations), 8 flapping equations, 8 lagging equations, 16
blade flexibility equations (3 blade segments are used for blade flexibility), and 3 main
rotor downwash equations for straight level flight. There is an additional flight path angle

equation for maneuvering flight.

Unfortunately the number of terms in Eq. 2.83 is huge (of the order 10°). To reduce
this number a new ordering scheme (modified version of [57]) is applied. The idea
behind this method is to neglect terms whose relative magnitude with respect to the
largest term in an expression is smaller than a specific amount. To apply the ordering
scheme to the dynamic equations, each term is assigned an order of magnitude based on

physical considerations. For example the trim value of S is 3-6 degrees [51] [p. 174]
and the trim value of ¢ is small [51] [p. 195]. The trim values of collective g and § are
generally larger than the trim values of cyclic g and & . The trim values of differential

S and £ are zero. Therefore, their orders are chosen as

|Bo| =|Co| =0.2vad, |B|=|Bs|=|¢c|=]¢s|=0.1rad, |By|=[¢y|=0.1rad (2.84)

The orders of u,v,w are determined by ignoring p,q,r. For many helicopters (e.g.

Puma SA 330, Bo 105) the maximum forward speed is around 70 m/s. Therefore, the
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order of u is chosen as 70 m/s. Because of severe drag limitation, the order of v is chosen
as 35 m/s. Since w is generally smaller than 12 m/s, the order of w is chosen as 12 m/s.
The order of blade tip speed is around 202.5 m/s for many helicopters. Therefore, the
orders of nondimensional linear velocities are 0 =0.35(70/202.5), v =0.18(35/202.5),

W =0.06 (12/202.5). The orders of p, ¢, r and (d/dt)p,(d/dt)q,(d/dt)r are chosen as

(1/2)(1/s) and (44.4 7/2)(1/s?). The maximum main rotor speed is chosen 44.4 rad/s (for
Bo 105) and it is used to nondimensionalize angular velocities and accelerations. This
value is selected based on a literature review of several helicopters: 44.4 rad/s was the
maximum value over all of the helicopters with published data. The downwash at hover

is assumed to be maximum. This was decided after many numerical experiments carried

out by us before applying the ordering scheme. Therefore, 4,’s order is chosen as 0.06
(12/202.5). The order of A, is chosen same with A,. The bounds of main rotor control
inputs are given in [54] [pp. 684-701]. The maximum values for 6, and 6, are around 20
degrees. Since 6, takes negative and positive values and 6, has same order with 6.,

their orders are chosen as
|6p|-0.35rad,  |6,|=0.175rad,  |6,/=0.175rad (2.85)

Before applying the ordering scheme, the dynamic equations are nondimensionalized
[48] [p. 142]. The order of each helicopter quantity in nondimensional fashion is listed in
Table 2.1. The orders of lumped system parameters are defined using energy approaches
and this approach is summarized next. First, the total force acting on a blade was found
using rigid blade model parameters and it was distributed linearly over the blade span.

Using Euler-Bernoulli beam theory, the corresponding weighted (i.e. averaged)

45



displacement distribution was found for each of the flexible blade segments (the root
segment was assumed rigid). Then these averages are used to compute the orders for
flapwise bending angles (note: the average is placed at the midpoint of each segment).
Finally, the orders of flapwise bending spring stiffness coefficient and damper damping
ratio were obtained using orders of flapwise bending angles, flapping angles and flapping
spring stiffness coefficient (It was assumed that there is an inverse relation between the
artificial spring stiffness coefficient and bending angle, see Appendix A.1 for more

details).
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Table 2.1: Nondimensional Orders of Helicopter Parameters

Symbol(s) Order | Symbol(s) Order | Symbol(s) | Order
q 035 | , 8., fu,p 005 | K¢ 0.25
0 018 | , 5., B0 .5 |005 | G 0.1
W 0.06 | , 42 BqraB, 015 | ke 0.064
p.G.7 0.035 | 4 By.3Bo s, |045 |e 0.15
56,7 0.035 | , 8,3 e, | 0225 | Foi/e 0.06
6, 035 | ,p,.3f. a8 |0225)7 9

0,6, 018 | 48415 fy. B, | 0225 |COS(y) |1

Or 1 Zoémgo 0.2 sin(y’) 1

Ou 014 | £ £ 01 |d 0.4
fien |02 |nie o [T |
B BB |01 | c,cee, |01 | 0.07
B.B.B. |01 |k 02 | % 057
;dv;dVﬁd 0.1 % 01 2 0.35
2201 2 Eo’ 25, 03 kﬂ 025 | % 12

(x=(d /dy)x())
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Table 2.2: Number of Terms Before and After Applying The New Ordering Scheme

X Y YA L M N

Original | 182444 182444 74489 326312 326312 226157

New 3490 3410 385 1700 1690 2471

This ordering scheme implemented using Maple resulted in significant reduction in
the number of terms. Table 2.2 gives these numbers for external forces (X, Y, Z) and
moments (L, M, N) before and after applying the ordering scheme to helicopter model

with 1% specific amount.
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CHAPTER 3:

Trim, Linearization, and Model Validation
3.1 Trim

3.1.1 Straight Level Flight

For this particular case trim is defined as the condition for which straight level flight
with constant velocity is achieved. For the helicopter model 25 trim equations (3 force
and 3 moment helicopter equations, 8 flapping and lagging equations, 8 flapwise bending
equations, and 3 main rotor downwash equations) and 25 unknowns are obtained for
straight level flight (i.e. 0=0 equations are ignored). The trim values of angular velocities
and yaw angle are equal to zero. The helicopter linear velocities can be written as

functions of V, and roll and pitch angles of the helicopter. The vector of trim unknowns

in nondimensional fashion is

.
Xo = [00y 0y 0,01, by Oy + By By By Py 2Boys 2By 2By 2By 3By 3By By 3By Sy Seg Sy g Zov Py g ]
20 0 T L%

— . -
controls Euler flapping flapwise bending lead—lagging downwash

(3.1)

where all trim angles are given in radians. Matlab’s fsolve command was used to solve
the 25 nondimensionalized trim equations for hover and different straightforward
velocities. The results thus found were verified by inserting them into the governing
equations of motion obtained after the application of the new ordering scheme. Very
small numbers (around 107*°) were obtained showing that the trimming procedure is

correct. For some specific flight conditions, such as hover (V, = 1 kt is assumed hover for

numerical reasons) and V, = 80 kts, the trims are
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X, = [0.2686,0.0094,-0.0255,0.0952,-0.0057,0.0238,0.0472, 0.0230,0.0021,0, 0.0681,0.0283,0.0032,0 ,

hover

QOO’QCO’QSO’GTO ¢A0’9AO ﬂOO’ﬂCO ’ﬂSO’ﬂdo ZﬂOO’ZﬂCO’ZﬁSO’ZﬂdO
0.0855,0.0319,0.0045,0 ,0.0172,-0.0009,-0.0027,0,0.0237,0.5579,0.0014]T
3ﬁ00’3ﬁ00’3ﬂ50’3ﬂd0 4/00 ’é/Co ’CSO’CdO ZO’AOO ’ACO
(3.2)
8okts X0 = [0.2493,0.0243,-0.1147,0.0594 , -0.0035,0.0312 , 0.0524,0.0327,-0.0005,0, 0.0660,0.0432,-0.0097,0,
600 ’900’950 ’BTO ¢AO ’9A0 ﬁOO’ﬁCO’ﬁSO’ﬂdO ZBOO’ZBCO’ZBSO’ZﬁdO
0.0729,0.0553,-0.0276,0,0.0123,-0.0048,-0.0048,0, 1.4617,0.0162,0.0298]T
3[300’3[300’3[350’3[3(]0 COO ’CCO’CSO’CdO ZO’)’OO ’/ICO
(3.3)

3.1.2 Maneuvering Flight

In this study level banked turn without sideslip and helical turn without sideslip are
examined (see [45, 47, 51, 54, 58-60] for more details). For maneuvering flight the

aircraft linear velocities are (see Fig. 3.1)

. . T
u v w - [V, cos(ap)cos(B.) V,sin(B.) V,sin(a.)cos(B;)] (3.4)
were fuselage angle of attack, «_, and sideslip, A, are given by

a. =tan"H(w/u), B =sin(VIVa) (3.5)

Figure 3.1: Fuselage Angle of Attack and Sideslip

50



Level banked turn is a maneuver in which the helicopter banks towards the center of

the turning circle. For helicopters the fuselage roll angle, ¢,, is in general slightly
different than the bank angle, ¢g. For coordinated banked turn ¢, = ¢, but this is not the
focus of this work. A picture describing these angles for a particular case (6, =0) is
given in Fig. 3.2, where F .« 1S the sum of the gravitational force (W) and the

centrifugal force (F ).

Figure 3.2: Level Banked Turn

Helical turn is a maneuver in which the helicopter moves along a helix with constant

speed (see Fig. 3.3).
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Figure 3.3: Helical Turn

In a helical turn, the flight path angle is different than zero being given by
sin(ygp) =sin(6,) cos(a ) cos(B) —sin(ga) cos(6,) sin(Be ) —cos(¢,) cos(8,)sin(a ) cos(B.) (3.6)

A picture describing the flight path angle for a particular case (¢, =0, B =0) is given

in Fig. 3.4.

FP I
4 Horizontal Plane

6, =

'y

Figure 3.4: Flight Path Angle

52



Note that y, >0 is a clockwise turn and y, <0 is a counterclockwise turn (viewed from
the top) while yg, >0 is referring to the ascending (climbing) flight and ygp <0 is

referring to the descending flight.
In this dissertation, trim is also defined as the condition for which level banked or

helical turn with constant V, and zero sideslip is achieved. For the helicopter model 29

trim equations (i.e. 0=0 equations are ignored) and 29 unknowns were obtained for
particular maneuvers (level banked or helical turn). The vector of trim unknowns in

nondimensional fashion for maneuvering flight is

Xo =[60, 00y 0,1 Or B G T 0 b Boy s Bog s By By S0y oy S Sty 2oy

(3.7)
2/3c01 zﬁso , Zﬁdo , 3500 , 3ﬁc0 , 3550 , 3ﬁd0 ,loo,lco , ;(O,aF]T

Matlab’s fsolve command was used to solve these 29 trim equations. The results thus

found were verified by inserting them into the governing equations of motion obtained

after the application of the new ordering scheme. Very small numbers (around 107°)
were obtained showing that the trimming procedure is correct for these particular
maneuvers. Numerous numerical experiments resulted in trim values that are in the range
reported in the literature (see references in the model simplification sub-section). For

some specific maneuvering flight conditions, such as hover and V, =80kts with

wa=0.1rad/s, y, =0.1rad, the trims are

Xo = [0.2695,0.0094,—0.0267,0.0909,0.0001, 0.0037,0.1246,-0.0009,0.0246,
Boq G0 G0 19 Po-Go-fo On b (3.8)
0.0472,0.0236,0.0016,0,0.0173,-0.0010, - 0.0028,0,0.0681,0.0290,
Py oo Pro: P Cog e CsoCy 2Bogr2 Py
0.0027,0,0.0854,0.03285,0.0038,0, O.0579,0.0026,0.0433,0.1246]T
%,_/
2Ps 'Zﬂdo 3ﬂ00 :3ﬂ0013ﬂ5013ﬂd0 %0 e 120/ %Ry

hover

53



Xo = [0.2253,0.0149, -0.0708,0.0090,0.0001,0.0014,0.0034,0.3883, - 0.0177,
OG0 G0 1 Bo.Go-fo On P (3.9)
0.0573,-0.0003,0.00205,0,0.0062, -0.0033, - 0.0006,0,0.0700,0.0030,
Py Beo Pro: P Lo LelsoCy 2Bogr2 ey
-0.0094,0,0.0738,0.0105, - 0.0293,0, 0.0173,0.0298,1.3977,0.0890]T
[
zﬂsovzﬂdo eﬁoovsﬁco ,3ﬂ50,3ﬂd0 %0 ’/ICO’ZO’O‘FO

