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ÖZET 

 

 
2. ve daha yüksek mertebeden lineer ve lineer olmayan diferensiyel ve dinamik denklemlerin 

çözümlerinin davranışı  uzun yıllardır araştırma konusu olmuştur.  

 

2. Mertebeden dinamik denklemler ve bu denklemlerin genelleştirilmiş versiyonları uzun yıllar 

bir çok araştırmaya konu olmuştur. Zaman Skalası teorisi ilk kez 1988 yılında Stefan Hilger 

tarafından doktora tezinde diskre analiz ve sürekliliği birleştirmek için ele alınmıştır.  

 

Adi diferensiyel denklemler reel eksende keyfi kapalı alt cümlelerde çalışılmış denklemlerdir.  

Zaman skalası reel sayıların boş olmayan kapalı bir alt cümlesidir. R; Z; N; N0; Yani reel 

sayılar , tam sayılar, doğal sayılar, negatif olmayan tamsayılar zaman skalası örnekleridir. 

Bununla birlikte rasyonel sayılar, irrasyonel sayılar, kompleks ve (0,1) açık aralığı zaman 

skalası değildir.  Zaman skalası sembolü T ile gösterilir.  Zaman skalasında dinamik 

denklemler popülasyon dinamikleri gibi konularda önemli uygulama alanlarına sahiptir. 

Örneğin bir böcek popülasyonunu bir mevsim boyunca sürekli bir model olarak alabiliriz. 

Kışın böcekler yumurtlar ve ölür ve yeni nesil yeni mevsimde  yumurtadan  çıkar ve eski ve 

yeni popülasyon üst üste gelmeden devam eder.  

 

Biz bu çalışmada lineer ve lineer olmayan denklemler için verilmiş salınımlılık ve salınımsızlık  

kriterlerini genelleştirerek zaman skalasında ikinci mertebeden dinamik denklemlere 

uygulayacağız. 

 

 
Anahtar Kelimeler: Zaman Skalası, Dinamik Denklem, Salınımlılık 
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ABSTRACT 

 

2. and higher-order linear and non-linear behavior of solutions of differential and dynamic 

equations has been the subject of research for many years. 

 

2. Order dynamic equations and the generalized versions of these equations has been the 

subject of many studies for many years. Time Scale theory for the first time in his doctoral 

dissertation in 1988 by Stefan Hilger to combine discrete and continuous analysis are 

discussed. A time scale is an arbitrary nonempty closed subset of the real numbers. Thus 

R; Z; N; N0; i.e., the real numbers, the integers, the natural numbers, and the nonnegative 

integers are examples of time scales. The rational numbers, the irrational numbers, the 

complex numbers, and the open interval between 0 and 1, are not time scales. Time scales  

denote by the symbol T. 

 Dynamic equationson a time scale have enormous potential for applications such as in 

population dynamics. Forexample, it can model insect populations that are continuous while 

in season, die out in say winter, while their eggs are incubating or dormant, and then hatch in 

a new season, giving rise to a nonoverlapping population. 

a nonoverlapping population. 

 

In this study, we will generalize oscillation and nonoscillation criteria which are given for 

linear and nolinear differential equations to high order dynamic equations on time scales.  

 

 

 
Key Words: Time Scales, Dynamic Equation, Oscillation 



 
 
 
 
 
 
 
 

 

 

 

 

 
1. BÖLÜM 

 
GİRİŞ/AMAÇ VE KAPSAM 

 
Bilim dünyası zaman skalası teorisi ile ilk kez Stefan Hilger'in 1988 deki doktora çalışması 

[1] ile tanıştı. Bu çalışmada Stefan Hilger sürekli ortam ve ayrık ortamdaki olayların analizini 

birleştirme üzerinde durdu. Bu çalışma uygulamalı bilimlerde etkisini göstermektedir. Zaman 

skalasındaki dinamik denklemler bunlardan birisidir. Zaman skalasındaki dinamik denklemler 

çalışması bu zorlukları ortadan kaldırmış ve matematikçileri hem diferensiyel hemde fark 

denklemleri için sonuçları ayrı ayrı ispat etme zahmetinden kurtarmıştır. 

 

Zaman skalası ile ilgili temel kavramlar ve teoriler için Bohner ve Peterson [4-5] kitabıları 

referans olarak alınabilir. 

 

Zaman skalasını yüzeysel olarak ifade edecek olursak reel sayıların boş olmayan keyfi kapalı 

alt kümesidir diyebiliriz. Zaman skalasının farklı seçimleri ile karşımıza farklı denklemler 

çıkar. Örneğin zaman skalası reel sayılar seçilirse adi diferensiyel denklemler, tam sayılar 

seçilirse fark denklemleri karşımıza çıkar. Son zamanlarda üzerinde birçok araştırmalar 

yapılan bu konu uygulama alanlarında büyük bir potansiyele sahiptir. Örneğin bir böcek 

türüne ait olan popülasyonu modelleyebiliriz. Bu türe ait yaşam süresi bir birim zaman olsun. 

Ayrıca bu tür ölmeden hemen önce yumurtlasın ve iki birim zaman sonra yavrular yumurtadan 

çıksın. Bu durumda örtüşmeyen bir popülasyon ortaya çıkar. Bu bize kapalı aralıkların 

birleşimini verir. 

 



2 

 

Bu araştırma projesinde ikinci ve üçüncü mertebeden nonlineer dynamic denklemlerin 

salınımlılık özellikleri incelenerek daha önce literatürde olmayan denklemler için salınımlılık 

kriterleri elde edilmiştir.  

 

FBA-11-3391 nolu projeye ait sonuç raporunda sırasıyla 2. Bölümde, zaman skalasında temel 

kavramlar verilecek, 3. Bölümde elde edilen bulgular , 4. Bölümde tartışma ve sonuç 

verilecektir. 
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2. BÖLÜM 

 

GENEL BİLGİLER 

 

2.1 ZAMAN SKALASI 

 
Zaman skalasını basit bir şekilde ifade edecek olursak reel sayıların boş olmayan keyfi bir 

kapalı altkümesidir. Zaman skalasına reel sayılar, tam sayılar, doğal sayılar negatif  olmayan 

tamsayılar,    0,2 4,7  kapalı aralıkların birleşimi ve  0,1 N kümesi örnek olarak 

verilebilir. Rasyonel sayılar, irrasyonel sayılar, kompleks sayılar ve  0,1 açık aralığı ise 

zaman skalası olmayan kümelerdir.  

 
Bu tez çalışmasında zaman skalası T sembolü ile gösterilecektir.  

 
Zaman  skalası, ilk kez ayrık ve sürekli ortamlardaki analizi birleştirmek için Stefan Hilger 

tarafından 1988’de ortaya atılmıştır. Gerçekten de ilerleyen bölümlerde T üzerinde tanımlı bir 

f  fonksiyonun f 
 delta türevi reel sayılar ve tam sayılar için aşağıdaki gibi tanımlanacaktır: 

 

(i) Eğer T R  ise   'f f   adi türev 

 

(ii) Eğer T Z  ise   ,f f    ileri fark operatörü  

 
olarak tanımlanır.  

 

Tanım 2.1.1 T  bir zaman skalası olsun. Bir tT  için  

 

ileri sıçrama operatörü : T T  
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( ) : inf{ : }t s s t   T  

geri sıçrama operatörü : T T  

 

( ) : sup{ : }t s s t   T  

 
şeklinde tanımlanır. 

 

( )t t   ise t  noktasına sağda saçılımlı nokta, ( )t t   ise t noktasına solda saçılımlı 

nokta denir. Aynı anda solda ve sağda saçılımlı noktaya ise izole edilmiş nokta denir. 

supt  T  ve ( )t t   ise t noktasına sağda yoğun nokta, inft  T  ve ( )t t   ise 

t noktasına solda yoğun nokta denir. Aynı anda solda yoğun ve sağda yoğun noktaya ise 

yoğun nokta denir. (Bakınız Tablo 1.1 ve Şekil 1.1)  

 
 

Tablo 1.1 Noktaların sınıflandırılması 
 

t sağdan saçılımlı ( )t t   

t sağda yoğun ( )t t   

t soldan saçılımlı ( )t t   

t solda yoğun ( )t t   

t izole edilmiş ( ) ( )t t t    

t yoğun ( ) ( )t t t    

 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

Ayrıca  : 0,  T  çekirdek fonksiyonu 

( 1t  yoğun nokta ve  4t  izole edilmiş nokta) 

1t  sağda ve solda yoğun nokta 

2t  solda yoğun ve sağdan saçılımlı nokta 

3t  soldan saçılımlı ve sağda yoğun nokta 

4t  sağdan ve soldan saçılımlı nokta 

Şekil 1.1 Noktaların şematik sınıflandırılması 
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( ) : ( )t t t    

 
şeklinde tanımlanır. 

 

Tanımdan herhangi bir tT  için ( )t T  ve ( )t T  olduğu açıktır. Şimdi T zaman 

skalasından türetilen 
T  kümesini tanımlayalım. Eğer T sola saçılımlı m maksimum değerine 

sahip ise o zaman { }m  T T . Diğer durumlarda ise 
 T T . Özetlersek; 

 

\ ( (sup ),sup ]   ;   sup 

                                ;   sup 



  


 
  

T T T T
T

T T
 

 

şeklindedir. Ayrıca :f T ¡  bir fonksiyon ise :f   ¡T  fonksiyonu her tT  için 

 

( ) ( )( )f t fo t    

 
şeklinde tanımlanır. 

 
Örnek 2.1.2  Farklı zaman skalaları için çekirdek fonksiyonunun nasıl değiştiğini görelim: 

 

(i)  T R  alırsak, herhangi bir tR  için  

 

( ) inf{ : } inf( , )t s s t t t      R , 

 
( ) : sup{ : } sup( , )t s s t t t      R . 

 
Böylece  her tR  noktası yoğundur. Dolayısıyla her tR için 

 

( ) 0t  . 

 

(ii)  T Z  alırsak, herhangi bir tZ  için  

                                                    

( ) inf{ : } inf( 1, 2, 3,...) 1t s s t t t t t         Z , 

( ) : sup{ : } sup{..., 3, 2, 1} 1t s s t t t t t         Z . 

 
Böylece  ( ) ( )t t t    olduğundan her tZ  noktası izole edilmiştir. Dolayısıyla her tZ  

için 

 

( ) : ( ) 1 1t t t t t       . 
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(iii)  { : } 0n n  T N  alırsak, herhangi bir tT  için  

 

2( ) ( ) inf{ : } inf{ 1, 2,...} 1 1t n s s n n n n t           T , 

 

2( ) ( ) sup{ : } sup{..., 2, 1} 1 1t n s s n n n n t           T  

 

olur. Böylece  ( ) ( )t t t    olduğundan her tT  noktası izole edilmiştir. Dolayısıyla her 

tT  için 

 

2( ) 1t t t     

 
elde edilir. Çekirdek fonksiyonu zaman skalasında çok önemli bir role sahiptir. Birçok formül, 

( )t  çarpanını içeren terimlere sahiptir. Bu formüllerden bir tanesi de Riccati denklemidir. 

Genel zaman skalasında skaler Riccati denklemi [1]’de aşağıdaki formda verilmiştir.  

 
2

( ) 0
( ) ( )

z
z q t

p t t z

   


 

 

Bu denklemde T R  alınırsa adi Riccati diferansiyel denklemini  

 

21
( ) 0

( )
z q t z

p t

     

 

elde ederiz. T Z  alınırsa Riccati fark denklemini  

 
2

( ) 0
( )

z
z q t

p t z

   


 

 
elde ederiz. T zaman skalasında [a,b] aralığını  

 

[ , ]: { : }a b t a t b   T  

 
şeklinde tanımlayacağız. Diğer açık ve yarı açık aralıklarda benzer şekilde tanımlanır. Ayrıca 

b  solda yoğun nokta ise [ , ] [ , ]a b a b   ve b  soldan saçılımlı nokta ise 

[ , ] [ , ) [ , ( )]a b a b a b    elde edilir.  
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2.2  ZAMAN SKALASINDA TÜREV 

 

Tanım 2.2.1 :f T R  bir fonksiyon ve t T  olsun. Herhangi bir pozitif   sayısı için t ’nin 

bir N  komşuluğunda her s N için 

 

   ( ( )) ( ) ( ) ( ) ( )f t f s f t t s t s         

 

şartını sağlayan ( )f t
 sayısına f  fonksiyonun t  noktasındaki delta türevi denir. Ayrıca her 

t T  için ( )f t
 mevcutsa f  fonksiyonuna delta türevlenebilir denir. :f  T R  

fonksiyonuna ise f  fonksiyonunun 
T  üzerindeki delta türevi denir. 