80kts

3.2 Linearization

After finding trim values, the helicopter model was linearized using Maple, yielding
continuous linear time-invariant (LTI) systems. For the helicopter model there are 9
fuselage and 32 main rotor states (there is an additional flight path angle equation for
helical turn). There are 3 main rotor and 1 tail rotor control inputs. The implicit
linearization method is summarized next. For a given set of governing equations of any

system
f(x,x,0)=0 (3.10)

any linearized state-space model is derived using the mathematical relations

df :[i jax{ﬂ jax{ﬂ J&):O (3.11)
aX trim aX trim aU trim
of| ) (of of | ) (of
ozax-{_, j [_ j5X+[__ j (_ }su @12)
8X trim ax trim 6X trim aU trim
S%=ASX+B Sv (3.13)
where
-1 -1
SCNERECRIED
8X trim 6X trim ax trim al) trim
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Tables 3.1 and 3.2 summarize the state and control vectors for the linearized models.

Table 3.1: State Vector of Linearized Models

State Variable Quantity State Variable Quantity
X a X1 X50
X v X2 C1s
X3 W X33 X5
X4 f) X24 é/d
X5 q X25 Xos
Xs f X26 25,
X7 Pa Xa7 X26
Xg O, X28 2P,
X9 Y X29 X28
X0 B X30 2By
X1 X0 X31 X30
X2 Pie X32 2By
X3 X2 X34 3By
X4 Pis X35 X34
X5 X4 X36 3B,
X6 By X37 X36
X7 X6 Xas 3P,
X8 ¢o Xa9 %3
X9 X8 Xao +Ps
X0 Cic Xa1 %40
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Table 3.2: Control Vector of Linearized Model

Control Variable Quantity Control Variable Quantity

Uy 0 Us 01

u; Oy Uy 6

3.3 Structure of State-Space Models

The structure of the state space model is given in Egs. 3.15 and 3.16. The “*”

elements in A and B matrices represent nonzero numbers.
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3.4 Model Validation

Puma SA 330 was used to validate the models previously developed with most
technical data taken from [47] (see Appendix A.2). A good match with results in the
literature for many flight conditions was ascertained. For example, most of the flight
dynamics modes (eigenvalues of the linearized systems) of the helicopter model for hover
and V, = 80 kts, shown in Table 3.3, match well with the results reported in [47] [pp.
282-287]. The 4™ mode does not match well due to some modeling discrepancy between
the control oriented helicopter model and Helisim, however, the qualitative behavior is
similar (exponentially stable mode). All the modes in this section are given for straight

level flight; see Appendix B to ascertain how they change for maneuvering flight.

Table 3.3: Flight Dynamic Modes Comparison

HOVER 80 KTS
MODE
Control Oriented Helisim Control Oriented Helisim
Model Model

1% 0.1753 + 0.5816i 0.2772+0.5008i | -0.5294 + 2.5879i | -0.1854 + 1.0546i
2nd 0.0779+ 0.4357i | -0.0410+ 0.5691i | -0.0166 +0.1572i | -0.0085+ 0.2074i
3 -0.1514 -0.2697 -0.02752 -0.1358
4 -1.1540 -0.3262 -1.0737 -1.5163
50 -0.9987 + 0.3405i | -1.2990+ 0.2020i | -1.1014+ 2.2242i | -0.9252 + 1.0503i

The qualitative behavior of flapping and lagging modes is also identical with the one
described in [47] [p. 137]. For example, the flapping modes are much farther away from

the imaginary axis compared to the lagging modes. Both the flapping and lagging modes
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change slightly with V,, and the magnitude of the frequency bound for the flapping

modes is larger than the one for the lagging modes (see Figs. 3.6 and 3.7).

< +  hover
80 kts [

imag
o

re

Figure 3.5: Flight Dynamics Modes for Straight Level Flight
(Hover and V, =80 kts)
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Figure 3.6: Flapping Modes for Straight Level Flight
(Hover and V, =80 kts)
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Figure 3.7: Lead-Lagging Modes for Straight Level Flight
(Hover and V, =80 kts)
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Figure 3.8: Typical Nondimensionalized Flapping and
Lead-Lagging Modes ([47] [p. 137])
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CHAPTER 4:
Variance Constrained Controllers
4.1 Controllability and Observability of Linear Time Invariant (LTI) Systems

Consider a continuous LTI system
Xp(t) = A, () +Bpu(t),  y(t) =Cpx,(t) + Dyu(t) (4.1)
where X, (t) is the state vector, u is the control vector, and y is the output vector. The
state x,(t) is said to be controllable at instant t =t if there is a piecewise continuous
input u(t) that drives the state from the initial state to any final state x,(t;) in a finite

time interval [ty,t,]. If every state Xp(ty) of the system (i.e. Eq. 4.1) is controllable in a

finite time interval, the system is said to be controllable. The system (Eq. 4.1) is

controllable if and only if (see [61] [pp. 716-717])

rank([Bp

AB, A’B, .. AB, ])=n (4.2)

where n is the number of system states.

For the system in Eq. 4.1, the state x,(t;) is said to be observable if given any input
u(t), there exists a finite time t; >t;, such that the knowledge of u(t) for t,<t<t,,
matrices A, B, C, D, and the output y(t) for t, <t<t, are sufficient to determine x(t,).
If all the states of the system are observable for a finite time t; , the system is called

observable. The system (Eq. 4.1) is observable if and only if (see [61] [pp.719-720])

4T
ank([Cy Coy CoA C,A ] J=n (43)



A LTI system (Eq. 4.1) is stabilizable if the uncontrollable modes are stable, and

detectable if the unstable modes are observable [62][p. 21].

4.2 Linear Quadratic Regulator (LQR) Controllers

For a given controllable or stabilizable and observable or detectable LTI system, LQR

controller (finite horizon) minimizes the quadratic cost function [62][p. 9]
T

V= I[Xp(r)TQ X, (7) +U(7)" R u(z)]dt + xp(T)TM Xp(T) (4.4)
0

where Q and M are positive semidefinite matrices and R is positive definite matrix.

Solution of Eq. 4.4 gives a state-feedback control law:
u(t) =-K x,(t) (4.5)

When T approaches infinity, the problem (Eqg. 4.4) is called the steady-state LQR
problem [62][pp. 20,21]. The steady-state solution can be found by solving the algebraic

Riccati equation (ARE)

T -1pT T
0=A,P+PA,-PB,R"B,P+C,QC, (4.6)
Here P is the positive definite steady-state solution of ARE. The optimal control law is
u(t)=-R™BTPx,(t) (4.7

This control law makes the closed-loop system asymptotically stable.
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4.3 Linear Quadratic Gaussian Regulator (LQG) Controllers

For the LQR it is assumed that all the states are measured and there is no noise in the
system, but this is not realistic for many physical systems. Therefore, another controller

called “LQG” is developed. For a continuous LTI system

Xp(t) = AX, () +Bou(t)+ Dyw,,  y=Cpx,,  z=M X, +V (4.8)

where z represents sensor measurements, W, and v are zero-mean uncorrelated Gaussian

white noises with intensities of W and V, respectively.
The LQG control consists of two problems (separation principle [62][pp. 108-113]).

The first problem is estimation of all the states x,(t) using Kalman filter (see [62][pp.

103-107] for more details) and the second problem is solving LQR using the estimated

states X,(t).

4.4 VVariance Constrained Controllers

Because helicopters are subject to input and output limitations and a key requirement
IS minimization of control energy, output variance constrained control (OVC) and input
variance constrained control (IVC) [12-19] are investigated. The OVC problem is
summarized next. Given a continuous LTI system (Eqg. 4.8) and a positive definite input

penalty R >0, find a full order dynamic controller
X =AX.+Fz, u=Gx, (4.9
to solve the problem

AI;nli:nG E. u'Ru (4.10)
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subject to
i=1..,n (4.11)

2
i

where o is the upper bound imposed on the i-th output variance, and nythe number of

outputs. OVC solution reduces to a LQG problem by choosing the output penalty Q >0

depending on the inequality constraints. An algorithm for the selection of Q is presented

in [15,16]. After converging on Q, OVC parameters are

A=A, +B,G-FM,, F=XM;V? G=-R'B;K (4.12)
where X and K are solutions of two algebraic Riccati equations:

0=XAy + A)X = XM VM X +DW,D; (4.13)
0=KA,+ AJK -KB,R™B K +C,QC, (4.14)

IVC problem is dual of OVC: for a given output penaltyQ >0, a full order dynamic

controller (Eq. 4.9) for Eq. 4.8 must be found to solve

; T
min, E.y Qy (4.15)
subject to
E, u?<u? i=1..,n (4.16)

where £ is the upper bound variance imposed on the i-th input, and n, is the number of

inputs. IVVC solution reduces to a LQG problem by choosing R > 0. An algorithm for the
selection of R is presented in [15]. After converging on R, IVC is obtained using Eq.

4.12. Compared to LQG, OVC and IVVC provide an intelligent way of choosing Q and R,
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2
i

which guarantees satisfaction of constraints. If the o and u? constraints are exactly

satisfied (equalities are met) using specific variance constrained algorithm, these

constraints are called hard constraints.

4.5 OVC and IVC Results

OVC and IVC are evaluated for the helicopter model for several flight conditions.
Results for maneuvering flight conditions are summarized next (see Appendix D.1 for
straight level flight results).