 
Örnek 2.2.2  

 

(i)  :f T R  fonksiyonu her tT  için   sabit sayı olmak üzere ( )f t   şeklinde 

tanımlansın. ( ) 0f t   olduğunda herhangi bir pozitif   sayısı için, 

 

   ( ( )) ( ) 0. ( ) 0 ( )f t f s t s t s              

 

şartı her sT  için sağlanır. 

 

(ii)  :f T R  fonksiyonu her tT  için ( )f t t  şeklinde tanımlansın. O zaman ( ) 1f t   

olur. Çünkü herhangi bir pozitif   sayısı için, 

 

   ( ( )) ( ) 1. ( ) ( ) ( ( ) ) 0 ( )f t f s t s t s t s t s                

 

şartı her sT  için sağlanır. 

 

Teorem 2.2.3  :f T R  bir fonksiyon ve t T  olsun. O zaman ; 

(i)   f,  t noktasında türevlenebilir ise o zaman f, t noktasında süreklidir. 

(ii) f, t noktasında sürekli ve t noktası sağdan saçılımlı ise o zaman f, t noktasında 

türevlenebilirdir ve bu durumda  

 

( ( )) ( )
( )

( )

f t f t
f t

t
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olur. 

(iii) t  noktası sağda yoğun ise o zaman ,  f t  noktasında türevlenebilirdir ancak ve ancak  

 

( ) ( )
lim
s t

f t f s

t s




  

 
limiti mevcuttur. Bu durumda 

 

( ( )) ( )
( ) lim

( )s t

f t f t
f t

t










 . 

 

iv) ,  f t  noktasında türevlenebilir ise o zaman 

 

( ( )) ( ) ( ) ( )f t f t f t t   . 

 
 

Örnek 2.2.4  ( )f t
 türevini bazı zaman skalası örnekleri için inceleyelim: 

 

(i) T R  alalım ve :f R R   fonksiyonu tR  noktasında delta türevlenebilir olsun. 

( ) ( )
lim
s t

f t f s

t s




 limiti mevcutsa f  fonksiyonunun t  noktasında türevlenebilir olduğunu ve bu 

limitin '( )f t  ile gösterildiğini türevin tanımından biliyoruz. O halde Teorem 1.2.3 (iii) 

şıkkından 

 

( ) ( )
( ) lim '( )

s t

f t f s
f t f t

t s






 


 

 

elde edilir. Böylece T R  ise ( ) '( )f t f t   olur. 

 

(ii) T Z  ve :f Z R , tZ  noktasında delta türevlenebilir olsun. O zaman 

 

( ( )) ( ) ( 1) ( )
( ) ( 1) ( ) ( )

( ) 1

f t f t f t f t
f t f t f t f t

t





   
        

 
elde edilir ki bu bilinen ileri fark operatoründen başkası değildir. 

 

(iii)  { : } 0n n  T N  ve :f Z R , tZ  noktasında delta türevlenebilir olsun. O 

zaman 
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2

2

( ( )) ( ) ( 1) ( )
( )

( ) 1

f t f t f t f t
f t

t t t





   
 

 
 

 
elde edilir. 

 

Teorem 2.2.5 , :f g T R fonksiyonları t T  noktasında türevlenebilir olsun. O zaman  

 

(i) :f g T R , t T  noktasında türevlenebilirdir ve  

 

    ( ) ( )f g t f t g t
     . 

 

(ii) Herhangi bir  sabiti için,   

 

  ( ) ( )f t f t 
  . 

 

(iii) :fg T R , t  noktasında türevlenebilirdir ve 

 

  ( ) ( ) ( ) ( ( )) ( ) ( ) ( ) ( ) ( ( ))fg t f t g t f t g t f t g t f t g t 
        . 

 

(iv) ( ) ( ( )) 0f t f t   ise 
1

f
,  t noktasında türevlenebilirdir ve  

 

1 ( )
( )

( ) ( ( ))

f t
t

f f t f t

  
  

 
. 

(v) ( ) ( ( )) 0g t g t   ise 
f

g
, t  noktasında türevlenebilirdir ve  

 

( ) ( ) ( ) ( )
( )

( ) ( ( ))

f f t g t f t g t
t

g g t g t

    
 

 
. 

 
 

Teorem 2.2.6   bir sabit ve mN  olsun.  

 

(i) f  fonksiyonu ( ) ( )mf t t    şeklinde tanımlansın. O zaman  
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1

1

0

( ) ( )
m

v m v

v

f t t t  


 



   . 

 

(ii) g  fonksiyonu 
1

( )
( )m

g t
t 




 şeklinde tanımlansın. O zaman   ( ) 0t t      

olmak üzere  

 

   

1

1
0

1
( )

( )

m

m v v
v

g t
t t  




 


 
 

 . 

 

 

Örnek 2.2.7  T  herhangi bir zaman skalası olsun. :f T R  fonksiyonu her tT  için  

 

(i) 
2( )f t t   ise  

 

1
1

0

2

( ) ( ) . ( )

2                ;   

         2 1          ;   

1    ;   { : } 0 .

v v

v

f t t t t t

t

t

t t n n

  



  

 



  



    



T R

T Z

T N

 

 

(ii)  
3

( ) 1f t t   ise 

 

 
2

2

0

( ) ( ( ) 1) . 1
vv

v

f t t t




    

   

 

2 2

2

2

2 2

         1 ( ( ) 1) 1 ( ( ) 1)

3( 1)                                ;    

         3 3 1                      ;    

2 3 4 1( 3)   ;    { : } 0 .

t t t t

t

t t

t t t t n n

       

  



   

        

T R

T Z

T N

 

 

(iii) 
1

( )f t
t

  ise 
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2

2

2

1
( )

( )

1
            ;    

1
                ;    

1
   ;    { : } 0 .

1

f t
t t

t

t t

n n
t t



  


 




  



   
 

T R

T Z

T N

 

 

(iv) 
2

1

t
 ’ nin türevini bulalım. 

 

 

 

 

 

1

1 2 22
0

3

2 2

2

2 2

1
( )

( )( )

2
                ;    

2 1
              ;    

( 1)

1
   ;    { : } 0 .

( 1)

vv
v

t t
g t

t tt t

t

t

t t

t t
n n

t t











   


 




  



  
   





T R

T Z

T N

 

 

Tanım 2.2.8 (Yüksek mertebeden türevler) :f T R  bir fonksiyon olsun. 

 
2

,  f


  T T   üzerinde türevlenebilir olsun. O zaman 
2

:  f  T R ’ya ikinci 

mertebeden delta türevi denir. Benzer şekilde n. mertebeden :  
n n

f  T R  delta türevleri 

de tanımlanabilir. Son olarak tT  için 
2 2( ) ( ( )) ve ( ) ( ( ))t t t t        şeklinde 

tanımlansın. Benzer şekilde  için ( ) ve ( )n nn t t N  tanımlanabilir. Ayrıca  

 
00 0( ) ( ) ,  t t t f f      ve 

0 T T .  

 

Örnek 2.2.9 Genelde f  ve g iki kez türevlenebilir olsalar bile fg iki kez türevlenebilir 

olmayabilir. f  ve g iki kez türevlenebilir ve f 
türevlenebilir olsun.  

 

 fg f g f g     
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olduğu bilindiğine göre  

 

   

 

          

          .

fg f g f g

f g f g f g f g

f g f f g f g

 



 

  



  

    

    

 

   

   

 

 
 
 

 
 
 

Örnek  2.2.10 1q   olsun.  

 

   : :  ve : 0kq q k q q   Z Z ZZ  

 

Burada zaman skalası olarak q ZT  alalım. O zaman  t T  için  

 

 

 

1

1 1

( ) inf : [ 1, ) ,

( ) sup : ( , 1] ,

n m m

n m m

t q n m q qq qt

t
t q n m q q q

q







 

      

      

 

 ( ) ( ) 1t t t q t      

 
olur. O halde 0 noktası sağda yoğun nokta, diğer noktalar ise izole edilmiş noktalardır. 

:f T R  fonksiyonu için   

 

 
( ( )) ( ) ( ) ( )

( ) ,  \ 0
( ) ( 1)

f t f t f qt f t
f t t

t q t





  
   


T  

h

R

Z

Z

P
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ve  

0 0

(0) ( ) ( ) (0)
(0) lim lim

0s s

f f s f s f
f

s s



 

 
 


. 

 

Şimdi  f  fonksiyonunun 0t   noktasındaki ikinci mertebeden türevine bakalım. 

 

 

 

 

 

2

2

2 2

2

2 2

( ( )) ( )
( )

( )

( ) ( )
          

1

( ) ( ) ( ) ( )

( 1) ( 1)
          

1

( ) ( ) ( ) ( )
          

1

( ) ( )( 1) ( )
          .

1

f t f t
f t

t

f qt f t

q t

f q t f qt f qt f t

q q t q t

q t

f q t f qt qf qt qf t

q q t

f q t f qt q qf t

q q t





 


 









 


 




  




  




 

 

Örnek 2.2.11   2 2

0 0:  n n  T N N zaman skalasını düşünelim.  

 

      

      

 

2 22 2 2

0 0

2 22 2 2

0 0

22 2 2 2

( ) inf : inf 1 : 1 ,

( ) sup : sup 1 : 1 ,

( ) ( ) 1 2 1.

n s s n n n n

n s s n n n n

n n n n n n





 

       

       

      

N N

N N  

O halde tT  için   
2

( ) 1t t   ,  
2

( ) 1t t    ve ( ) 1 2t t     elde edilir. Böylece 

her tT  noktası izole edilmiş noktadır. Ayrıca :f T R  fonksiyonu için  

 

 
2

( 1 ) ( )( ( )) ( )
( ) ,  

( ) 1 2

f t f tf t f t
f t t

t t






 

   


T  

 

elde edilir.  
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Tablo 1.2 Zaman skalası örnekleri 

T  ( )t  ( )t  ( )t  

R  0  t  t  

Z  1 1t   1t   

hZ  h  t h  t h  

qN
  1q t  qt  /t q  

2

0N  2 1t   ( 1t  )
2 

( 1t  )
2
 

 

 

2.3. ZAMAN SKALASINDA İNTEGRAL 

 
İntegrallenebilir fonksiyonların sınıflarını tanımlamadan önce aşağıdaki iki kavramın tanımını 

verelim. 

 

Tanım 2.3.1 :f T R  fonksiyonunun T ’deki bütün sağda yoğun noktalarda sağ limiti var 

ve bütün solda yoğun noktalarda sol limiti var ise f  fonksiyonuna düzenli (regulated) 

fonksiyon denir.  

 

Tanım 2.3.2 :f T R  fonksiyonunun T ’deki bütün sağda yoğun noktalarda sürekli    ve 

bütün solda yoğun noktalarda sol limiti var ise f  fonksiyonuna rd-sürekli denir. Bu tezde 

:f T R   rd-sürekli fonksiyonlarının kümesi  

 

  ( ) ,rd rd rdC C C T T R  

 

ile gösterilecektir. Türevlenebilir ve türevi rd-sürekli :f T R   fonksiyonların 

kümesi ise  

 

 1 1 1 ( ) ,rd rd rdC C C T T R  

 
şeklinde gösterilecektir.  
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Teorem 2.3.3 :f T R  fonksiyonu için  

 (i) f  fonksiyonu sürekli ise o zaman f fonksiyonu rd-süreklidir.  