For the numerical experiments reported next the sensor measurements were helicopter
linear velocities, angular velocities and Euler angles. The noise intensities were

W=10"1,,V =1O’7I9. For numerous maneuvering flights (i.e. level banked turn and

41’

helical turn with different V,, v, and y_,), OVC performance is evaluated. Closed loop

stability robustness is thoroughly investigated. For this purpose the following scenarios

were considered: a) a controller designed for a nominal flight condition (e.g. V, = 40 kts,
wa=0.1rad/s, y_, =0.1rad) is used for different V, (e.g. V, = 20kts, y, =0.1rad/s,
vep = 0.1rad, etc.), the key question being “Does this controller stabilize flight conditions

that are different from the nominal one?”; b) a controller designed for an “inertial certain”
model (i.e. when there are no variations in helicopter inertial parameters) is used on the
same type of model which experiences uncertainties in all helicopter inertial parameters
(helicopter mass and helicopter inertia matrix elements). The key question is “Are the
corresponding closed loop systems stable for these significant modeling uncertainties?” A
synopsis of scenarios is given in Table 4.1 while Table 4.2 summarizes some results that

answer these questions.
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Description of scenarios studied is given next. The 1% OVC is designed for the

helicopter model which is linearized for V, =40kts, y, =0.1rad/s, =0.1rad,

Yep

Rum =204.73m and it is evaluated for the same model for different V, (line 1 in Table

turn
4.2). The 2" OVC is designed for the helicopter model which is linearized for V, =80Kkts,
wa=01rad/s, y_, =0.1rad, Ry, =409.46m and evaluated for the same model for

different V, (line 2 in Table 4.2). The 3 OVC is identical with the 1% OVC, but it is

evaluated for control model with 10% uncertain helicopter inertial parameters for

different VV, (line 3 in Table 4.2). The 4™ OVC is identical with the 2" OVC, but it is

evaluated for the helicopter model with 10% uncertain helicopter inertial parameters for

different V, (line 4 in Table 4.2). The design parameters and convergence properties are

described next.

Table 4.1: OVC Scenarios

) Nominal ) uati
Design Model Design V, Evaluation Model Evaluation V,
1% Inertial Certain 40 kts Inertial Certain Hover to 80 kts
2nd Inertial Certain 80 kts Inertial Certain Hover to 80 kts
0 . .
3rd Inertial Certain 40 kts 10% Hellc_op_ter Inertia Hover to 80 kts
Variation
0 . .
AL Inertial Certain 80 kts 10% Hellc_op_ter Inertia Hover to 80 kts
Variation

(“Inertial Certain” refers to the situation when there are no variations in helicopter inertial parameters)
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Table 4.2: Stability Robustness Analysis for OVC

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oOL|CL|OL|CL|OL]|CL oL L

1st ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

2nd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

3rd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

4th ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

(CL: Closed Loop, OL: Open Loop, L: Length of Stability Interval, ES: Exponentially Stable, MS: Marginally Stable, U: Unstable)
(L is the number of velocity intervals for which the CL system is ES)

4.5.1 OVCs Design

For all of the numerical experiments reported next, the convergence tolerance for the
OVC algorithm was 10°°, while o® was setto 10*[1 1 0.1]. All OVCs were designed

using the helicopter Euler angles as the outputs while the inputs were all four helicopter

controls. After 4 iterations the OVC design algorithm converges and the 1% OVC satisfies
these constraints with the convergence error 7.2661+107" . After 6 iterations, the 2" OVC
satisfies these constraints with the convergence error 2.9103+107. The 3 and 4™ OVCs
are identical with the 1% and 2" OVCs respectively and they are evaluated for the
helicopter model with 10% helicopter inertial parameters reduction (in Table 4.2) for
different V.

In Fig. 4.1 the output and input variances are shown for different V, using the 1%

OVC while in Fig. 4.2 the output and input variances are shown for different helicopter
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inertia variations using the 1% OVC. In this figure Al /1 refers to the relative variation in
all helicopter inertial properties (all of them are changed by the same percentage). Note
that output and input variance figures (i.e. Figs. 4.1, 4.2, 4.4, and 4.5) are found using

fixed F and G gains and step 3 in Appendix B for maneuvering flight.

4.5.2 OVC Discussion

It can be easily seen from Table 4.2 that for the helical turn with v, =0.1rad/s,
¥ep = 0.1rad the OVCs are robustly stable with respect to variations in V, . The length of

stability intervals (L) is also large (1% and 2™ lines in Table 4.2). Moreover, OVCs are
robustly stable with respect to helicopter inertial properties variation (3™ and 4™ lines in
Table 4.2). Extensive numerical experiments show that OVCs are also robustly stable

both with respect to variations in V, and inertial properties for level banked turns and

different helical turns (see Appendix D.2). However, it is remarked that L decreases if

different values for output constraints are enforced. For example, if for the scenarios

described before o is reduced to o®=10"°[1 1 1], L decreases to 4 and 3 for the 1%

and 2™ lines respectively in Table 4.2. Similarly, if o2 is increased to o® =10°[1 1 1]
, L decreases to 6 for the 1% and 2" lines in Table 4.2 (see Appendix D.2 for more
details). These results show that there is no direct correlation between o2 and L (i.e. the
dependency between o2 and L is very nonlinear).

Clearly from Figs. 4.1 and 4.2 the output variance constraints are satisfied at the
nominal flight conditions. If one wants to ensure satisfaction of constraints over larger

velocity and inertial parameters variation intervals, a safety factor can be introduced in

70



the design. Input variances also display small values. In Fig. 4.3 behaviors of helicopter

Euler angles and all controls are given using 1* OVC.
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Figure 4.1: Output and Input Variances for The 1* OVC
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Figure 4.2: Output and Input Variances for The 3™ OVC
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4.5.3 IVCs Design

IVCs are evaluated in a similar manner with OVCs. Stability robustness results are

summarized in Table 4.3.

Table 4.3: Stability Robustness Analysis for 1VC

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oL|CL|OL|CL{|OL]|CL oL L

1st ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

3rd ES U ES U ES U ES U ES MS | ES MS ES MS ES U U U 8

4th ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U 9

In all of the numerical experiments reported next the convergence tolerance for the
IVC algorithm was 107, while u® was setto 10°[1 1 1 1]. All IVCs were designed

using all four helicopter controls, while the outputs were all three helicopter Euler angles.

After 14 iterations, the 1% IVC satisfies these constraints with the convergence error
6.0214+1078. After 22 iterations, the 2" IVC satisfies these constraints with the

convergence error 8.3133+102. The 3 and 4™ IVCs are identical with 1% and 2™ IVCs
respectively and they are evaluated for the helicopter model with 10% helicopter inertial

quantities reduction for different V.
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In Fig. 4.4 the output and input variances are shown for different V, using the 1%

IVC while in Fig. 4.5 the output and input variances are shown for different helicopter

inertia variations using the 1% I\VC.

4.5.4 IVC Discussion
Similarly with the OVCs, IVCs are also robustly stable both with respect to variations
in V, and helicopter inertial properties for the helical turn with v, =0.1rad/s,

Yep =0.1rad and there is no direct correlation between the magnitudes of input

constraints (1*) and the length of stability interval (L). Extensive numerical experiments
show that 1\VCs are also robustly stable both with respect to variations in V, and inertial

properties for level banked turns and different helical turns (see Appendix D.2).

Clearly from Figs. 4.4 and 4.5 the output variance constraints are satisfied at the
nominal flight conditions. Similarly with OVC if one wants to ensure satisfaction of
constraints over a larger velocity interval, a safety factor can be introduced in the design.
Output variances also display small values. In Fig. 4.6 behaviors of helicopter Euler

angles and all controls are given using 1% IVC.
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4.6 Sensor Failure with Variance Constrained Controllers

Here a new idea is investigated, namely adaptive switching between controllers which
are adequate for different sets of sensors, but satisfy the same performance requirements.
The question analyzed next is if the controller can be changed adaptively to satisfy the
same variance constraints when the set of measurements changes due to sensor failure.
Therefore, in the following sections OVC and 1VC designs are investigated with different
sets of measurements.

For this purpose the same scenarios as in section 4.5 were examined. The 1% to 4" sets

of OVCs and I\VVCs were redesigned using the same models (see Table 4.1) and the same
constraints (i.e. o>=10"*[1 1 0.1] for OVC, x*=10"°[1 1 1 1] for IVC) like for
the designs which do not experience sensor failure. The sensor failure scenarios
considered are summarized in Tables 4.5-4.7 (see Table 4.4 for details). The first column
in each table displays the measurements that are no longer available due to sensor failure.

For example, in the first line of Table 4.5, ¢, and 6, measurements from the initial set
of 9 measurements (u,v,w, p,q,r,@,,0,,w ) are not available thus reducing the set of
measurements to 7 (u,v,w, p,d,r,y ).

The first important observation is that the number of iterations required to design
OVCs and IVCs with sensor failure is usually higher than the number of iterations
required when sensor failure does not occur. For example, for the first sensor failure
(when ¢, and 6, measurements are not available) the number of iterations for
convergence of the 1% and 2" OVCs is 18 compared to 4 and 6 iterations when sensor

failure does not occur.
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Closed loop stability robustness with respect to variations in V, and helicopter inertial

properties is also examined as in section 4.5. The results are summarized in Tables 4.5
and 4.6. For example, “Hover to 80kts” means that the closed loop system is

exponentially stable for V, [0,80]kts and vy, =0.1rad/s, y_, =0.1rad. It can be seen

from these tables that the length of the stability interval (L) for all the sensor failure

scenarios is close to L when sensor failure does not occur.

Table 4.4: Sensor Failure Scenarios

Case Active Sensors | - Active Failed Sensors # Failed
Sensors Sensors
u,v,w, ¢ p
st - 7 NN 2
1* Failure RATA
1 lrl
2" Failure 9 6 u,v,w 3
NN
u,v,w, . o )
rd i 1 1
3" Failure D Op W A
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Table 4.5: Closed Loop Stability Robustness for OVC (CL is ES)

Failed Sensors 1t 2" 3" 4t

1st ( ¢A1 QA) Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
2nd (U v, W) Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
3rd ( p1 q1 r) Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts

Table 4.6: Closed Loop Stability Robustness for IVC (CL isES)

Failed Sensors 1t 2" 3" 4t

1st ( ¢A1 QA) Hover to 80 kts Hover to 80 kts Hover to 70 kts Hover to 80 kts
2nd (U \V, W) 20 kts to 80 kts 30 kts to 80 kts 20 kts to 80 kts 30 kts to 80 kts
3rd ( p1 q1 r) Hover to 70 kts Hover to 80 kts Hover to 70 kts Hover to 80 kts

Extensive numerical experiments show that the behaviors of output and input

variances with respect to variations in V, and helicopter inertial properties with sensor

failure are qualitatively similar with the behaviors observed when sensors do not fail (see

Appendix E).
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Table 4.7: Control Energy Comparison

OVC Cost IVC Cost
Failed Sensors 1tand 3@ | 2™ and 4™ 1%t and 3™ 2" and 4"
15t (¢A1 QA) 0.003607 0.004830 0.001944 0.0006781
ond (U,V, W) 0.001910 0.002633 0.002541 0.0005914
3rd ( p.q, r) 0.002225 0.0022632 0.001587 0.0004429
(no failure) 0.001365 0.001526 0.001449 0.0003809

The control energy (i.e. cost) of resulting OVCs and IVVCs is summarized in Table 4.7.
It can be seen that the control energy of OVCs and IVCs with sensor failure is higher
than the control energy when sensor failure does not occur. Note that the control energy

of OVC and IVC design is found using (see [17])
J =E, u"Ru =trace(RGX G (4.17)

where G and X _ are computed using OVC and IVC algorithms (see Appendix C). For

OVC R is selected by the user, whereas for IVVC it is computed using I\VVC algorithm.
A final important observation is that the results (i.e. number of iterations, stability
robustness, input and output variances, and control energy) with sensor failure are

qualitatively similar for level banked turns and different helical turns (see Appendix E).

80



4.7 Adaptive Switching with Variance Constrained Controllers

The behavior of the closed loop system when switching between controllers occurs due
to 1% sensor failure scenario for 1% OVC and IVC is examined using Matlab. Simulations
(initial conditions are chosen as zero deviation from trim conditions) showed in Figs. 4.5-

4.8 indicate that 1* OVC and IVC designs are robust to 1% sensor failure. In these figures

the bold vertical line represents the instant when ¢,,60, measurements fail. The sensor

failure occurs when y =200rad (or t=7.4s). In Figs. 4.7 and 4.8, responses of helicopter

Euler angles and all controls are given using 1 OVC and 1% IVC, respectively. Extensive
numerical experiments show that OVC and IVC are robust to other sensor failures (i.e.
2" and 3" failures in Tables 4-6). Similar results are found for level banked turns and

different helical turns (see Appendix E).
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4.8 Other Safe Switching Between Controllers Approaches

In [63] an approach to detect and isolate the aircraft sensor and control
surface/actuator failures affecting the mean of the Kalman filter innovation sequence was
presented on a F-16 fighter aircraft dynamic model. A robust Kalman filter (RKF) was
designed in order to isolate the detected sensor and control surface failures and this RFK
satisfies the Doyle-Stein condition. The use of the RKF was very useful in the isolation of
sensor and control surface failures as it was insensitive to the latter failures.

In [64] the iterative feedback tuning (IFT) safe switching algorithm was extended for
the case of multivariable nonlinear systems with unknown descriptions. The proposed
scheme incorporates multivariable IFT techniques, with a multivariable step-wise safe
switching algorithm. Using the IFT algorithm for tuning safe switching controllers
eliminated the need for identifying the MIMO (Multi-Input Multi-Output) linear models
that describe the plant around trim points. Instead of that, specific experiments proposed
by multivariable IFT have to be performed, in order to tune the parameters of “common”
MIMO controllers, which are controllers that satisfy the design requirements
simultaneously for two MIMO linear systems corresponding to adjacent trim points.
Controller tuning is based on the optimization of a cost criterion appropriately defined, so
as to express the desired closed-loop performance characteristics simultaneously for two
adjacent operating areas.

In [65,66] a fundamentally different approach than in [64] was proposed. The
following situation was considered: given a control system with an LPV (linear parameter
varying) plant and a stabilizing LPV controller, switching to new controller to get better

performance was performed. This approach does not require a plant model, requires only
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closed-loop data with only a small amount of external excitation, uses standard
identification methods, and gives as few incorrect analysis results.

In [67] the goal of stabilizing an uncertain plant by means of switching through an
infinite candidate controller set was solved, provided that feasibility (existence of at least
one stabilizing solution in the candidate controller set) holds. The focus was on how a
given candidate controller set should be pruned based on data in order to adaptively
converge to a controller in the candidate set that achieves and maintains stable behavior
and acceptable performance. Though this data driven process requires no prior
knowledge of the plant model, this does not mean that their formulation is model-free.
Plant models, when available, play an essential role in determining and designing the

candidate controller set.

85



CHAPTER 5:
Robustness Tools
In this chapter other tools that can be used to examine robustness properties of
controllers are discussed. Some of them are also evaluated on our previously developed
complex, control oriented, physics based helicopter models and on the control systems

designed for these helicopter models.

5.1 Gain and Phase Margins

The concept of stability margins, specifically gain and phase margins, refers to
stability robustness in feedback control systems. In general, robustness refers to a
system’s ability to tolerate small changes (e.g. in the system parameters) without
undergoing a qualitative change in behavior (e.g. from stability to instability). To
quantify this property gain margin and phase margin are widely used for robustness
studies.

Gain Margin (GM) is one of the most frequently used criteria for measuring relative
stability of control systems. In the frequency domain, gain margin is used to indicate the
closeness of the intersection of the negative real axis made by the Nyquist plot of the
closed loop transfer function, L(jw) to the (-1, jO) point (see Fig. 5.1). The gain margin
shows how much the system gain may be increased without loosing stability. A formula

that can be used to compute the gain margin is [61]

1

gain margin = GM = 20log, , LCiaoy)|~ -20l0g,, |L(jw,)|dB (5.1)
p

Phase Margin (PM) is defined as the angle (in degrees) through which the L( jw)

plot must be rotated about the origin so that the gain crossover passes through the (-1, jO).
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The phase margin shows how large a delay may be inserted in control loop without

loosing stability. A formula that can be used to compute the phase margin is [61]

phase margin=2 L(ja,) -180° (5.2)
AjlmL
L(j ®)-plane
@ — w0 ReL
1 0 v
Phase
margin
Gain crossover
(w=0,)
8
1
=

Figure 5.1: Phase Margin Defined in The L(jw)-Plane ([61][pp. 454])
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Figure 5.2: Stability Margins Example

In the example in Fig. 5.2 the red and blue lines correspond to systems that have the
same phase and gain margins, but the “blue system” is obviously more robust (i.e. far
from -1).

Phase and gain margins have the big advantage that they are easy to understand (see
Figs. 5.1 and 5.2). Unfortunately they are strictly defined only for SISO (Single-Input
Single-Output) systems. For MIMO (Multi-Input Multi-Output) systems new robustness
measures have to be defined. Recent research along these lines led to the introduction of

the Generalized Stability Margin (GSM), gap metric, and v-gap metric.

5.2 Generalized Stability Margin, Gap Metric and v-Gap Metric

As noted before, robustness for SISO systems is easily examined using Phase and

Gain Margins. Unfortunately, these tools are not useful for MIMO systems such as the
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helicopter models developed in this dissertation. Therefore, novel tools, adequate for

MIMO systems, are examined in this sub section.

5.2.1 Generalized Stability Margin

For a given closed loop system [P,C] where P is a MIMO plant model and C is the

control system, the definition of generalized stability margin is [68,69]

-1

if [P,C] is stable (5.3)

TR

0 otherwise

o0

5.2.2 Gap Metric

To define the gap metric the graph of an operator must be defined. Specifically, the

graph of the operator P is the subspace of H,xH, consisting of all pairs (u, y) such that

y =Pu. This is given by
M
graph(P) = ( \ ] H, :=Gp (5.4)

and it is a closed subspace of H,.

The gap between two closed subspaces P, and P, is defined by [70,71]

0,(P.P,) = (5.5)

Rt
Ny N2
Here 1, denotes the orthogonal projection onto K, and P, = N,M; " and P, = N,M," are

normalized right coprime factorizations.
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5.2.3 v-Gap Metric
One issue with the gap metric is that it is very conservative. To alleviate this
disadvantage the v-Gap metric has been invented. For given P, P, € R™the definition

for the v-gap metric is [68,69]

|GGy, if det(G.G,)(w) %0 Vo & (w0,%0) and wno det(G,Gq) = 0
5,(Py.P) = ” (5.6)
viior 'l
1 otherwise

where wno ¢ is the winding number about the origin of g(s) and s follows the standard
Nyquist D-Contour.

An important result is that if J,(P,P,) is small then any satisfactory controller for P,

(in the sense of bplyC being large) will also be satisfactory for P,. This result is also valid

for the gap metric. Finally, it should be noted that the quantities by ,5,(P.,P,), and

o,(P,, P,) are always between in [0,1].

5.3 Applications
In the following we present some GSM and gap computations for our helicopter
models. Consider the flexible blade helicopter model linearized around V, =40kts

straight level flight condition. Consider also the flexible blade helicopter model linearized

around V, =80kts straight level flight condition. If we compute the gap and v-gap metric

between these models we find 0.8484 and 0.8483. Moreover, the gap and v-gap metric

between two flexible blade helicopter models, both linearized around V, = 40kts straight

level flight condition with one model experiencing 10% reduction in all helicopter inertial
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parameters, are 0.08575 and 0.08568. However, the GSM is very small, i.e. 8.9297.107*,
which would indicate that robustness properties are poor. Definitely this is not the case,
as indicated in the previous chapter via extensive simulations. The discrepancy between
the small GSM value and the good robustness properties of previously tested controllers
can be explained by the facts that a) GSM is very conservative by nature and b) GSM
computation assumes that all elements in the plant matrices are perturbed. This is not the

case in our helicopter models, because for example A, matrix (see Eq. 4.1) has a clear

structure (e.g. there are elements which are always zero).
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CHAPTER 6:

Constrained Model Predictive Control

In this chapter, MPC controllers, which account for output and input constraints
simultaneously, are designed. MPC theory is increasingly attractive because of its
effective use of models for prediction, potential for online adaptation, and constraints
satisfaction. A brief description of MPC is given next (see [72-74]).

In constrained MPC, a cost function V (k) :

Hp ~ . . 2 Hy-1
V()= 3 [[§l+iTk)—r(k+i K)o, + Izo\

Al (K +i1K)[rey (6.1)

IS minimized subject to the discretized dynamic equations and some constraints:

E{Au(k)}go; F{U(k)}go; G{Y(k)}so (6.2)
1 1 1
where
Aly(k|k) . Al (k+H,-1]k) 0,(k1k) . O,(k+H,-1]k)
AU(K) = : . . , UK) = .
Al (k[K) . Al (k+H,-1[k) O, (k1K) . G, (k+H,-1]k)

Yi(k+Hy k) . Yy(k+H,[k)

Y (k) = , (6.3)

Yo, (K+H [K) . ¥, (k+H k)

E, F, and G are suitable matrices, n, and n, are the number of outputs and inputs, H

and H, are prediction and control horizons, and r(k +i|k) is the reference trajectory to

be tracked (Fig. 6.1). Usually H,<H  to decrease computational work. Sometimes
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penalizing tracking errors does not start immediately (i.e. H, >1) because of the delay

between applying an input and seeing any effect. The optimization problem in Egs. 6.1-
6.3 is equivalent to a quadratic programming problem [72] [pp. 81-83]. After solving it,
only the first control in the resulting optimal control policy is applied and the

optimization control problem is repeated for the next time horizon.

past | future S
i e s

- P
] ’ ]
;
! : !
’
p
| K |
o+ >
] , ]
;
| H . |
i r i
i i

{ kR
i ‘-Hu"’ ’ i
A | Time
k k+H, k+H,
r

] ’JL UWk+H,—1]k)
f k+H, k+H,

Figure 6.1: MPC Representation

The ability of MPC to track discontinuous trajectories while obeying heterogeneous
constraints for maneuvering flight and in the event of sensor failure is investigated. For
this purpose MPC design was analyzed using linearized helicopter models, which were
discretized using a nondimensionalized sampling time of 1rad that corresponds to 0.037s.
This is much lower (around 50 times) than the period of any flight dynamics mode (see

[75] for a discussion on sampling time selection).
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For the results presented next, the helicopter model, which is linearized around a

helical turn (V, =40kts, y, =0.1radls, y_, =0.1rad, Ry, =204.73m), is used. Plant

and sensor uncorrelated white  Gaussian  noises  with intensities  of

W=10"1,, V =10’7|n (ng is the number of non-failed sensors) respectively were

41’
introduced in the linearized model.
In the first example, the helicopter must track a reference trajectory (r(k +1i|k) in Eqg.