(ii) f  fonksiyonu rd-sürekli ise o zaman f  fonksiyonu da düzenlidir.   

(iii) Sıçrama operatörü   rd-süreklidir. 

(iv) f  fonksiyonu düzenli ve rd-sürekli ise o zaman  f 
 fonksiyonu da düzenli ve  rd-

süreklidir. 

(v) f  fonksiyonu sürekli olsun. :g T R  fonksiyonu düzenli veya rd-sürekli ise fog  

fonksiyonu da düzenli veya rd-süreklidir. 

 

Tanım 2.3.4 :f T R  sürekli fonksiyonu 

(i) D T  olmak üzere, \ DT  sayılabilirdir. 

(ii) D  kümesi, T ’nin sağdan saçılımlı öğelerinin hiçbirini içermez. 

(iii) f  fonksiyonu her  t D  için türevlenebilir ise f fonksiyonuna D  türevlenebilme bölgesi 

ile birlikte önceden türevlenebilir denir.  

 

Örnek 2.3.5 2,1:T P  olsun. :f T R  fonksiyonu  

 

 

 

0

0

0               ;    3 ,3 1

( )

3 1   ;    3 1,3 2 ,

Uk
t k k

f t

t k t k k k




  


 
       N

 

 

şeklinde tanımlansın. (Bakınız Şekil 1.2). O zaman D   türevlenebilme bölgesi  

 

 
0

: \ 3 1
k

D k




 T   

 
ile birlikte  f  fonksiyonu önceden türevlenebilirdir. 

 
 

Teorem 2.3.6 f  düzenli olsun. O zaman D  türevlenebilme bölgesinde önceden 

türevlenebilir bir F fonksiyonu vardır öyle ki her t D  için  

 

  ( )F t f t  . 
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Tanım 2.3.7 Kabul edelim ki :f T R  fonksiyonu düzenli olsun. Teorem 1.3.9’daki gibi 

herhangi bir F fonksiyonuna f  fonksiyonunun ön antitürevi denir. Bir f düzenli 

fonksiyonunun belirsiz integralini aşağıdaki gibi tanımlarız: 

 

( ) ( )f t t F t C    

 

Burada C  bir sabit sayı ve F fonksiyonu f fonksiyonunun ön antitürevidir. Cauchy integralini 

de aşağıdaki gibi tanımlayalım: Her ,r sT  için  

 

 ( ) ( ) ( )
s

r
f t t F s F r   . 

 

Ayrıca her t T  için  

 

( ) ( )f t t F t C    

 

ise :F T R  fonksiyonuna :f T R  fonksiyonunun antitürevi denir. 

 

Örnek 2.3.8 Eğer T Z  ise 1a   bir sabit sayı olmak üzere, 

 

 ta t  

 
belirsiz integralini hesaplayalım. 

 

1

1 1 1

t t t t
ta a a a

a
a a a


    

      
     

 

 

olduğundan   
1

t
t a

a t C
a

  
  elde edilir.  

 

Teorem 2.3.9 Her rd-sürekli fonksiyon bir antitüreve sahiptir. Özel olarak 0t T   ise o 

zaman tT  için  

 

0

( ) : ( )

t

t

F t f     

 

şeklinde tanımlanan F  fonksiyonu f  fonksiyonunun bir antitürevidir.  
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Teorem 2.3.10  ve rdf C t  T  ise o zaman  

 
( )

( ) ( ) ( )

t

t

f t f t



     

 
İ 

 

Teorem 2.3.11  0f    ise o zaman f  azalmayandır. 

 

Teorem 2.3.12 , , ,   ve , rda b c f g C  T R  ise o zaman  

 

(i)    ( ) ( ) ( ) ( ) ;

b b b

a a a

f t g t t f t t g t t         

 

(ii)   ( ) ( ) ;

b b

a a

f t t f t t      

 

(iii) ( ) ( ) ;

b a

a b

f t t f t t      

 

(iv) ( ) ( ) ( ) ;

b c b

a a c

f t t f t t f t t        

 

(v)      ( ( )) ( ) ( ) ( ) ;

b b

a a

f t g t t fg b fg a f t g t t         

 

(vi)      ( ) ( ) ( ) ( ( )) ;

b b

a a

f t g t t fg b fg a f t g t t        

 

(vii) ( ) 0;

a

a

f t t   

 

(viii)  ,  üzerinde ( ) ( ) ise o zamana b f t g t  
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( ) ( ) ;

b b

a a

f t t g t t     

 

(ix) Her  için,a t b    ( ) 0 ise o zaman ( ) 0

b

a

f t f t t   . 

 
Burada (v) ve (vi) şıklarına kısmi integrasyon denir. 

 

 

 

Teorem 2.3.13 ,  ve rda b f C T  olsun.  

 

(i) Eğer T R  ise o zaman  

 

( ) ( )

b b

a a

f t t f t dt   . 

 

(ii)  ,a b  aralığı sadece izole noktaları içeriyorsa o zaman  

 

 

 

,

,

( ) ( )     ;    

( ) 0                             ;    

( ) ( )   ;    

t a b

b

a

t a b

t f t a b

f t t a b

t f t a b









 



  

 








 

 
şeklindedir.  

(iii) 0h   olmak üzere,  :h hk k Z  T Z  ise o zaman  

 
/

/

/ 1

/

( )      ;    

( ) 0                          ;    

( )    ;    

b h

k a h
b

a
a h

k b h

f kh h a b

f t t a b

f kh h a b







 



  

 







 

 
şeklindedir.  

 

 (iv) T Z  ise o zaman  
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1

1

( )     ;    

( ) 0                   ;    

( )   ;    

b

t a
b

a
a

t b

f t a b

f t t a b

f t a b









 



  

 







 

 
şeklindedir.  

 
 

 

 

Tanım 2.3.14 , supa T T  ve  ,a   aralığında f, rd-sürekli ise genelleştirilmiş integrali 

 

( ) : lim ( )

b

b
a a

f t t f t t




     

 
şeklinde tanımlanır. Bu limit varsa genelleştirilmiş integral yakınsaktır. Eğer limit yoksa o 

zaman genelleştirilmiş integral ıraksaktır.  

 

 

 

Tanım 2.3.15.  Eğer aşikar olmayan  x(t) çözümü sonsuz sayıda sıfırlara sahip ise bu çözüme 

salınımlı çözüm adı verilir. Denklemin tüm çözümleri salınımlı ise denkleme salınımlıdır 

denir.  
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3. BÖLÜM 
 

      BULGULAR 
 
 
 

Proje kapsamında literatürde yer almayan tipde yeni dinamik denklemleri ele alındı. İlk önce 

ikinci mertebeden lineer olmayan  

 

Dinamik denkleminin salınımlılık özellikleri  incelendi . Burada  Ψ(x(t)), p(t); q(t) ve  r(t) 

positif ve rd-sürekli fonksiyonlardır. Bu denkleme ilişkin aşağıdaki şartlar kabul edildi.  

 (H1) f : R → R ,  f(u)=u ≥ K > 0, uf(u) > 0 , u ≠ 0 ve K > 0, 

(H2)  0 < c1 ≤ Ψ(v) ≤ c2  , v herhangi bir fonksiyon, 

(H3) 



















 stse
scr

t scr

sp

0

),(
)(

1
0

)(

)( ,bazı c>0 için. 

Elde edilen sonuçlar uluslararası bir dergide yayınlandı.  

 

Daha sonra yine ikinci mertebeden   

 
Dinamik denklemi ele alındı ve keyfi zaman skalasında Riccati dönüşüm tekniği ile 

çözümlerinin davranışı incelendi. Elde edilen sonuçlar SCI(A) sınıfı bir dergide yayınlandı.  

Üçüncü  ve dördüncü olarak  
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dinamik denklemleri  ele alındı. Riccati dönüşüm ve İntegral averages tekniği ile denkleme 

ilişkin salınımlılık şartları elde edildi. Elde edilen sonuçlar uluslararası bir dergilerde  

yayınlandı.  

 

Elde edilen sonuçların bazıları Uluslararası ve ulusal sempozyumlarda bildiri olarak sunuldu. 

Bu makale ve bildiriler aşağıda sıralanmıştır.  
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4 BÖLÜM 
 

TARTIŞMA VE SONUÇ 
 

 

 

Bu proje çalışmasında başarılı sonuçlar elde edilmiş olup daha önce literatürde yer almayan 

denklemlere  ilişkin orijinal sonuçlar elde edilmiştir. Zaman skalası kavramı 1990 yıllarda 

tanımlanmış yeni bir kavram olup zaman skalasında dinamik denklemlerin incelenmesi 

literatüre önemli bir katkı sağlamaktadır. Bu projede elde edilen sonuçlar bundan sonra 

yapılacak olan çalışmalara ışık tutacaktır. Çünkü daha bir çok adi diferensiyel denklem için 

elde edilen sonuçlar zaman skalasında genelleştirebilir.  
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Abstract: This paper concerns the oscillation of solutions to second order non-linear dynamic equation with damping

(r(t)Ψ(x∆ (t))∆ + p(t)Ψ(x∆ (t))+q(t)xσ (t) = 0

on a time scale T which is unbounded above. r(t), p(t) and q(t) are positive rd-continuous functions. Ψ : T → R is rd-continuous
functions. Our results are new and different many known results for second order dynamic equations.

Keywords: Oscillation, Dynamic equations, Time scales

1. Introduction

The theory of time scales, which has recently received a lot
of attention, was introduced by Stefan Hilger in his PhD
thesis in 1988 in order to unify continuous and discrete
analysis (see [1]). Since Stefan Hilger formed the defini-
tion of derivatives and integrals on time scales, several au-
thors have expounded on various aspects of the new theory,
see the paper by Agarwal, et al. ([2]) and the references
cited . A book on the subject of time scales by Bohner and
Peterson [3] summarizes and organizes much of time scale
calculus.

A time scale T is an arbitrary nonempty closed subset
of the real numbers R. Since we are interested in the oscil-
latory of solutions near infinity, we assume that supT= ∞,
and define the time scale interval [t0,∞)T by [t0,∞)T :=
[t0,∞)∩T. We assume that T has the topology that it in-
herits from the standard topology on the real numbers T.

In this paper we shall study the oscillations of the fol-
lowing non-linear second order dynamic equations with
damping

(r(t)Ψ(x∆ (t))∆ + p(t)Ψ(x∆ (t))+q(t)xσ (t) = 0, (1)
where p(t),q(t) and r(t) are positive rd-continuous func-
tions.

In the last few years, much interest has focused on ob-
taining sufficient conditions for the oscillation/nonoscillation
of solutions of different classes of dynamic equations on
time scales, and we refer the reader to the papers [4-21].

Agarwal et al. ([4]), have considered the second order
perturbed dynamic equation

(r(t)(x∆ (t))γ)∆ +F(t,x(t)) = G(t,x(t),x∆ (t)), (2)

where γ ∈ N is odd and they have interested in asymptotic
behavior of solutions of equation (2). In [5], Saker and et
al. considered the non-linear dynamic equation

(a(t)x∆ (t))∆ + p(t)x∆ σ
(t)+q(t) f (xσ (t)) = 0

when a(t), p(t),r(t) are positive rd-continuous functions.
They gave some sufficient conditions for oscillation.
The authors supposed that u f (u)> 0, f (u)/u ≥ K > 0 and
f ′(u)≥ k for u ̸= 0 .

In this paper, by employing the Riccati transformation
technique we will establish some sufficient conditions for
the oscillation of (1). The paper is organized as follows: In
Section 2, we develop the Riccati transformation technique
to give some sufficient conditions for the oscillation of all
solutions of (1). In Section 3, we establish some sufficient
conditions for oscillation of Eq. (1) with p(t) = 0.