6.1) for which the roll angle has a prescribed time variation and the other two Euler
angles are forced to be zero. The parameters used for MPC design were (all angles are
given in radians):

Output and input constraints:

[-1 -002 -002]" <[, 6, wa] <[t 002 0.02]

[Pl [of Ir] <[22 1] (rad/s)

[0 -0.18 -018 0]'<[6, 6, 6, 6] <[0.35 0.18 018 1]

[|A90| A6 [A6] |A6; |]T <[0.175 0.09 0.09 0.5]T
Other MPC parameters:
Hp =20and H, =1
For the second and third examples, measurements of two Euler angles (6,,y,) and

linear velocities (u,v,w), respectively are not available due to sensor failure. The
trajectories and parameters used for MPC design are the same as in the first example.
In the fourth example, for the evaluation of the robustness of the MPC designs it was

considered that all helicopter inertial parameters (helicopter mass and helicopter inertia
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matrix elements) are uncertain. There is no sensor failure for this example. We
considered that the plant model’s inertial parameters decrease by 10% , while the internal
model, which is used to produce MPC signals, is not aware of these uncertainties. We
then simulated the response of the plant affected by these uncertainties. The trajectories

and sensors used for MPC design are the same as in the first example. Some MPC
parameters are changed: H, =10, and W =107*1 e

The length of simulation interval for all the MPC examples is 200rad (or 7.4s). There
IS a discontinuity in the desired trajectory at instant w =100rad (or t = 3.7 s). Calculation
time of all the MPCs is around 0.2 rad (0.0074s) which is 20% of the sampling time. Note
that for the MPC simulations, black, blue and green colors are referring to the first,

second, and third components of Euler angles, linear velocities, and angular velocities,

respectively.
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Figure 6.2: 1 MPC Example (No Sensor Failure)
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Figure 6.4: 3" MPC Example (2" Sensor Failure)
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Figure 6.5: 4" MPC Example (Robustness, No Sensor Failure)
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The first observation is that in all nominal designs MPC satisfied the constraints (see

Figs. 6.2-6.5, plots of p,q,r,4,,0 ,v ,,60,,6;,0;,0; ). When modeling uncertainties (i.e.

variation of helicopter inertial properties) were also considered, nominal MPC satisfied
the constraints.

The second important observation is that when sensor failure occurs, the overshoot of
helicopter roll angle is bigger than when there is no sensor failure. For example, the
overshoot of helicopter roll angle in Fig. 6.2 is obviously less than the roll angle
overshoots in Figs. 6.3 and 6.4. The biggest helicopter roll angle overshoot with sensor
failure is seen when linear velocities (u,v,w) measurements fail (see Fig. 6.4), whereas

this overshoot is smaller when some Euler angle measurements (i.e. ¢,.6 ) fail (see Fig.

6.3). The examples suggest that, for the problem analyzed in this section, loosing velocity
measurements (i.e. u, v, w or p, g, r) is more dangerous than loosing some Euler angle

measurements (i.e. ¢,,6,). When angular velocity measurements (i.e. p, g, r) fail, the

MPC example defined in this section is not feasible.

Another important observation is that when modeling uncertainties (i.e. variation in all
helicopter inertial properties) are considered, MPC becomes less successful in tracking
strong discontinuities. The internal models which produce control signals are still
satisfying the constraints. However, some plant outputs (i.e. @,y ) violate the
constraints when this model experiences uncertainties (see Fig. 6.5). This example shows
that MPC has robustness limitations: when modeling uncertainties (i.e. variation in
helicopter inertial quantities) exist and also hard constraints on outputs and inputs are

imposed, MPC is not very successful in tracking discontinuous trajectories.
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A final observation is that the other states which are not included in the reference
trajectory tracked by MPC (u, v, w, p, g, r) do not experience catastrophic behavior (e.g.
large and fast variations) as shown in Figs. 6.2-6.5.

We also remark that extensive numerical experiments with level banked turns and
different helical turns indicate that all the observations discussed in this section are still
valid (see Appendix F).

The previous MPC examples are also examined with the helicopter model which is

linearized around a hover turn (V, =1kt, v, =0.1rad/s, y_, = 0.1rad, Ry, =5.12m). All

turn
the MPC design parameters and trajectories are chosen the same with the previous set of
examples. The previous discussion is also valid for hover turn (see Appendix F for more

examples).
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CHAPTER 7:

Simultaneous Model and Control System Design

In this chapter, simultaneous helicopter plant and control system design are examined.
The derivative of J (cost of OVC) with respect to x (set of optimization parameters)
cannot be computed analytically. This recommends the application of certain stochastic
optimization techniques. Specifically, in this article SPSA [43], which has proven
effective in solving other complex problems [44], including optimization of non-

differentiable functions [76], has been selected to solve the problem:

ACrrllirg3 J=E_u'Ru (7.1)
,F,G,X

subject to Egs. 4.8, 4.9 and 4.11 where x={c,Ksm,R 6.2} is the set of plant
optimization parameters. The elements of x are constrained, ie. x. ~<x <x (see

Imin

Table 7.1).

Table 7.1: Design Variables and Constraints

_ Lower Upper
Design Nominal Value Bound Bound
Variable AX. [ X AX. [ X
c 0.5401 m -0.05 0.05
K, | 48149 Nm/rad -0.05 0.05
m 9.1 kg/m -0.05 0.05

R 7.5m -0.05 0.05
0,, -0.14 rad -0.05 0.05
0 27 rad/s -0.05 0.05

SPSA has many advantages. For example, SPSA uses only two evaluations of the

objective for the evaluation of the gradient [43]. Also, numerical experiments indicated
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that SPSA is more efficient in finding the global minimum compared to other
computationally expensive algorithms like genetic algorithms and fast simulated
annealing [77]. Moreover, the SPSA was also successful in solving constrained
optimization problems [78]. Finally, under certain conditions (see [43]) strong

convergence of the SPSA has been theoretically proved.

7.1 Formulation
Let x denote the vector of optimization variables. In classical SPSA, if X is the
estimate of x at k-th iteration, then

X = g~ &Y (7.2)

where a, is a decreasing sequence of positive numbers and 91 is the estimate of the

objective’s gradient at x. ., computed using a simultaneous perturbation as follows. Let

[k]’

A[k]eRp be a vector of p mutually independent mean-zero random variables

{A[k]l A[k]2 ....... A[k]p} satisfying certain conditions (see [76, 79]). Then g[k] is
I . -r I . -I !
== .. 2 - 7.3
9 [2dkA[k]1 2dkA[k]J (7:3)

dA and

where I" and [ are estimates of the objective evaluated at X 9 A

Xk ~ dkA[k] , respectively.

In this study a novel adaptive SPSA (see Appendix H) that accounts for the constraints

that the optimization variables must be between lower and upper limits is developed to
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solve related problems. All the perturbed vector elements, X * dA

A and x[k] -d A

K~ Ik]”
are also required to be between the prescribed lower and upper limits. Using these

requirements and the guidelines provided in [43] for the selection of sequences a, , d, ,

we chose d, as
d, = min{d /k@,0.95miin{min{77|i },min{nui }}} (7.4)

Here 7, and n, are vectors whose components are (X X [ A for each positive

min; ) [kli

[kli —

Api and (x[k]i - xmxi)/A[k]i for each negative Ay, respectively. Likewise, we selected
a, as
a, = min {a/(SJrk)/1,0.95miin{min(/,tiI ),min(uiu )}} (7.5)

where g and p ~ are vectors whose components are (X X )/ g for each
|

[kli —

positive O and (x xmaxi)/ O for each negative O respectively. The other

[kli
SPSA parameters d, a, A, @, S are chosen using guidelines provided in [43, 80-82]. The
resulting algorithm is described next.

7.2 Algorithm

Step 1: Set k=1 and choose initial values for the optimization parameters, x = Xgep» and
choose a specific flight condition.

Step 2: Compute A, and B, use them to design OVC, to obtain the current value of the

objective, I", (note that I", =J, for OVC and rigid blade helicopter model is used for
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both plant and control system design).

Step 3: Compute O using (7.3) with d,_ given by (7.4).

Step 4: If Hakg[k]

<ox, where a_ is given by (7.5) and ox is the minimum allowed

variation of x, or k+1 is greater than the maximum number of iterations allowed, exit, else

calculate the next estimate of x, x using (7.2), set k=k+1 and return to Step 2.

[k+1]*

7.3 Results

The helicopter model was linearized for V, =40 kts (20.5782m/s), yep =0 rad, y, =0

rad/s (straight level flight) and used to perform simultaneous helicopter plant and control

system design. We used nominal values of helicopter parameters as initial conditions.
The OVCs were designed for this flight condition with o =10"[1 1 0.1] (variance

constraints on helicopter Euler angles).

Using SPSA parameters: S=10, 2=0.602, a=100, d =20, ® =0.101, and the
algorithm in section 7.2, 33.5% of the control effort, J, is saved. Table 7.1 summarizes
the optimization parameters and their lower and upper bounds while Table 7.2 gives their
optimum values. It can be seen from Fig. 7.1 that the convergence of SPSA is very fast.

To evaluate the performance of the redesigned helicopter, the new model was

linearized around different straight level flight conditions (i.e. between V, =1 kt (0.5145

m/s) to 80 kts (41.1565 m/s)). Then at each flight condition the corresponding OVC was

designed and its cost, J,., was computed. At the same flight conditions the initial

r )
helicopter (before redesign) was also linearized, the corresponding OVCs were designed,

and nominal cost, J,, was computed. Then the relative variation of the cost,

n?'
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%J =100(J,-J,)/J,, was computed for each flight condition. Fig. 7.2 shows variation
of %J with respect to (w.r.t.) V,. It is clear from Fig. 7.2 that using the redesigned

helicopter considerable control energy is saved for each flight condition.

This scenario was repeated for helical turns (V, =1 kt to 80 kts, yg, =0.1 rad,
v, =0.1 rad/s) and led to a similar conclusion: substantial cost savings are obtained

using the redesigned helicopter (i.e. the one obtained using the 1% design point).