We will use some of following assumptions:
(H1) r(t), p(t), and q(t) are positive real-valued rd-functions,
(H2)Ψ : T→ R, Ψ(u)

|u| ≥ κ for κ > 0, u ̸= 0,

(H3)
∫ ∞

t0 (
1

r(t)e− p
r
(t, t0))∆ t = ∞ .

Our attention is restricted to those solutions of (1) which

∗ Corresponding author: e-mail: senel@erciyes.edu.tr
c⃝ 2013 NSP

Natural Sciences Publishing Cor.
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exist on some half-line [tx,∞) and satisfy sup{|x(t)| : t >
T}> 0 for any T ≥ tx . We assume the standing hypothesis
that (1) does possess such solutions. A solution x(t) of (1)
is said to be oscillatory if it is neither eventually positive
nor eventually negative, otherwise it is nonoscillatory. The
equation itself is called oscillatory if all its solutions are
oscillatory.

2. Main results

Theorem 2.1. Assume that (H1)− (H3) holds. Further-
more, assume that there exist a positive real rd-functions
differentiable functions z(t) such that

limsup
t→∞

∫ t

t0

[
z(s)q(s)− κr(s)A2(s)

4z(s)

]
∆s = ∞, (3)

where

A(t) =
[

z∆ (t)− z(t)p(t)
r(t)

]
,

then every solution of (1) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory
solution of (1). Without loss of generality, we may assume
that x(t) > 0 for t ≥ t1 > t0. We shall consider only this
case, since in view of (H2), the proof of the case when x(t)
is eventually negative is similar. Now, we claim that x∆ (t)
has a fixed sign on the interval [t2,∞) for some t2 ≥ t1.
From (1), since q(t)> 0 , we have

(r(t)Ψ(x∆ (t))∆ + p(t)Ψ(x∆ (t)) =−q(t)xσ (t)< 0,

i.e.,

(r(t)Ψ(x∆ (t))∆ + p(t)Ψ(x∆ (t))< 0.

By setting

y(t) = r(t)Ψ(x∆ (t)),

we immediately see that,

y∆ (t)+
p(t)y(t)

r(t)
< 0,

which implies that(
y(t)e− p

r

)∆
< 0.

Then y(t)e−
p
r is decreasing and thus y(t) is eventually of

one sing. Then x∆ (t) has a fixed sing for all sufficiently
large t and we have one of the following:
First, we consider x∆ (t) ≥ 0 on [t2,∞) for some t2 ≥ t1.
Then in view of (1) we have

x(t)> 0,x∆ (t)≥ 0,(r(t)Ψ(x∆ (t))∆ ≤ 0, t ≥ t2. (4)

Define the function w(t) by Riccati substitution

w(t) := z(t)
r(t)Ψ(x∆ (t))

x(t)
, t ≥ t2 (5)

Then w(t)> 0, and satisfies

w∆ (t)=
[
r(t)Ψ(x∆ (t))

]σ
[

z(t)
x(t)

]∆
+

z(t)
x(t)

[
r(t)Ψ(x∆ (t))

]∆

In view of (1) and (5), we see that for t ≥ t3

w∆ (t) =
z∆ (t)− z(t)x∆ (t)

x(t)xσ (t)

[
r(t)Ψ(x∆ (t))

]σ

+
z(t)
x(t)

[
−p(t)Ψ(x∆ (t))−q(t)xσ (t)

]
(6)

However from (4),

r(t)Ψ(x∆ (t))≥ (r(t)Ψ(x∆ (t)))σ , xσ (t)≥ x(t). (7)

Using (7) and (H2) in (6), we have

w∆ (t)≤ z∆ (t)
wσ (t)
zσ (t)

− z(t)
xσ (t)

p(t)Ψ(x∆ (t))− z(t)
q(t)xσ (t)

xσ (t)

− z(t)
x∆ (t)

(xσ (t))2 [r(t)Ψ(x∆ (t))]σ

w∆ (t)≤ z∆ (t)
wσ (t)
zσ (t)

− z(t)p(t)
r(t)

wσ (t)
zσ (t)

− z(t)q(t)

− z(t)
(wσ (t))2

κ(zσ (t))2r(t)

w∆ (t)≤−z(t)q(t) +
[

z∆ (t)− z(t)p(t)
r(t)

]
wσ (t)
zσ (t)

− z(t)
(wσ (t))2

κ(zσ (t))2r(t)
, (8)

w∆ (t)≤−z(t)q(t)+A(t)
wσ (t)
zσ (t)

− z(t)
(wσ (t))2

κ(zσ (t))2r(t)
, (9)

where

A(t) =
[

z∆ (t)− z(t)p(t)
r(t)

]
.

Then

w∆ (t)≤ − z(t)q(t)+
κr(t)A2(t)

4z(t)

−

[√
z(t)

κr(t)
wσ (t)
zσ (t)

− 1
2

√
κr(t)
z(t)

A(t)

]2

,

w∆ (t)≤ z(t)q(t)− κr(t)A2(t)
4z(t)

.

Integration from t3 to t, we obtain

w(t)−w(t3)≤−
∫ t

t3

[
z(s)q(s)− κr(s)A2(s)

4z(s)

]
∆s

which yields∫ t

t3

[
z(s)q(s)− κr(s)A2(s)

4z(s)

]
∆s ≤ w(t3)−w(t)< w(t3), t ≥ t3
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for all large t. This is contrary to (3).
Next, we consider x∆ (t)< 0 for t ≥ t2 ≥ t1 .
Define the function u(t) = −r(t)Ψ(x∆ (t)). The from (1)
and (H3), we have

u∆ (t)+
p(t)
r(t)

u(t)≥ 0 ⇒ u(t)≥ u(t2)e− p
r
(t, t2),

Thus

−r(t)Ψ(x∆ (t))≥ u(t2)e− p
r
(t, t2).

Ψ(x∆ (t))≤−u(t2)
(

1
r(t)

e− p
r
(t, t2)

)
.

from (H3) there is a κ > 0, so that

κx∆ (t)≤−u(t2)
(

1
r(t)

e− p
r
(t, t2)

)
. (10)

Integrating (10) from t2 to t, we have

x(t)− x(t2)≤
r(t2)Ψ(x(t2))

κ

∫ t

t2

(
1

r(t)
e− p

r
(t, t2)

)
∆s.

x(t)≤ x(t2)+
r(t2)Ψ(x(t2))

κ

∫ t

t2

(
1

r(t)
e− p

r
(t, t2)

)
∆s.

so condition (H3) implies that x(t) is eventually negative,
which is a contradiction. The proof is complete.

Corollary 2.2. Assume that (H1)− (H3) hold. If

limsup
t→∞

∫ t

t0

[
q(s)− κ p2(s)

4r(s)

]
∆s = ∞ (11)

then every solution (1) is oscillatory.
Example 2.3. Consider the dynamic equation(

tΨ(x∆ (t))
)∆

+
(

Ψ(x∆ (t))
)
+

1
t

xσ (t) = 0, t > 0

where r(t) = t, p(t) = 1, q(t) = 1
t ,

Ψ(x∆ (t)) = (x∆ (t))2k+1, k ∈ N. All conditions of Corol-
lary 2.2 and (H1)− (H3) are satisfied. Hence it is oscilla-
tory.

Corollary 2.4. Assume that (H1)− (H3) hold. If

limsup
t→∞

∫ t

t0

[
sγ q(s)− κ(r(s)(sγ)∆ − sγ p(s))2

4r(s)
κs−γ

]
∆s=∞

(12)
then every solution (1) is oscillatory.

Corollary 2.5. Assume that (H1)− (H3) hold. If

limsup
t→∞

∫ t

t0

[
Z(s, t0)q(s)−

κr(s)
4Z(s, t0)

(
(Z(s, t0))∆

−Z(s, t0)p(s)
r(s)

)2]
∆s = ∞,

where Z(t, t0) =
∫ t

t0
1

r(s)∆s, then every solution (1) is oscil-
latory.
Now, let us introduce the class of functions R which will
be extensively used in the sequel. Let D0 ≡ {(t,s) ∈ T2 :
t > s ≥ t0} and D≡ {(t,s) ∈ T2 : t ≥ s ≥ t0}. The function
H ∈Crd(D,R) is said belongs to the class R if
(i) H(t, t) = 0, t ≥ t0, H(t,s)> 0, on D0,
(ii) H has a continuous ∆ -partial derivative H∆

s (t,s) on
D0 with respect to the second variable.(H is rd-continuous
function if H is rd-continuous function in t and s.)

Theorem 2.6. Assume that (H1)− (H3) hold.Let z(t) be

positive real rd-functions differentiable function and let
H : D→ R be rd-continuous function such that H belongs
to the class R and where

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
H(t,s)z(s)q(s)

−κr(s)(φ(t,s))2

4z(s)H(t,s)

]
∆s = ∞, (13)

φ(t,s) = zσ (s)H∆
s (t,s)+H(t,s)A(s).

Then every solution of (1) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory

solution of (1) and let t1 ≥ t0 be such that x(t) ̸= 0 for all
t ≥ t1 , so without loss of generality, we may assume that
x(t) is an eventually positive solution of (1) with x(t) > 0
for all t ≥ t1 sufficiently large. In view of Theorem 2.1 we
see that x∆ (t) is eventually negative or eventually positive.
If x∆ (t) is eventually negative, we are then back to sec-
ond case of Theorem 2.1 and we obtain a contradiction.
If x∆ (t) is eventually positive, we assume that there exists
t2 ≥ t1 such that x∆ (t)≥ 0 for t2 ≥ t1 and proceed as in the
proof of first of Theorem 2 . From (9), it follows that

w∆ (t)≤−z(t)q(t)+A(t)
wσ (t)
zσ (t)

− z(t)
(wσ (t))2

κ(zσ (t))2r(t)
, (14)

we multiply to (14) to H(t,s) then

H(t,s)w∆ (t)≤−H(t,s)z(t)q(t) + H(t,s)A(t)
wσ (t)
zσ (t)

− H(t,s)z(t)
(wσ (t))2

κ(zσ (t))2r(t)
,

H(t,s)z(t)q(t)≤−H(t,s)w∆ (t) + H(t,s)A(t)
wσ (t)
zσ (t)

− H(t,s)z(t)
(wσ (t))2

κ(zσ (t))2r(t)
,
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Using the integration by parts formula, we have∫ t

t2
H(t,s)z(s)q(s)∆s ≤ −H(t, t)w(t)+H(t, t2)w(t2)

+
∫ t

t2
H∆

s (t,s)wσ (s)∆s

+
∫ t

t2
H(t,s)A(s)

wσ (s)
zσ (s)

∆s

−
∫ t

t2
H(t,s)z(s)

((wσ (s))2

κ(zσ (s))2r(s)
∆s,

where H(t, t) = 0, we obtain∫ t

t2
H(t,s)z(s)q(s)∆s ≤ H(t, t2)w(t2)+

∫ t

t2

[
zσ (s)H∆

s (t,s)

+ H(t,s)A(s)
]

wσ (s)
zσ (s)

∆s

−
∫ t

t2
H(t,s)z(s)

((wσ (s))2

κ(zσ (s))2r(s)
∆s,

∫ t

t2
H(t,s)z(s)q(s)∆s ≤ H(t, t2)w(t2)+

∫ t

t2
φ(t,s)

wσ (s)
zσ (s)

∆s

−
∫ t

t2
H(t,s)z(s)

((wσ (s))2

κ(zσ (s))2r(s)
∆s.

Therefore, by completing the square as in Theorem 2.1, we
obtain∫ t

t2
H(t,s)z(s)q(s)∆s ≤ H(t, t2)w(t2)

+
∫ t

t2

κr(s)
4z(s)H(t,s)

φ2(t,s)∆s

−
∫ t

t2

[√
H(t,s)z(s)

κr(s)
wσ (s)
zσ (s)

− 1
2

√
κr(s)

z(s)H(t,s)
φ(t,s)

]2

∆s.

Hence, we obtain∫ t

t2
H(t,s)z(s)q(s)∆s ≤ H(t, t2)w(t2)

+
∫ t

t2

κr(s)
4z(s)H(t,s)

φ2(t,s)∆s.