To further convince ourselves of the advantages of simultaneous helicopter plant and
control system design, two other flight conditions were used to redesign the helicopter:
V, =1kt and V, =80 kts (straight level flights). The same SPSA parameters were used
and two different redesigned helicopters were obtained. The same analysis was
performed as before, leading to very similar conclusions: SPSA converges very fast,
optimal design variables are very close, but not identical to the ones in Table 7.2 (see

Tables 7.3 and 7.4), and the behaviors of %J w.r.t. V, is similar to the previous one (see

Fig. 7.2).

Table 7.2: Optimum Design Variables (1** Design Point)

\Z ??;%Te Optimum Value CA::?;]?(IG
C 0.5671m 0.04999
K, 50327.2608 Nm/rad 0.04524
m 8.6883 kg/m -0.04524
R 7.1269 m -0.04975
0, -0.1337 rad -0.04524
Qo 25.6503 rad/s -0.04999
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Table 7.3: Optimum Design Variables (2" Design Point, 1kt)

\Z ??;%Te Optimum Value i?(???(le
c 0.5670 m 0.04975
K, 45982.2950 Nm/rad -0.04500
m 8.6905 kg/m -0.04500
R 25.6503 m -0.04999
0, -0.1330 rad -0.04975
Q 25.6503 rad/s -0.04999

Table 7.4: Optimum Design Variables (3™ Design Point, 80 kts)

\Z ??;%Te Optimum Value CA:Z???:
c 0.5661 m 0.04817
K, 50264.6671 Nm/rad 0.04394
m 8.6973 kg/m -0.04425
R 7.1676 m -0.04432
0, -0.1339 rad -0.04357
0 25.6503 rad/s -0.04999
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To better analyze simultaneous design idea, the following study was performed. The
1" OVC was designed for the initial (nominal) model linearized around V, =40 kts
7ep =0 rad, y, =0 rad/s and the 2" OVC was designed for the redesigned model (i.e.
the one obtained using the 1% design point) linearized around V, =40 kts yg, =0 rad,
w , =0 rad/s. Then the 1% OVC was evaluated for the nominal model linearized around
V, =40 kts, 7= =0 rad, v, =0 rad/s and the 1% closed loop system was found.

Moreover, the 2" OVC was evaluated for the redesigned model linearized around

V, =40 kts, y.p =0 rad, v, =0 rad/s and the 2" closed loop system was found.

In Figs. 7.3 and 7.4 responses of helicopter Euler angles and all controls are given
before and after simultaneous helicopter plant and control system design, respectively. It
is clear from Fig. 7.3 that behaviors of helicopter Euler angles are very similar before and
after redesign. The variances of outputs of interest (i.e. helicopter Euler angles) are very
close and satisfy the constraint Eqg. 4.11 before and after redesign. It can be seen from

Fig. 7.4 that input variations from trim values slightly decrease after redesign, which
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explains the considerable reduction of control effort. The other outputs (i.e. linear
velocities, angular velocities, blade flapping and lagging angles) do not experience
catastrophic behavior (see Appendix H, Figs. H.1 to H.8). This good behavior is
explained by the exponentially stabilizing effect of OVC. Similar study was performed
for a helical turn (i.e. y =0.1 rad, y, =0.1 rad/s) and the results are summarized in
Figs. 7.5 and 7.6. For this purpose the redesigned model obtained using the 1% design

point was used.
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Closed loop stability robustness of OVC with respect to modeling uncertainties was
also investigated by using the redesigned helicopter and the results are given in Appendix

H (see Figs. H.9to H.11).
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CHAPTER 8:

Conclusions and Future Work

8.1 Conclusions

Control oriented helicopter models are derived using physics principles. The new
ordering scheme is very effective at reducing the number of terms in these models while
preserving key characteristics of the initial models. Validation of the models used for
control against data from the literature indicates that the control oriented modeling
process correctly captures essential helicopter dynamics, including flight dynamics,
flapping, and lead-lagging modes and trims.

The models are further used for control design, first for variance constrained
controllers with inequality constraints on outputs or inputs. Key advantages of such
controllers are their easy implementation and fast convergence of control design
algorithms, even for the most complex model (i.e. flexible blade model). All variance
constrained controllers exponentially stabilize the nominal flight condition while
satisfying the constraints. Closed loop stability robustness analysis revealed that all these
controllers are robust when variations in helicopter straight level velocity are considered.
They are also robustly stable with respect to modeling uncertainties. Second, the models
are also used for constrained model predictive control (MPC) design. The studies show
that tracking of discontinuous trajectories using MPC is feasible. MPC is also robust to
modeling uncertainties. Even though the MPC solution is computationally expensive
compared to variance constrained control, calculation times for our MPCs are relatively

small.
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Control oriented, physics based, complex helicopter models are also used for control
design for helical and level banked turns. Models linearized around these flight
conditions are used for the design of constrained controllers: output variance constrained
control (OVC), input variance constrained control (IVC), and constrained model
predictive control (MPC). OVC and IVC studies show that all variance constrained
controllers exponentially stabilize the nominal maneuvering flight condition while
satisfying the constraints. Closed loop stability robustness analysis revealed that all these
controllers are robust when uncertainty in helicopter velocity is considered. They are also
robustly stable with respect to uncertainty in helicopter inertial parameters. An important
observation is that there is no correlation between the length of stability interval, L, and
the magnitudes of output or input constraints. Furthermore, adaptive switching in
response to sensor failure was investigated. The studies show that the switching idea is
feasible for OVC and IVVC.

For the MPC scenario, similar studies were carried out. MPC can handle
simultaneously numerous constraints, including discontinuities. The studies show that
tracking of discontinuous maneuvering trajectories using MPC is feasible. Even though
MPC solution is computationally expensive compared to variance constrained control,
calculation times for the MPCs are relatively small. Limitations of MPC robustness were
also revealed: when discontinuities must be tracked and hard output and input constraints
obeyed, MPC becomes less successful in trajectory tracking when there are uncertainties
in helicopter inertial parameters. The adaptive switching idea in response to sensor failure

was also investigated for MPC and the results show that it is feasible for MPC.
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Finally, simultaneous helicopter plant and control system design is investigated using
a stochastic optimization method to save active control effort. Complex, control oriented,
physics based helicopter models (i.e. rigid blade model) are used for this purpose. An
effective algorithm which performs simultaneous design is developed and illustrated on
straight level flights and helical turns.

Simultaneous perturbation stochastic approximation (SPSA) always works well for
our problems (i.e. converges very fast). Considerable reduction of control effort is
obtained via simultaneous design with very small (5%) changes in some helicopter
parameters. Furthermore, the behaviors of fuselage and blade states before and after
redesign are very similar. These states do not display bad behavior (i.e. very large
amplitudes and fast oscillations). The variances of the outputs of interest (i.e. helicopter
Euler angles) are very close and satisfy the constraints before and after redesign. The
inputs also display smaller variations from trim values after redesign. This explains the
considerable reduction of control effort observed after simultaneous design.

Furthermore, variance constrained controllers which are designed for the redesigned
helicopters have strong robustness with respect to the variations in flight conditions and

all helicopter inertial properties.

8.2 Future Work

Trailing edge flaps can be added to previously developed complex control oriented
physics based models to save more active control energy. For this purpose simultaneous
helicopter trailing edge flaps and a specific variance constrained controllers can be
studied. These trailing edge flaps can also be used for noise and vibration reduction, and

control redundancy in case of failures and emergency.
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Moving horizontal tailplane idea can be used on previously developed complex
control oriented physics based models to save more control effort. This idea also reduces
the control inputs of trailing edge flaps.

Simplified nonlinear helicopter model (e.g. rigid body model and flapping blades) can
be used to better check robustness properties of used controllers.

Comparison between the semi exact model (i.e. the model obtained by using small
angle assumption for blade angles) and simplified model can be examined using
nonlinear and linear models to better characterize robustness of controllers.

Finally u -synthesis can be used to obtain less conservative theoretical results of the

helicopter models than when GSM was used.
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APPENDIX A

A.1 Energy Approach for Blade Flexibility

To determine orders of lumped system parameters, the force acting on the blade is

distributed linearly along the blade span.

Figure A.1: Force Distribution over Blade Span

Using Euler-Bernoulli beam theory, the flapwise bending displacement function is

F 1 1 1
Wegp =E—|°b(ﬁr4—ﬁr3R(1—e)+§r2R2(l—e)2j (A1)
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Figure A.2: Flapwise Bending Displacement Along Blade Span
(Euler-Bernoulli Beam Theory Result)

where F, is the force acting on blade tip, 1, is the blade inertia, and E is the blade’s
modulus of elasticity.

The weighted (i.e. average) bending displacements for 2"° and 3%° blade segments are
(there are three blade segments and the root segment is assumed rigid)

- 1907 F(1-e)*R* - _ 4337 Fy(1-e)*R*
Fe8,, 58320 g Ee8, 58320 E|

(A.2)

The orders of any flapwise bending angle and flapwise bending springs’ stiffness are

WegB Wees S5, +8
2ND 3RD _ 1 2 K

51:R(1_e)/6’ 52:R(1—e)/6’ Ks = 28 F (A3)
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A.2 Helicopter Data

Table A.1: Configuration Data of Puma SA 330

Quantity Symbol Magnitude Reference

| 9638 kg m?

XX

I, 33240 kg m? [47]
Moments of inertia

I, 25889 kg m?

Iy, 2226 kg m?
Number of blades N, 4 [47]
Rotor radius R 75m [47]
Hinge offset e 0.285m [47]
Main rotor angular velocity Q 27 rad/s [47]
Helicopter mass a 5805 kg [47]
Flapping spring stiffness coefficient Kg 48149 N m/rad [47]
Lagging spring stiffness coefficient K¢ 100000 N m /rad 471 °
Lagging damper damping coefficient | C, 10000 N m s/rad 471 °
Flapwise bending spring stiffness

Ky 200000 N m/rad *
coefficient
Flapwise bending damper damping

Cs 20000 N m s/rad *
coefficient
Blade inertia I 1280 kg m? [47]
Blade twist 2 -0.14 rad [47]
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Blade profile drag

Blade induced drag

Blade lift coefficient
Vertical distance helicopter’s center

of gravity (cg) to hub

Vertical distance cg to tail rotor
Horizontal distance cg to tail rotor
Tail rotor thrust coefficient
Vertical distance cg to nose

Horizontal distance cg to nose

Fuselage skin friction coefficient

Fuselage pressure drag coefficient

Fuselage length
Fuselage diameter
Lock number

Vertical distance cg to landing gear
(19)

Horizontal distance cg to Ig

Landing gear drag coefficient

Landing gear frontal area

135

0.01
0.4

5.73 /rad

2.157m

1.585m
9m

8000 N /rad
0.55m

3.80m

0.02

1.2

14 m
3m

9.374

1.91m

0.1m

0.35

0.51 m?