Then for all t ≥ t2, we have∫ t

t2

[
H(t,s)z(s)q(s)− κr(s)

4z(s)H(t,s)
φ2(t,s)

]
∆ ≤ H(t, t2)w(t2)

and this implies that

limsup
t→∞

1
H(t, t2)

∫ t

t2

[
H(t,s)z(s)q(s)− κr(s)

4z(s)H(t,s)
φ2(t,s)

]
∆s

≤ w(t2),

which contradicts (13). The proof is complete.
The consequences of Theorem 2.6, we get the following.

Corollary 2.7. Suppose that the assumptions of Theorem
2.6 hold. If

limsup
t→∞

1
H(t, t2)

∫ t

t2
H(t,s)

[
q(s) − κr(s)

4z(s)

(
H∆

s (t,s)
H(t,s)

− p(s)
r(s)

)2]
∆s = ∞,

then every solution of (1) is oscillatory.

Corollary 2.8. Let the assumption (13) in Theorem 2.6
be replaced by

limsup
t→∞

1
H(t, t0)

∫ t

t0
H(t,s)z(s)q(s) = ∞,

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
κr(s)

4z(s)H(t,s)

(
H(t,s)A(s)

+ zσ (s)H∆
s (t,s)

)2]
∆s < ∞,

then every solution of (1) is oscillatory.

Remarks 2.9. [3, Remarks 2.3] Let H(t,s) = (t − s)n ,
(t,s) ∈ D with n > 1, we see that H belongs to the class
R. Hence

((t − s)n)∆ ≤−n(t −σ(s))n−1.

Corollary 2.10. Assume that (H1)− (H3) hold.Let z(t) be
positive real rd-functions differentiable function . If

limsup
t→∞

1
tn

∫ t

t0

[
(t − s)nz(s)q(s)− κr(s)ϕ 2(t,s)

4z(s)(t − s)n

]
∆s = ∞,

where

ϕ(t,s) = (t − s)nA(s)+nzσ (t)(t −σ(s))n−1, t ≥ s ≥ t0, n > 1,

then equation (1) is oscillatory on [t0,∞).

3. Equation (1) with p(t) = 0.

We establish some sufficient conditions for oscillation of
Eq. (1) with p(t) = 0.

Theorem 3.1 Assume that (H1)−(H3) hold. Furthermore,
assume that there exists a positive real rd-continuous func-
tion z(t) such that

limsup
t→∞

∫ t

t0

[
z(s)q(s)− κr(s)

4z(s)
A2(s)

]
∆s = ∞ (15)

then every solution of Eq. (1) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscilla-
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tory solution of (1) and let t1 ≥ t0 be such that x(t) ̸= 0 for
all t ≥ t1, so without loss of generality, we may assume that
x(t) is an eventually positive solution of (1) with x(t) > 0
for all t ≥ t1 sufficiently large. In view of Theorem 2.1 we
see that x∆ (t) is eventually negative or eventually positive.
If x∆ (t) is eventually negative, we are then back to sec-
ond case of Theorem 2.1 and we obtain a contradiction.
If x∆ (t) is eventually positive, we assume that there exists
t2 ≥ t1 such that x∆ (t)≥ 0 for t2 ≥ t1 and proceed as in the
proof of first case of Theorem 2.1. From (9), we have

w∆ (t)≤ − z(t)q(t)+A(t)
wσ (t)
zσ (t)

− z(t)
1

κ(zσ (t))2r(t)
(wσ (t))2, (16)

where

A(t) = z∆ (t)− z(t)
r(t)

.

The proof is similar to that of Theorem 2.1 and hence is
omitted.

Corollary 3.2. Assume that (H1)− (H3) hold. If

limsup
t→∞

∫ t

t0

[
q(s)− κ

4r(s)

]
∆s = ∞ (17)

then equation (1) is oscillatory.

Theorem 3.3. Assume that (H1)− (H3) hold.Let z(t) be
positive real rd-functions differentiable function and let
H : D→ R be rd-continuous function such that H belongs
to the class R . If

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
H(t,s)z(s)q(s)

− κr(s)C2(t,s)
4z(s)H(t,s)

(
z∆ (s)− z(s)

r(s)

)2]
∆s = ∞,

where

C(t,s) = z∆ (s)H∆
s (t,s)+H(t,s),

then equation (1) is oscillatory.

Corollary 2.4. Assume that (H1)−(H3) hold. Let z(t)= 1.
If

limsup
t→∞

1
H(t, t0)

∫ t

t0
H(t,s)

(
q(s)− κ

4r(s)

)
∆s = ∞,

then every solution of (1) is oscillatory.

Acknowledgement

This work was supported by Research Fund of the Erciyes
University. Project Number: FBA-11-3391.

References
[1] S. Hilger, Analysis on measure chains a unified approach to

continuous and discrete calculus, Results Math. 18 , 18-56,
(1990).

[2] R.P. Agarwal, M. Bohner, D. O’Regan, A. Peterson, Dynamic
equations on time scales: A survey, in: R.P. Agarwal, M.
Bohner, D. O’Regan (Eds.), Special Issue on Dynamic Equa-
tions on Time Scales , J. Comput. Appl. Math. 141 (12) , 1-26,
(2002).

[3] M. Bohner, A. Peterson, Dynamic Equations on Time Scales:
An Introduction with Applications, Birkhäuser, Boston, 2001.
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The oscillation of solutions of the second-order nonlinear dynamic equation (r(t)(xΔ(t))γ )Δ +
p(t)(xΔ(t))γ + f(t, x(g(t))) = 0, with damping on an arbitrary time scale T, is investigated. The
generalized Riccati transformation is applied for the study of the Kamenev-type oscillation criteria
for this nonlinear dynamic equation. Several new sufficient conditions for oscillatory solutions of
this equation are obtained.

1. Introduction

Much recent attention has been given to dynamic equations on time scales, or measure chains,
and we refer the reader to the landmark paper of Hilger [1] for a comprehensive treatment
of the subject. Since then, several authors have expounded on various aspects of this new
theory; see the survey paper by Agarwal et al. [2]. A book on the subject of time scales by
Bohner and Peterson [3] also summarizes and organizes much of the time scale calculus.

A time scale T is an arbitrary nonempty closed subset of the real numbers R. The
forward and the backward jump operators on any time scale T are defined by σ(t) := inf{s ∈
T : s > t}, ρ(t) := sup{s ∈ T : s < t}. A point t ∈ T, t > infT, is said to be left-dense if ρ(t) = t,
right dense if t < supT and σ(t) = t, left scattered if ρ(t) < t, and right scattered if σ(t) > t. The
graininess function μ for a time scale T is defined by μ(t) := σ(t)−t. For a function f : T → R

the (delta) derivative is defined by

fΔ(t) =
f(σ(t)) − f(t)

σ(t) − t
, (1.1)

if f is continuous at t and t is right scattered. If t is not right scattered, then the derivative is
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defined by

fΔ(t) = lim
s→ t+

f(σ(t)) − f(s)
σ(t) − s

= lim
s→ t+

f(t) − f(s)
t − s

, (1.2)

provided this limit exists. A function f : [a, b] → R is said to be right-dense continuous if it
is right continuous at each right-dense point and there exists a finite left limit at all left-dense
points, and f is said to be differentiable if its derivative exists. A useful formula dealing with
the time scale is that

fσ = f(σ(t)) = f(t) + μ(t)fΔ(t). (1.3)

Wewill make use of the following product and quotient rules for the derivative of the product
fg and the quotient f/g (where ggσ /= 0) of two differentiable functions f and g:

(
fg
)Δ = fΔg + fσgΔ = fgΔ + fΔgσ,
(
f

g

)Δ

=
fΔg − fgΔ

ggσ
.

(1.4)

The integration by parts formula is

∫b

a

fΔ(t)g(t)Δt = f(b)g(b) − f(a)g(a) −
∫b

a

fσ(t)gΔ(t)Δ(t). (1.5)

The function f : T → R is called rd-continuous if it is continuous at the right-dense points
and if the left-sided limits exist in left-dense points. We denote the set of all f : T → R which
are rd-continuous and regressive by �. If p ∈ �, then we can define the exponential function
by

ep(t, s) = exp

(∫ t

s

ξμ(t)
(
p(τ(t))

)
Δτ

)

(1.6)

for t ∈ T, s ∈ T
k, where ξh(z) is the cylinder transformation, which is defined by

ξh(z) =

⎧
⎨

⎩

log(1 + hz)
h

, h /= 0,

z, h = 0.
(1.7)

Alternately, for p ∈ � one can define the exponential function ep(·, t0), to be the unique
solution of the IVP xΔ(t) = p(t)x(t)with x(t0) = 1.

The various-type oscillation and nonoscillation criteria for solutions of ordinary and
partial differential equations have been studied extensively in a large cycle of works (see
[4–31]).
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In [27], the authors have considered second-order nonlinear neutral dynamic equation

(
r(t)
((

y(t) + p(t)y(t − τ)
)Δ)γ)Δ + f

(
t, y(t − δ)

)
= 0 (1.8)

on a time scale T. They have assumed that γ > 0 is a quotient of odd positive integers, τ and
δ positive constants such that the delay functions τ(t) = t − τ < t and δ(t) = t − δ < t satisfy
τ(t) and δ(t) : T → T for all t ∈ T, r(t) and p(t) real-valued positive functions defined on T

and also they have supposed that

(H1)
∫∞
t0
(1/r(t))1/γΔt = ∞, 0 ≤ p(t) < 1,

(H2) f(t, u) : T × R → R is continuous such that uf(t, u) > 0 for all u/= 0 and there exists
a nonnegative function q(t) defined on T such that |f(t, u)| ≥ q(t)|uγ |

and were concerned with oscillation properties of (1.8). In [28], Saker has considered second-
order nonlinear neutral delay dynamic equation

(
r(t)
((

y(t) + p(t)y(t − τ)
)Δ)γ)Δ + f

(
t, y(t − δ)

)
= 0, (1.9)

when γ ≥ 1 is an odd positive integer with r(t) and p(t) real-valued positive functions defined
on T. The author also has improved some well-known oscillation results for second-order
neutral delay difference equations. Agarwal et al. [29] have considered the second-order
perturbed dynamic equation

(
r(t)
(
xΔ
)γ)Δ

+ F(t, x(t)) = G
(
t, x(t), xΔ(t)

)
, (1.10)

where γ ∈ N is odd and they have interested in asymptotic behavior of solutions of (1.10).
Saker et al. [30] have studied the second-order damped dynamic equation with damping

(
a(t)xΔ(t)

)Δ
+ p(t)xΔσ

(t) + q(t)
(
foxσ) = 0, (1.11)

when a(t), p(t), and q(t) are positive real-valued rd-continuous functions and they have
proved that if

∫∞
t0
(e−p/r(t, t0)/r(t))Δt = ∞ and

∫∞
t0
(e−p/r(t, t0)/r(t))Δt < ∞, then every solution

of (1.11) is oscillatory.
In the present paper, we consider the second order nonlinear dynamic equation

(
r(t)
(
xΔ(t)

)γ)Δ
+ p(t)

(
xΔ(t)

)γ
+ f
(
t, x
(
g(t)
))

= 0, (1.12)

where p, r are real-valued, nonnegative, and right-dense continuous function on a time scale
T ⊂ R, with supT = ∞ and γ is a quotient of odd positive integers. We assume that g : T → T

is a nondecreasing function and such that g(t) ≥ t, for t ∈ T and limt→∞g(t) = ∞. The
function f ∈ C(T×R,R) is assumed to satisfy uf(t, u) > 0, for u/= 0 and there exists a positive
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rd-continuous function q defined on T such that |f(t, u)/uγ | ≥ q(t) for u/= 0. Throughout this
paper we assume that

∫∞

t0

(
e−p/r(t, t0)

r(t)

)1/γ

Δt = ∞. (A∗)

Since we are interested in the oscillatory of solutions near infinity, we assume that
supT = ∞ and define the time scale interval [t0,∞)

T
by [t0,∞)

T
:= [t0,∞)∩T. The oscillation

of solutions of the second-order nonlinear dynamic equation (1.12) with damping on an
arbitrary time scale T is investigated. The generalized Riccati transformation is applied for
the study of the Kamenev-type oscillation criteria for this nonlinear dynamic differential
equation. Several new sufficient conditions for oscillatory solutions of this equation are
obtained.

A solution x(t) of (1.12) is said to be oscillatory if it is neither eventually positive nor
eventually negative, otherwise it is nonoscillatory.

2. Preliminary Results

Lemma 2.1. Assume that the condition (A∗) is satisfied and (1.12) has a positive solution x(t) on
[t0,∞)

T
. Then there exists a sufficiently large t1 ∈ [t0,∞)

T
such that

(
r(t)
(
xΔ(t)

)γ)Δ
< 0, xΔ(t) > 0 for t ∈ [t1,∞)

T
. (2.1)

Proof. Let t1 ∈ [t0,∞) such that x(g(t)) > 0 on [t1,∞). Since x(t) is positive nonoscillatory
solution of (1.12)we can assume that xΔ(t) < 0 for all large t. Then without loss of generality
we take xΔ(t) < 0 for all t ≥ t2 ≥ t1. From (1.12) it follows that

(
r(t)
(
xΔ(t)

)γ)Δ
+ p(t)

(
xΔ(t)

)γ
= −f(t, x(g(t))) < 0 (2.2)

and so

(
r(t)
(
xΔ(t)

)γ)Δ
+ p(t)

(
xΔ(t)

)γ
< 0. (2.3)

Define y(t) = −r(t)(xΔ(t))γ . Hence

yΔ(t) +
p(t)
r(t)

y(t) > 0, (2.4)

and it implies that

y(t) > y(t2)e−p/r(·, t2). (2.5)
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Then

−r(t)
(
xΔ(t)

)γ
> −r(t2)

(
xΔ(t2)

)γ
e−p/r(·, t2), (2.6)

and therefore

xΔ(t) ≤ r1/γ(t2)
(
xΔ(t2)

)(e−p/r(·, t2)
r(t)

)1/γ

. (2.7)

Next an integration for t > t3 ≥ t2 and by (A∗) gives

x(t) ≤ x(t3) + r1/γ(t2)
(
xΔ(t2)

)∫ t

t3

(
e−p/r(s, t2)

r(s)

)1/γ

Δs −→ −∞ as t −→ ∞ (2.8)

which is a contradiction. Hence xΔ(t) is not negative for all large t and so xΔ(t) > 0 for all
t ≥ t1. This completes the proof of Lemma 2.1.

We now define

α1(t) :=
(

1
r(t)

∫∞

t

q(s)Δs

)(1−γ)/γ

α2(t, u) :=

(

r1/γ(t)
∫ t

u

Δs

r1/γ(s)

)γ−1

α(t) :=

{
α1(t), 0 < γ ≤ 1,
α2(t, t1), γ ≥ 1.

(2.9)

Lemma 2.2. Assume that (A∗) holds and (1.12) has a positive solution x(t) on [t0,∞)
T
. Then there

exists a sufficiently large t1 ∈ [t0,∞)
T
such that if 0 < γ ≤ 1 for t ≥ t1 one has

(
xΔ(t)
xσ(t)

)1−γ
≥ α1(t). (2.10)

Whereas, if γ ≥ 1, one has

(
x(t)
xΔ(t)

)γ−1
≥ α2(t, t1) for t ≥ t1. (2.11)

Proof. As in the proof of Lemma 2.1, there is a sufficiently large t1 ∈ [t0,∞)
T
such that

x(t) > 0, xΔ(t) > 0,
(
r(t)
(
xΔ(t)

)γ)Δ
< 0, for t ≥ t1. (2.12)
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From (1.12) and (2.12) it follows that

(
r(t)
(
xΔ(t)

)γ)Δ
+ p(t)

(
xΔ(t)

)γ
= −f(t, x(g(t))) < 0, (2.13)

and so

(
r(t)
(
xΔ(t)

)γ)Δ
< −f(t, x(g(t))). (2.14)

Then

r(t)
(
xΔ(t)

)γ ≥
∫∞

t

f
(
s, x
(
g(s)

))
Δs ≥

∫∞

t

q(s)xγ(g(s)
)
Δs

≥ xγ(g(t)
)
∫∞

t

q(s)Δs ≥ (xσ(t))γ
∫∞

t

q(s)Δs.

(2.15)

Next, when 0 < γ ≤ 1, we get

(
xΔ(t)
xσ(t)

)1−γ
≥ α1(t) for t ≥ t1. (2.16)

Finally, since r(t)(xΔ(t))γ is decreasing on [t1,∞)
T
for γ ≥ 1, we get

x(t) ≥ x(t) − x(t1) =
∫ t

t1

(
r(s)
(
xΔ(s)

)γ)1/γ

r1/γ(s)
Δs

≥
(
r(t)
(
xΔ(t)

)γ)1/γ ∫ t

t1

1
r1/γ(s)

Δs,

(2.17)

and we obtain

(
x(t)
xΔ(t)

)γ−1
≥ α2(t, t1) for t ≥ t1. (2.18)

3. Main Results

Theorem 3.1. Assume that (A∗) holds and there exist a function φ(t) such that r(t)φ(t) is a Δ-
differentiable function and a positive real rd-functions Δ-differentiable function z(t) such that

lim sup
t→∞

∫ t

t1

[

Ψ(s) − 1
4
r(s)(ν(s))2

γz(s)α(s)

]

Δs = ∞, (3.1)
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where

Ψ(t) = −z(t)
(
q(s) − (r(t)φ(t))Δ +

γα(t)
r(t)

(
p(t)
(
r(t)φ(t)

)σ +
((
r(t)φ(t)

)σ)2)
)
,

ν(t) = zΔ(t) − γz(t)α(t)
r(t)

(
p(t) − 2

(
r(t)φ(t)

)σ)
.

(3.2)

Then every solution of (1.12) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory solution of (1.12). Without loss of
generality, there is a t1 ∈ [t0,∞)

T
, sufficiently large, so that x(t) satisfies the conclusions of

Lemmas 2.1 and 2.2 on [t0,∞)
T
. Define the function w(t) by Riccati substitution

w(t) = z(t)r(t)

((
xΔ(t)
x(t)

)γ

+ φ(t)

)

, t ≥ t1. (3.3)

Then w(t) satisfies

wΔ(t) =
(

z(t)
xγ(t)

)(
r(t)
(
xΔ(t)

)γ)Δ
+
(

z(t)
xγ(t)

)Δ(
r(t)
(
xΔ(t)

)γ)σ

+ z(t)
(
r(t)φ(t)

)Δ + zΔ(t)
(
r(t)φ(t)

)σ
,

wΔ(t) =
(

z(t)
xγ(t)

)(
r(t)
(
xΔ(t)

)γ)Δ
+

(
zΔ(t)xγ(t) − z(t)(xγ(t))Δ

xγ(t)(xγ(t))σ

)(
r(t)
(
xΔ(t)

)γ)σ

+ z(t)
(
r(t)φ(t)

)Δ + zΔ(t)
(
r(t)φ(t)

)σ
.

(3.4)

From (1.12) and the definition of w(t) for t ≥ t1 it follows that

wΔ(t) =
(

z(t)
xγ(t)

)(
−p(t)

(
xΔ(t)

)γ − f
(
t, x
(
g(t)
)))

+ zΔ(t)

(
r(t)
(
xΔ(t)

)γ)σ

(xγ(t))σ

− z(t)
(xγ(t))Δ

(
r(t)
(
xΔ(t)

)γ)σ

xγ(t)(xγ(t))σ
+ z(t)

(
r(t)φ(t)

)Δ + zΔ(t)
(
r(t)φ(t)

)σ
.

(3.5)

Using the fact that f(t, x(g(t))) ≥ q(t)xγ(g(t)) and x(t) is a increasing function, we obtain

wΔ(t) ≤ −z(t)q(t) − z(t)p(t)
(xγ(t))Δ

xγ(t)
+ zΔ(t)

((
r(t)(xΔ(t))γ

xγ(t)

)σ

+
(
r(t)φ(t)

)σ
)

− z(t)

(
xΔ(t)

)γ

xγ(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)
+ z(t)

(
r(t)φ(t)

)Δ
.

(3.6)

Now we consider the following two cases: 0 < γ ≤ 1 and γ > 1.
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In the first case 0 < γ ≤ 1. Using the Pötzsche chain rule (see, [3]), we obtain

(xγ(t))Δ = γ

∫1

0

[
x(t) + hμ(t)xΔ(t)

]γ−1
dhxΔ(t) ≥ γ(xσ(t))γ−1xΔ(t). (3.7)

Using (3.7) in (3.6) for t ≥ t1, we get

wΔ(t) ≤ −z(t)q(t) − γz(t)p(t)
xΔ(t)
xσ(t)

(
xσ(t)
x(t)

)γ

+ zΔ(t)
wσ(t)
zσ(t)

− γz(t)
xΔ(t)
xσ(t)

(
xσ(t)
x(t)

)γ(wσ(t)
zσ(t)

− (r(t)φ(t))σ
)
+ z(t)

(
r(t)φ(t)

)Δ
.

(3.8)

By Lemmas 2.1 and 2.2, for t ≥ t1, we have that

xΔ(t)
xσ(t)

=
1

r(t)
r(t)
(
xΔ(t)

)γ

(xγ(t))σ

(
xΔ(t)
xσ(t)

)1−γ
≥ α1(t)

r(t)

(
r(t)
(
xΔ(t)

)γ)σ

(xγ(t))σ
,

xσ(t)
x(t)

≥ 1.

(3.9)

In the view of (3.8), and (3.9) we get

wΔ(t) ≤ −z(t)q(t) + z(t)
(
r(t)φ(t)

)Δ − γz(t)p(t)
α1(t)
r(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)

+ zΔ(t)
wσ(t)
zσ(t)

− γz(t)
α1(t)
r(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)2

.

(3.10)

In the second case γ > 1. Applying the Pötzsche chain rule (see, [3]), we obtain

(xγ(t))Δ = γ

∫1

0

[
x(t) + hμ(t)xΔ(t)

]γ−1
dhxΔ(t) ≥ γ(x(t))γ−1xΔ(t). (3.11)

In the view of (3.11), (3.6) yields

wΔ(t) ≤ −z(t)q(t) + z(t)
(
r(t)φ(t)

)Δ − γz(t)p(t)
(x(t))γ−1

xγ(t)
xΔ(t)

+ zΔ(t)
wσ(t)
zσ(t)

− γz(t)
(x(t))γ−1

xγ(t)
xΔ(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)
.

(3.12)

By Lemmas 2.1 and 2.2, we have that

xΔ(t)
x(t)

=
1

r(t)
r(t)
(
xΔ(t)

)γ

xγ(t)

(
x(t)
xΔ(t)

)γ−1
≥ α2(t, t1)

r(t)

(
r(t)
(
xΔ(t)

)γ)σ

(xγ(t))σ
. (3.13)
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By (3.13), (3.12), and then using the definition of w(t), we get

wΔ(t) ≤ −z(t)q(t) + z(t)
(
r(t)φ(t)

)Δ − γz(t)p(t)
α2(t, t1)
r(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)

+ zΔ(t)
wσ(t)
zσ(t)

− γz(t)
α2(t, t1)
r(t)

(
wσ(t)
zσ(t)

− (r(t)φ(t))σ
)2

.