[50]
[50]
[47]

[471 °

[47]

[47]

[471 °
[471 °

[56] °©

[56] °©

[471 °
[471 °

[47]

[471 °

[471 °
[54] ©

[54] ©




Tail rotor hub and shaft (h&s) drag
coefficient

Tail rotor h&s frontal area
Horizontal stabilizer (hs) lift

coefficient

Drag coefficient of hs

Linear decrease ratio of hs chord

Root chord length of hs

1.03

0.054 m?

0.0262

0.01

0.118

0.76 m

[54] ©

[54] ©

[471 °

[54] ©
[471 °

[471 °

®: Estimated Quantity
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APPENDIX C

C.1 OVC Algorithm

For the given data (A,,B,,C,,D,,M,0,W.,V,R,e>0,Q,,n>0)

1. Compute X and F using
T Ty -1 T Ty, -1
0=XA, +AX-XM V™M X+DW,D, and F=XMV
2. Compute K and G; using
T -1pT TA(; -1pT

3. Compute X, using
J

Ny
0=X, (A, +B,G;)" +(A,+B,G;)X, +FVF" and if » < e stop
J J =1

Gi2—Cp(ch +X)C,

4. Update Q(j) with

[C(X, +X)C"1]
q(j+1) = ) q(j) and go to step 2.

Oj
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C.2 IVC Algorithm

For the given data (A,,B,,C,,D,,M,0,W.,V,R,e>0,Q,,n>0)

1. Compute X and F using
T Ty -1 T Ty, -1
0=XA, +A,X-XM V™M X+DW,D, and F=XMV
2. Compute K; and G; using
T a-1pT T 1T

3. Compute X, using
J

Ny
0=X, (A, +B,G;)" +(A,+B,G;)X, +FVF' and if > < estop
. ) =1

uE-Gy(X, +X)B]
J

4. Update R(j) with

[G;(Xs +X)G]1]
r(j+1) = L r(j) and go to step 2.

L
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APPENDIX D

D.1 OVC and IVC Results for Straight Level Flight

For the numerical experiments reported here, the sensor measurements are helicopter

linear velocities, angular velocities and Euler angles, and the noise intensities are

W =10"1_, V=101, where n is the number of states. In general V depends on the

sensor quality (the high quality sensors correspond to small V) whereas W is dictated by
the modeling process. Three models were examined: the first model is described in
section 1V, the second model is found by reducing the magnitude of all helicopter inertial
parameters (helicopter mass and helicopter inertia matrix elements) with 10% compared
to first model, and the last model is found by eliminating the blade flexibility from the
first model (n=41 for the first and second models and n=25 for the last model). Note that
all these models are linearized around straight level flight condition. Data of output and
input variance figures are obtained using fixed Q and R penalties and steps 2-3 in
Appendix B for straight level flight. The data obtained using this approach is very close

to data which is obtained using the approach for maneuvering flight.
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Table D.1: OVC and IVC Scenarios for Straight Level Flight

) Nominal ) uati
Design Model Design V, Evaluation Model Evaluation V,
1 Rigid Blade Hover Rigid Blade Hover to 80 kts
2nd Rigid Blade 40 kts Rigid Blade Hover to 80 kts
3 Rigid Blade Hover Flexible Blade Hover to 80 kts
4" Rigid Blade 40 kts Flexible Blade Hover to 80 kts
5t Flexible Blade Hover Flexible Blade Hover to 80 kts
6" Flexible Blade 40 kts Flexible Blade Hover to 80 kts
Flexible Blade with
7t Flexible Blade Hover 10% Helicopter Inertia | Hover to 80 kts
Variation
Flexible Blade with
gt Flexible Blade 40 kts 10% Helicopter Inertia | Hover to 80 kts
Variation

Table D.2: Stability Robustness Analysis of OVC for Straight Level Flight

Hover 10 kts 20 kts 30 kts 40kts 50 kts 60 kts 70 kts 80 kts

CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL
]_St ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
an ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
3rd ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
4th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
5th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
6th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
7th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
8th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS
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Table D.3: Stability Robustness Analysis of 1\VVC for Straight Level Flight

Hover 10 kts 20 kts 30 kts 40kts 50 kts 60 kts 70 kts 80 kts

cLjoL|cLjoL|cL|joL|jcL|{oL|cCL|oOL|CL|OL|{CL|OL|CL]|OL|CL| OL L

1st ES U ES U ES U U U U MS U MS U MS U MS U MS 3

2nd ES U ES U ES U ES U ES MS ES MS U MS U MS U MS 6

3rd ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

4th U U ES U ES U ES U ES MS U MS U MS U MS U MS 4

5th ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

6th ES U ES U ES U ES U ES MS ES MS U MS U MS U MS 6

7th ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

8th ES U ES U ES U ES U ES MS ES MS U MS U MS U MS 6

Table D.4: More Stability Robustness Analysis of OVC for Straight Level Flight
(c°=10"[1 1 1])

Hover 10 kts 20 kts 30 kts 40kts 50 kts 60 kts 70 kts 80 kts

cLfoL|cL|foL|cCL|joL|CL|OL|CL|OL|CL|OL]|CL]|OL CL|OL | CL|OL L

]_St ES U ES U U U U U U MS U MS U MS U MS U MS 2

an U U U U U U ES U ES MS U MS U MS U MS U MS 2

5th ES U ES U ES U ES U ES MS U MS U MS U MS U MS 5

6th U U U U U U U U U MS ES MS ES MS ES MS ES MS 5

7th ES U ES U ES U ES U ES MS U MS U MS U MS U MS 5

8th U U U U U U U U ES MS ES MS ES MS ES MS ES MS 5
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Table D.5: More Stability Robustness Analysis of OVC for Straight Level Flight#2
(=101 1 1])

Hover 10 kts 20 kts 30 kts 40kts 50 kts 60 kts 70 kts 80 kts

cLfoL|cL|foL|cCL|joL|CL|OL|CL|OL|CL|OL]|CL]|OL CL|OL | CL|OL L

]_St ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

an ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS 9

3rd ES U ES U ES U ES U ES MS U MS U MS U MS U MS 5

4th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS 9

5th ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

6th ES U ES U ES U ES U ES MS ES MS ES MS ES MS ES MS 9

7th ES U ES U ES U ES U U MS U MS U MS U MS U MS 4

8th ES U ES U ES U ES U ES MS ES MS ES MS ES MS U MS 8

144




-4 -4
x 10 x 10

3.5 - 5 ‘
3 * E *  E 6
O E6n 4 o E&H
2.5¢ E v e o
——— — E_y’=00001 3 C
e 20 ,Yi=0 ‘ S E, 0r
8 8
w 15 w s
1 0
o 1
0.5 T
0
0 20 40 60 80 0 20 40 60 80
V,, (kis) V,, (kis)

Figure D.1: Output and Input Variances of the 1* OVC for Straight Level Flight
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Figure D.2: Output and Input Variances of the 2" OVC for Straight Level Flight
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Figure D.3: Output and Input Variances of The 1° IVC for Straight Level Flight
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Figure D.4: Output and Input Variances of The 2" IVC for Straight Level Flight
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D.2 Additional OVC and IVC Results for Maneuvering Flight

In this sub-section 1% to 4™ set of controllers are designed with the same conditions as

the ones in chapter 4 except y, and y_,. The stability robustness analysis of OVC and

IVVC with all sensor failures are examined for different maneuvers.
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Figure D.5: Output and Input Variances of The 2" OVC for Helical Turn
(wa=0.1rad/s, y, =0.1rad)
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Figure D.6: Output and Input Variances of The 2" IVC for Helical Turn
(wa=0.1rad/s, y, =0.1rad)
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Table D.6: Stability Robustness Analysis of OVC for Level Banked Turn
(ywa=0.1radss, y, =0rad)
Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts
CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL
1st ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
2nd ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
3rd ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
4th ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
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Table D.7: Stability Robustness Analysis of 1\VC for Level Banked Turn
(ya=0.1rad/s, y_, =0rad)

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oL|CL|OL|CL|OL]|CL oL

1st ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

2nd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

3rd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

4th ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

Table D.8: Stability Robustness Analysis of OVC for Different Helical Turn
(wa=0.1rad/s, y, =0.05rad)

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oOL|CL|OL|CL|OL]|CL oL

1st ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

2nd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

3rd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

4th ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U
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Table D.9: Stability Robustness Analysis of 1\VC for Different Helical Turn
(wa=0.1rad/s, y, =0.05rad)

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oL|CL|OL|CL|OL]|CL oL

1st ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

2nd ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

4th ES U ES U ES U ES U ES MS | ES MS ES MS ES U ES U

Table D.10: More Stability Robustness Analysis of OVC for Helical Turn
(yp=0.1radls, y_, =0.1rad, c* =10°[1 1 1])

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oOL|CL|OL|CL|OL]|CL oL

4th U U U U U U U U U MS U MS ES MS ES U ES U
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Table D.11: More Stability Robustness Analysis of OVC for Helical Turn#2
(yp=0.1radls, y, =0.1rad, c®=10°[1 1 1])

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|joL|cL|joL|cL|oL|cCL|{oL|CL|OL|CL{|OL]|CL oL

1st ES U ES U ES U ES U ES MS | ES MS ES MS U U U U

3rd ES U ES U ES U ES U ES MS | ES MS ES MS U U U U

Table D.12: More Stability Robustness Analysis of IVC for Helical Turn
(wa=0.1radfs, y_, =0.1rad, 4°=10"°[1 1 1 1])

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts

cL,yoL|cLfoL|cCcL|oL|cL|joL|cL|oL|cCL|{oOL|CL|OL|CL{|OL]|CL oL

1st U U U U U U ES U ES MS | ES MS ES MS ES U ES U

4th U U U U U U ES U ES MS | ES MS ES MS ES U ES U
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Table D.13: More Stability Robustness Analysis of IVC for Helical Turn#2

(wa=0.1radfs, y_, =0.1rad, 4°=10°[1 1 1 1])

Hover 10 kts 20 kts 30 kts 40 kts 50 kts 60kts 70 kts 80 kts
CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL CL oL
1st ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
2nd U U U U U U ES U ES MS ES MS ES MS ES U ES U
3rd ES U ES U ES U ES U ES MS ES MS ES MS ES U ES U
4th U U U U U U U U ES MS ES MS ES MS ES U ES U
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APPENDIX E

Additional OVC and IVC Simulations

In this section 1* OVC and 1% IVC designed with and without sensor failure in chapter

4 are used and the closed loop responses are simulated.
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Figure E.1: OVC, 1% Failure, Some Fuselage States
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Table E.1: Closed Loop Stability Robustness of OVC for Level Banked Turn
(ywa=0.1radss, y, =0rad)

Failed Sensors

1St

2nd

3I’d

4th

st Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
1 (Pa,04)
Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
2nd (U , V, W) Vi Vi Vi Vi
rd Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
3 (p.a.r)

Table E.2: Closed Loop Stability Robustness of IVC for Level Banked Turn
(w4 =0.1rad/s, y, =0rad)

Failed Sensors 1t 2" 3" 4t

1st ( ¢A1 QA) Hover to 80 kts Hover to 80 kts Hover to 80 kts Hover to 80 kts
2nd (U \V, W) 20 kts to 80 kts 30 kts to 80 kts 20 kts to 80 kts 30 kts to 80 kts
3rd ( p1 q1 r) Hover to 80 kts Hover to 80 kts Hover to 70 kts Hover to 80 kts
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Table E.3: Closed Loop Stability Robustness of OVC for Different Helical Turn

(wa=0.1rad/s, y, =0.05rad)

Failed Sensors

1St

2nd

3I’d

4th

1 (9, 04)

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

2" (u,v,w)

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

3 (p,q,r)

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

Table E.4: Closed Loop Stability Robustness of IVC for Different Helical Turn

(wa=0.1rad/s, y, =0.05rad)

Failed Sensors

1St

2nd

3I’d

4th

1 (9, 04)

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

Hover to 80 kts

2" (u,v,w)

20 kts to 80 kts

30 kts to 80 kts

20 kts to 80 kts

30 kts to 80 kts

3 (p,q,r)

Hover to 80 kts

Hover to 80 kts

Hover to 70 kts

Hover to 80 kts
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Table E.5: Control Energy Comparison for Level Banked Turn
(w4 =0.1radss, y, =0rad)

OVC Cost IVC Cost
Failed Sensors 1tand 3@ | 2" and 4™ 1%t and 3™ 2" and 4"
15t (¢A1 QA) 0.003404 0.004591 0.001968 0.000642
ond (U v, W) 0.001749 0.002301 0.002468 0.000530
3rd ( p.q, r) 0.001978 0.001930 0.001581 0.000395
(no failure) 0.001216 0.001304 0.001444 0.000337

Table E.6: Control Energy Comparison for Different Helical Turn
(wa=0.1rad/s, y, =0.05rad)

OVC Cost IVC Cost
Failed Sensors 1tand 3@ | 2™ and 4™ 1%t and 3™ 2" and 4"
15t (¢A1 QA) 0.003504 0.004731 0.001950 0.000659
ond (U v, W) 0.001827 0.002455 0.002494 0.000558
3rd ( p.q, r) 0.002098 0.002090 0.001579 0.000418
(no failure) 0.001287 0.001409 0.001442 0.000358
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Table E.7: Number of Iteration for Helical Turn
(wa=0.1rad/s, y, =0.1rad)

OVC Cost IVC Cost
Failed Sensors 1*and 3™ | 2" and 4" 1% and 3" 2" and 4™
15t (¢A1 QA) 18 18 12 26
2" (u,v,w) 4 6 16 26
3rd (p’q’r) 6 6 14 24
(no failure) 4 6 14 22

Table E.8: Number of Iteration for Level Banked Turn
(w4 =0.1radss, y, =0rad)

OVC Cost IVC Cost
Failed Sensors 1*and 3™ | 2" and 4" 1% and 3" 2" and 4™
15t (¢A1 QA) 18 18 12 26
2" (u,v,w) 4 6 16 28
3rd (p’q’r) 6 6 14 24
(no failure) 4 6 14 24
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Table E.9: Number of Iteration for Different Helical Turn
(wa=0.1rad/s, y, =0.05rad)

OVC Cost IVC Cost
Failed Sensors 1*and 3™ | 2" and 4" 1% and 3" 2" and 4™
15t (¢A1 QA) 18 18 12 26
2" (u,v,w) 4 6 16 26
3rd (p’q’r) 6 6 14 24
(no failure) 4 6 14 22
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APPENDIX F

Additional MPC Results

F.1 Straight Level Flight Examples
For straight level flight examples, plant and sensor uncorrelated white Gaussian noises

with intensities of W =101, , V =107"1_ respectively were introduced in the linearized
9

41’
model.

In the first example, the helicopter is required to track a reference trajectory for which
the roll angle has a prescribed time variation and the other two Euler angles are forced to

be zero. The parameters used for MPC design (all the angles are given in radians) were:
*Output and input constraints:

[-1 -001 -0.01] <[4, 6, w,] <[0 0.01 0.01]

[Pl ol Ir]" <[ 1 1] (rad/s)

[0 -0.18 -018 0]'<[6, 6, 6, 6] <[0.35 0.18 018 1]

[|A90| A6 [A6] |A6; |]T <[0.175 0.09 0.09 0.5]T

= Other MPC parameters:

H, =20, H,-2,and H, -1

The second example is the same with the first example except that the first sensor
failure occurs. This MPC example is not feasible with the second and third sensor

failures.
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In the third example, to evaluate the robustness of our MPC designs it is considered
that all helicopter inertial parameters (helicopter mass and helicopter inertia matrix
elements) are uncertain. For this purpose it is considered that the plant model’s inertial
parameters decrease by 10% , while the internal model, which is used to produce MPC
signals, is not aware of these uncertainties. Then the response of the plant affected by
these uncertainties was simulated (Fig. F.3). The trajectories and parameters used for
MPC design are the same as in the first example. It can be observed from Fig. F.3 that the
plant outputs slightly violate the constraints due to these uncertainties.

For the fourth example, the helicopter is required to track a reference trajectory for
which the pitch angle has a prescribed time variation and the other two Euler angles are
forced to be zero. The parameters used for MPC design are the same with previous

examples except that
[0.01 -1 -0.01] <[4, 6, w,] <[0.00 0 0.01]

The fifth problem is the same with the fourth problem except that the first sensor
failure occurs. This MPC example is not feasible with the second and third sensor
failures. Note also that for all these straight level flight examples the sampling time was

0.037 s (which is equal to 1 rad).
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F.2 Maneuvering Flight Examples

In this sub-section the MPC examples examined in Chapter 6 are resolved for level
banked turn and different helical turn. The MPC parameters of 1% to 4™ set of examples
are the same with the ones shown in Chapter 6. The 4" example (robustness) is not
feasible for level banked turn. The behaviors of outputs and controls are similar with the

ones discussed in Chapter 6.
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(Vp=40kts, y, =0.1rad/s, y, =0rad, Ry, =205.76m)
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Figure F.7: 2" MPC Example for Level Banked Turn (1 Sensor Failure)
(Vp=40kts, y, =0.1rad/s, y, =0rad, Ry, =205.76m)
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Figure F.8: 3" MPC Example for Level Banked Turn (2" Sensor Failure)
(Vp=40kts, y, =0.1rad/s, y, =0rad, Ry, =205.76m)
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Figure F.9: 1 MPC Example for Different Helical Turn (No Sensor Failure)
(Va=40kts, y, =0.1rad/s, y, =0.05rad, Ry, =205.50m)
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Figure F.10: 2" MPC Example for Different Helical Turn (1% Sensor Failure)

(Va=40kts, y, =0.1rad/s, y, =0.05rad, Ry, =205.50m)
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Figure F.11: 3" MPC Example for Different Helical Turn (2" Sensor Failure)

(Va=40kts, y, =0.1rad/s, y, =0.05rad, Ry, =205.50m)
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Figure F.12: 4" MPC Example for Different Helical Turn
(Robustness, No Sensor Failure)

(Va=40kts, y, =0.1rad/s, y, =0.05rad, Ry, =205.50m)
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APPENDIX G

Matlab Commands

I. fsolve command is used to solve the trim equations.

ii. ctrb and obsv commands are used to test controllability and observability of the LTI

systems, respectively.

n =rank(ctrb(A,,B,)), n=rank(obsv(A,,C,))
pr Pp pp

iii. are and Igr commands are used to solve two algebraic Riccati equations, respectively.

0=XA + AX -XM VM X+DW,D, and F=XM}V™* (G.1)

0=KA,+ AJK-KB,R™B;K+C;QC, and G=-R'BJK (G.2)
T pgTyy -1 T

X =are(A},M VM ,DW,D]), K=lgr(A,,B,QR)

iv. scmpc command is used to simulate MPC examples (see [83] for details).
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APPENDIX H

Adaptive SPSA

For the constrained SPSA, it is required that

X i < +dkA[k] <X . oand X . <X dkA[k] o
1. Firstly, examine d A [k] <0

[k]| =1, d, < mm{(x[k]i iy )/|Apqil} and d, < min{(xmaxi -~
b. A [k]| -1,d, > max{(xmlni —x[k]i)/|A[k]i|} and d, > max{(Xg;; -
2. Secondly, examine d, A, .. >0

[k]

=1, d, > max{(Xy; - xmaxi)/ |Apeyi} and d, > max{(xmini

[k]|

d. Ay =1, A <mind(Xpa ~X5)/1Ap [} and d, < ming(x

[kl

X[k]i)/lA[k]i [}

Xmaxi ) /lA[k]i I}

- X[k]i)/lA[k]i [}

Xning )/ Ppigil}

Itis clear that a, b, ¢, d, and d, =d /k® are simultaneously satisfied by choosing

d, - min{d /K® 0.95min{minfr | min{n, }}}

where n, and 77, are vectors whose components are (x[k]i

Apqi and (x[k]i -
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(H.1)

Xoin )/ Apiyi fOT each positive

xmxi)/A[k]i for each negative Ay, respectively.



For the constrained SPSA, it is also required that

X . <X
min [

k1~ %9k < Xmax

3. Firstly, examine &, i < 0

e gy >0, @ < min { (X ~Xming )/ O |
f. 0y <00 a > max { (X —Xmin; )/ O |
4. Secondly, examine 3 O > 0

g 9y >0, 8, > max { (Xgugi—~Xmax )/ 91k |
h. gy <0 a < min{(x[k]i—xmxi )/g[k]i}

Itis clear thate, f, g, h,and a, =a/(S + k)* are simultaneously satisfied by choosing
a, = min {a/(8+k)’1,0.95m_in{min(/,tiI ),min(4, )}} (H.2)
1

where g and p ~ are vectors whose components are (X xmini)/ g for each

[kli —

positive O and (x xmaxi)/g[k]i for each negative O respectively.

[kli —
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Figure H.1: Helicopter Linear Velocities Before and After Redesign
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Robustness of OVC was also examined for redesigned helicopter models. For the 1%

example, the OVC, which was designed for the redesigned model linearized around

V,=40kts, vy, =0.1rad/s, =0.1rad, was evaluated for the redesigned model

Yep
linearized around V, =1kt, vy, =0.1rad/s, y_, =0.1rad. For the 2" example, previous
OVC was evaluated for the redesigned model linearized around V, =80 Kkts,
wa=0.1rad/s, y, =0.1rad. For the 3" example, the OVC, which was designed for the

redesigned model linearized around V,=1kt, y,=0rad/s, =0rad (hover), is

Yep
evaluated for the redesigned model linearized around V,=40kts, v, =0rad/s,

¥ep =0rad (straight level flight). For all of these examples, plant and measurement

noises were considered with nondimensionalized intensities of W =107’ L, V 107’ I, .
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Figure H.9: 1° Additional Robustness Example for Redesigned Helicopter
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Figure H.10: 2" Additional Robustness Example for Redesigned Helicopter
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