(3.14)

Using (3.10), (3.14), and the definitions of Ψ(t), ν(t), and α(t) for γ > 0, we get

wΔ(t) ≤ −Ψ(t) + ν(t)
wσ(t)
zσ(t)

− γz(t)
α(t)
r(t)

(wσ(t))2

(zσ(t))2
. (3.15)

Then, we can write

wΔ(t) ≤ −Ψ(t) +
r(t)(ν(t))2

4γz(t)α(t)
−
⎡

⎣

√
γz(t)α(t)

r(t)
wσ(t)
zσ(t)

− 1
2

√
r(t)

γz(t)α(t)
ν(t)

⎤

⎦

2

, (3.16)

and so, we get

wΔ(t) ≤ −
[

Ψ(t) − r(t)(ν(t))2

4γz(t)α(t)

]

. (3.17)

Integrating (3.17)with respect to s from t1 to t, we get

w(t) −w(t1) ≤ −
∫ t

t1

[

Ψ(s) − r(s)(ν(s))2

4γz(s)α(s)

]

Δs, (3.18)

and this implies that

∫ t

t1

[

Ψ(s) − r(s)(ν(s))2

4γz(s)α(s)

]

Δs ≤ |w(t1)| (3.19)

which contradicts to assumption (3.1). This completes the proof of Theorem 3.1.

Corollary 3.2. Assume that (A∗) holds. If

lim sup
t→∞

∫ t

t1

[

q(s) +
γα(s)p2(s)

4r(s)

]

Δs = ∞, (3.20)

then every solution of (1.12) is oscillatory.
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Example 3.3. Consider the nonlinear dynamic equation

(
t−γ
(
xΔ(t)

)γ)Δ
+
1
2
t−1−γ

(
xΔ(t)

)γ
+

1
t1/γ

xγ(g(t)
)
= 0, t ∈ [t0,∞)

T
, T = 2N, (3.21)

where γ ≥ 1 is the quotient of the odd positive integers.We have that p(t) = (1/2)(t−1−γ), q(t) =
1/t1/γ and r(t) = t−γ . If T = 2N, then σ(t) = 2t and e−1/σ(t)(t, t0) = t0/t. So we get e−p/r(t, t0) =
t0/t. It is clear that (A∗) holds. Indeed,

∫ t

t0

(
e−p/r(·, t0)

r(s)

)1/γ

Δs = (t0)1/γ
∫ t

t0

1
s(1/γ)−1

Δs = ∞,

α2(t, t0) =

(

(r(t))1/γ
∫ t

t0

Δs

(r(s))1/γ

)γ−1
= t1/(γ−1)

(∫ t

t0

Δs

s−1

)γ−1
,

(3.22)

and then

∫ t

t0

Δs

s−1
= ∞ (3.23)

and so we can find t∗ ≥ t1 such that
∫ t
t0
Δs/r1/γ ≥ 1 for t ≥ t∗. Then we can see from

Corollary 3.2 that it follows that

lim sup
t→∞

∫ t

t1

[
1

s1/γ
+
γα(s)

(
p(s)

)2

4r(s)

]

Δs = ∞, (3.24)

and therefore every solution of (3.21) is oscillatory.
Now, let us introduce the class of functions �.
Let D0 ≡ {(t, s) ∈ T

2 : t > s ≥ t0} and D ≡ {(t, s) ∈ T
2 : t ≥ s ≥ t0}. The function

H ∈ Crd(D,R) has the following properties:

H(t, t) = 0, t ≥ t0, H(t, s) > 0, on D0, (3.25)

and H has a continuous Δ-partial derivative HΔ
s (t, s) on D0 with respect to the second

variable. (H is rd-continuous function if H is rd-continuous function in t and s.)

Theorem 3.4. Assume that the conditions of Lemma 2.1 are satisfied. Furthermore, suppose that
there exist functions H,HΔ

s ∈ Crd(D,R) such that (3.25) holds and there exist a function φ(t) with
r(t)φ(t) a Δ-differentiable function and a positive Δ-differentiable function z(t) such that

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[
H(t, s)Ψ(s) − r(s)

4γH(t, s)z(s)α(s)
ϕ2(t, s)

]
Δs = ∞, (3.26)

where ϕ(t, s) = [HΔ
s (t, s) +H(t, s)ν(s)]. Then every solution of (1.12) is oscillatory on [t0,∞)

T
.
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Proof. Assume that (1.12) has a nonoscillatory solution on [t0,∞)
T
. Then without loss of

generality, there is a sufficiently large t1 ∈ [t0,∞)
T
such that x(t) satisfies the conclusions

of Lemmas 2.1 and 2.2 on [t0,∞)
T
. Consider the generalized Riccati substitution

w(t) = z(t)r(t)

((
xΔ(t)
x(t)

)γ

+ φ(t)

)

. (3.27)

We proceed as Theorem 3.1 and from (3.15) it follows that

wΔ(t) ≤ −Ψ(t) + ν(t)
wσ(t)
zσ(t)

− γz(t)
α(t)
r(t)

(wσ(t))2

(zσ(t))2
. (3.28)

Multiplying both sides of (3.28) by H(t, s) and integrating with respect to s from t1 to t (t ≥
t1), we obtain

∫ t

t1

H(t, s)Ψ(s)Δ(s) ≤ −
∫ t

t1

H(t, s)wΔ(s) +
∫ t

t1

H(t, s)ν(s)
wσ(s)
zσ(s)

Δs

−
∫ t

t1

γH(t, s)z(s)
α(s)
r(s)

(wσ(s))2

(zσ(s))2
Δs.

(3.29)

Integrating by parts, we get

∫ t

t1

H(t, s)Ψ(s)Δ(s) ≤ H(t, t1)w(t1) +
∫ t

t1

HΔ
s (t, s)w

σ(s)Δs +
∫ t

t1

H(t, s)ν(s)
wσ(s)
zσ(s)

Δs

−
∫ t

t1

γH(t, s)z(s)
α(s)
r(s)

(wσ(s))2

(zσ(s))2
Δs,

∫ t

t1

H(t, s)Ψ(s)Δ(s) ≤H(t, t1)w(t1) +
∫ t

t1

[
HΔ

s (t, s) +H(t, s)ν(s)
]wσ(s)
zσ(s)

Δs

−
∫ t

t1

γH(t, s)z(s)
α(s)
r(s)

(wσ(s))2

(zσ(s))2
Δs.

(3.30)

It is easy to see that

∫ t

t1

H(t, s)Ψ(s)Δ(s) ≤ H(t, t1)w(t1) +
∫ t

t1

ϕ(t, s)
wσ(s)
zσ(s)

Δs

−
∫ t

t1

γH(t, s)z(s)
α(s)
r(s)

(wσ(s))2

(zσ(s))2
Δs,

(3.31)

where

ϕ(t, s) =
[
HΔ

s (t, s) +H(t, s)ν(s)
]
. (3.32)
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Then we can write

∫ t

t1

H(t, s)Ψ(s)Δ(s) ≤ H(t, t1)w(t1) +
∫ t

t1

r(s)ϕ2(t, s)
4γH(t, s)z(s)α(s)

Δs

−
∫ t

t1

⎡

⎣

√
γH(t, s)z(s)α(s)

r(s)
wσ(s)
zσ(s)

− 1
2

√
r(s)

γH(t, s)z(s)α(s)
ϕ(t, s)

⎤

⎦

2

Δs.

(3.33)

Hence

∫ t

t1

H(t, s)Ψ(s) − r(s)ϕ2(t, s)
4γH(t, s)z(s)α(s)

Δs ≤ H(t, t1)w(t1)

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)Ψ(s) − r(s)ϕ2(t, s)
4γH(t, s)z(s)α(s)

]

Δs ≤ w(t1)

(3.34)

which contradicts with assumption (3.26). This completes the proof of Theorem 3.4.

Corollary 3.5. Assume that (A∗) holds. Furthermore, suppose that there exist functionsH,HΔ
s , and

h ∈ Crd(D,R) such that (3.25) holds and there exist a function φ(t) such that r(t)φ(t) is a Δ-
differentiable function and a positive Δ-differentiable function z(t) such that

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)Ψ(s) − h2(s)(zσ(s))2r(s)
4γz(s)α(s)

]

Δs = ∞, (3.35)

whereΨ(t) is as defined in Theorem 3.1 andHΔ
s = −h(t, s)

√
H(t, s)−H(t, s)ν(t)/zσ(t). Then every

solution of (1.12) is oscillatory on [t0,∞)
T
.

Theorem 3.6. Assume that (A∗) holds and there exists a Δ-differentiable positive function z(t) such
that

lim sup
t→∞

∫ t

t1

[

z(s)q(s) − r(s)ξγ+1(s)
(
γ + 1

)γ+1
zγ(s)

]

Δs = ∞, (3.36)

where

ξ(t) = zΔ(t) − z(t)p(t)
r(t)

. (3.37)

Then every solution of (1.12) is oscillatory.
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Proof. Suppose that (1.12) has a nonoscillatory solution on [t0,∞)
T
. Then without loss of

generality, there is a sufficiently large t1 ∈ [t0,∞)
T
such that x(t) satisfies the conclusions

of Lemmas 2.1 and 2.2 on [t0,∞)
T
. Consider the generalized Riccati substitution

w(t) = z(t)r(t)

(
xΔ(t)
x(t)

)γ

. (3.38)

From (3.6) it follows that

wΔ(t) ≤ −z(t)q(t) − z(t)p(t)

(
xΔ(t)

)γ

xγ(t)
+ zΔ(t)

wσ(t)
zσ(t)

− z(t)

(
xΔ(t)

)γ

xγ(t)
wσ(t)
zσ(t)

. (3.39)

In the same manner as in the proof of Theorem 3.1, we get

(xγ(t))Δ ≥
{
γ(xσ(t))γ−1xΔ, 0 < γ ≤ 1
γ(x(t))γ−1xΔ, γ > 1.

(3.40)

If 0 < γ ≤ 1, then we have that

wΔ(t) ≤ −z(t)q(t) +
[
zΔ(t) − z(t)p(t)

r(t)

]
wσ(t)
zσ(t)

− γz(t)
(xσ(t))γ

xγ(t)
xΔ(t)
xσ(t)

wσ(t)
zσ(t)

, (3.41)

whereas, if γ > 1, we have that

wΔ(t) ≤ −z(t)q(t) +
[
zΔ(t) − z(t)p(t)

r(t)

]
wσ(t)
zσ(t)

− γz(t)
xσ(t)
x(t)

xΔ(t)
xσ(t)

wσ(t)
zσ(t)

. (3.42)

Using the fact that x(t) is increasing and (r(t)(xΔ(t))γ is decreasing on [t0,∞)
T
, we get

xσ(t) ≥ x(t), xΔ(t) ≥
(
rσ(t)
r(t)

)1/γ(
xΔ(t)

)σ
. (3.43)

Using (3.41), (3.42), and (3.43), we obtain

wΔ(t) ≤ −z(t)q(t) + ξ(t)
wσ(t)
zσ(t)

− z(t)
γ

r1/γ(t)

(
wσ(t)
zσ(t)

)λ

, (3.44)

where λ = (γ + 1)/γ . Define A > 0 and B > 0 by

Aλ =
γz(t)(wσ(t))λ

(zσ(t))λr1/γ(t)
, Bλ−1 =

r1/(γ+1)(t)ξ(t)
λγ1/λz1/λ(t)

. (3.45)
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Then using the inequality (see [32])

λABλ−1 −Aλ ≤ (λ − 1)Bλ, (3.46)

we obtain

ξ(t)
wσ(t)
zσ(t)

− z(t)
γ

r1/γ(t)

(
wσ(t)
zσ(t)

)λ

≤ r(t)ξγ+1(t)
(
γ + 1

)γ+1
zγ(t)

. (3.47)

From this last inequality and (3.44) it follows that

lim sup
t→∞

∫ t

t1

[

z(s)q(s) − r(s)ξγ+1(s)
(
γ + 1

)γ+1
zγ(s)

]

Δs ≤ w(t1) (3.48)

which contradicts with the assumption (3.36). Theorem 3.6 is proved.

Example 3.7. Consider the second-order equation

(
tγ
(
xΔ(t)

)γ)Δ
+

1
t2

(
xΔ(t)

)γ
+
1
t
xγ(g(t)

)
= 0, (3.49)

where γ = 1/3 ≤ 1, r(t) = t1/3, q(t) = 1/t, t ≥ t0 = 2. Then it follows that

e−p/r(t, 2) ≥ 1 −
∫ t

2

p(s)
r(s)

Δs = 1 −
∫ t

2
s−7/3Δs >

1
2

(3.50)

for t ≥ 2, and so

∫ t

2

(
1

r(s)
e−p/r(s, 2)

)1/γ

Δs ≥
(
1
2

)3 ∫ t

2

1
s
Δs −→ ∞ as t −→ ∞. (3.51)

Hence (A∗) is satisfied. Now let z(t) = 1 for t ≥ 2. Then

lim sup
t→∞

∫ t

2

[

z(s)q(s) − r(s)ξγ+1(s)
(
γ + 1

)γ+1
zγ(s)

]

Δs = lim sup
t→∞

∫ t

2

[
1
s
− s−25/9

(4/3)4/3

]

Δs = ∞, (3.52)

and so (3.36) is satisfied as well. Hence by Theorem 3.6, we have that (3.49) is oscillatory.

Theorem 3.8. Assume that the conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functions H,HΔ

s ∈ Crd(D,R) such that (3.25) holds and there exists a positive real rd-functions
Δ-differentiable function z(t) such that

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)z(s)q(s) − Cγ+1(t, s)r(s)
(
γ + 1

)γ+1
zγ(s)(H(t, s))γ

]

Δs = ∞, (3.53)
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where C(t, s) = HΔ
s z

σ(s) + H(t, s)ξ(t) and ξ(t) = zΔ(t) − z(t)(p(t)/r(t)). Then every solution of
(1.12) is oscillatory on [t0,∞)

T
.

Proof . Assume that (1.12) has a nonoscillatory solution on [t0,∞)
T
. Then without loss of

generality, there is a sufficiently large t1 ∈ [t0,∞)
T
such that x(t) satisfies the conclusions

of Lemmas 2.1 and 2.2 on [t0,∞)
T
. Consider the generalized Riccati substitution

w(t) = z(t)r(t)

(
xΔ(t)
x(t)

)γ

. (3.54)

By Theorem 3.6 and inequality (3.44)

wΔ(t) ≤ −z(t)q(t) + ξ(t)
wσ(t)
zσ(t)

− z(t)
γ

r1/γ(t)

(
wσ(t)
zσ(t)

)λ

, (3.55)

where λ = (γ+1)/γ . Multiplying both sides of (3.55)withH(t, s) and integrating with respect
to s from t1 to t (t ≥ t1), we get

∫ t

t1

H(t, s)z(s)q(s)Δs ≤ −
∫ t

t1

H(t, s)wΔ(s)Δ(s) +
∫ t

t1

H(t, s)ξ(s)
wσ(s)
zσ(s)

−
∫ t

t1

H(t, s)z(s)
γ

r1/γ(s)

(
wσ(s)
zσ(s)

)λ

Δs.

(3.56)

Integrating by parts and using (3.25), we obtain

∫ t

t1

H(t, s)z(s)q(s)Δs ≤ H(t, t1)w(t1)
∫ t

t1

C(t, s)
wσ(s)
zσ(s)

−
∫ t

t1

γH(t, s)z(s)
r1/γ(s)

(
wσ(s)
zσ(s)

)λ

Δs.

(3.57)

Define A > 0 and B > 0 by

Aλ =
γH(t, s)z(t)(wσ(t))λ

(zσ(t))λr1/γ(t)
, Bλ−1 =

r1/(γ+1)(t)C(t, s)

λ
(
γH(t, s)z(s)

)1/λ . (3.58)

Using the inequality (see [32])

λABλ−1 −Aλ ≤ (λ − 1)Bλ, (3.59)

we get

C(t, s)
wσ(t)
zσ(t)

− γH(t, s)z(t)
r1/γ(t)

(
wσ(t)
zσ(t)

)λ

≤ r(t)Cγ+1(t, s)
(
γ + 1

)γ+1
Hγ(t, s)zγ(t)

. (3.60)
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From this last inequality and (3.55) it follows that

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)z(s)q(s) − r(s)Cγ+1(t, s)
(
γ + 1

)γ+1
Hγ(t, s)zγ(t)

]

Δs ≤ w(t1) (3.61)

which contradicts with the assumption (3.53). This completes the proof of Theorem 3.8.

Corollary 3.9. Assume that all conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functionsH,HΔ

s , and h ∈ Crd(D,R) such that (3.25) holds and there exists a positiveΔ-differentiable
function z(t) such that

lim sup
t→∞

1
H(t, t1)

∫ t

t1

[

H(t, s)z(s)q(s) − (−h(t, s))γ+1r(s)
(
γ + 1

)γ+1
zγ(s)

]

Δs = ∞, (3.62)

where HΔ
s + H(t, s)ξ(t)/zσ(s) = −h(t, s)(H(t, s))γ/(γ+1)/zσ(t). Then every solution of (1.12) is

oscillatory on [t0,∞)
T
.

Example 3.10. Consider the second-order dynamic equation

(
tγ
(
xΔ(t)

)γ)Δ
+

1
t2

(
xΔ(t)

)γ
+
1
t
xγ(g(t)

)
= 0, (3.63)

where t ∈ [t0,∞)
T
, t1 ≥ t0 = 2, γ = 5/3 ≥ 1, q(t) = 1/t. It is easy to check that (A∗) holds. For

z(t) = 1 andH(t, s) = (t − s)2, it immediately follows that

h(t, s) =
{
(t − s) − (t − s)2 + (t − σ(s))

}
(t − s)2γ/(γ+1) (3.64)

and so −h(t, s) = 0. Hence,

lim sup
t→∞

1
H(t, 2)

∫ t

2

[

H(t, s)z(s)q(s) − (−h(t, s))γ+1r(s)
(
γ + 1

)γ+1
zγ(s)

]

Δs =lim sup
t→∞

1
t2

∫ t

2

1
s
(t − s)2Δs = ∞.

(3.65)

Therefore by Corollary 3.9, every solution of (3.63) is oscillatory.
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OSCILLATION THEOREMS FOR DYNAMIC EQUATION ON

TIME SCALES

(COMMUNICATED BY HÜSEYIN BOR)

M. TAMER ŞENEL

Abstract. By using the generalized Riccati transformation and the inequality
technique, we establish a oscillation criterion for certain non-linear second-
order dynamic equations with damping on a time scale.

1. Introduction

The theory of time scales, which has recently received a lot of attention, was in-
troduced by Stefan Hilger in his PhD thesis in 1988 in order to unify continuous and
discrete analysis (see [1]). Since Stefan Hilger formed the definition of derivatives
and integrals on time scales, several authors have expounded on various aspects
of the new theory, see the paper by Agarwal, Bohner, O’Regan, and Peterson [2],
Samir H. Saker, et.al [3] and the references cited [5]-[10]. A book on the subject
of time scales by Bohner and Peterson [4] summarizes and organizes much of time
scale calculus.

2. Some preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
Since we are interested in the oscillatory of solutions near infinity, we assume that
supT = ∞, and define the time scale interval [t0,∞)T by [t0,∞)T := [t0,∞) ∩ T .
We assume that T has the topology that it inherits from the standard topology on
the real numbers R. The forward and the backward jump operators on any time
scale T are defined by σ(t) := inf{s ∈ T : s > t}, ρ(t) := sup{s ∈ T : s < t}.
A point t ∈ T, t > infT, is said to be left-dense if ρ(t) = t, right-dense if t < supT
and σ(t) = t, left-scattered if ρ(t) < t and right-scattered if σ(t) > t. The graininess
function ? for a time scale T is defined by µ(t) := σ(t)− t.
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For a function f : T → R the (delta) derivative is defined by

f△(t) =
f(σ(t))− f(t)

σ(t)− t

if f is continuous at t and t is right-scattered. A useful formula is

fσ = f(σ(t)) = f(t) + µ(t)f△(t).

We will use the product rule and the quotient rule for the derivative of the product
fg and the quotient f/g

(fg)△ = f∆g + fσg∆ = fg∆ + f∆gσ,

(
f

g

)∆

=
f∆g − fg∆

ggσ
.

The function f : T → R is called rd-continuous if it is continuous in right-dense
points and if the left-sided limits exist in left-dense points.
In this paper we shall study the oscillations of the following nonlinear second-order
dynamic equations with damping

(r(t)Ψ(x(t))x∆(t))∆ + p(t)(x∆(t))σ + q(t)(foxσ(t)) = 0 (2.1)

when Ψ(x(t)), p(t), q(t) and r(t) are positive rd-continuous functions.
We will use some of following assumptions:
(H1)f : R → R is such that f(u)/u ≥ K > 0, uf(u) > 0 for u ̸= 0 and some K > 0,
(H2)0 < c1 ≤ Ψ(v) ≤ c2 for all v,
(H3)

∫∞
t0

( 1
r(t)ce−p(t)

r(t)c

(t, t0))∆t = ∞ , some c > 0.

Our attention is restricted to those solutions of (2.1) which exist on some half-line
[tx,∞) and satisfy sup{|x(t)| : t > T} > 0 for any T ≥ tx . We assume the standing
hypothesis that (2.1) does possess such solutions. A solution x(t) of (2.1) is said to
be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. The equation itself is called oscillatory if all its solutions are
oscillatory.

3. Main results

Theorem 3.1. Assume that (H1) − (H3) holds. Furthermore, assume that there
exist a positive real rd-functions differentiable functions z(t) such that

lim sup
t→∞

∫ t

t0

[
Kz(s)q(s)− c2r(s)A

2(s)

4z(s)

]
∆s = ∞ (3.1)

where

A(t) = z∆(t)− z(t)p(t)

c2rσ(t)
,

then every solution of (2.1) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory solution of (2.1). With-
out loss of generality, we may assume that x(t) > 0 for t ≥ t1 > t0. We shall consider
only this case, since in view of (H2), the proof of the case when x(t) is eventually
negative is similar. Now, we claim that x∆(t) has a fixed sign on the interval [t2,∞)
for some t2 ≥ t1. From (2.1), since q(t) > 0 and f(x(t)) > 0, we have

(r(t)Ψ(x(t))x∆(t))∆ + p(t)x∆σ

(t) = −q(t)f(xσ(t)) < 0,
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i.e.,

(r(t)Ψ(x(t))x∆(t))∆ + p(t)x∆σ

(t) < 0.

By setting y(t) = r(t)Ψ(x(t))x∆(t) , we immediately see that by (H2),

y∆(t) +
p(t)yσ(t)

rσ(t)c2
< 0

, which implies that

(
y(t)e p(t)

c2rσ(t)

)∆

< 0. Then y(t)e p(t)
c2rσ(t)

is decreasing and thus

y(t) is eventually of one sing. Then x∆(t) has a fixed sing for all sufficiently large
t and we have one of the following:
First, we consider x∆(t) ≥ 0 on [t2,∞) for some t2 ≥ t1. Then in view of (2.1) we
have

x(t) > 0, x∆(t) ≥ 0, (r(t)Ψ(x(t))x∆(t))∆ ≤ 0, t ≥ t2. (3.2)

Define the function w(t) by Riccati substitution

w(t) := z(t)
r(t)Ψ(x(t))x∆(t)

x(t)
, t ≥ t2 (3.3)

Then w(t) > 0 and satisfies

w∆(t) =

[
z∆(t)

x(t)

]∆
(r(t)Ψ(x(t))x∆(t))σ +

z(t)

x(t)
(r(t)Ψ(x(t))x∆(t))∆

In view of (2.1) and (3.2) we see that

w∆(t) = z∆(t)
(r(t)Ψ(x(t))x∆(t))σ

xσ(t)
− z(t)x∆(t)

x(t)xσ(t)
(r(t)Ψ(x(t))x∆(t))σ

− z(t)p(t)
(x∆(t))σ

x(t)
− z(t)q(t)

f(xσ(t))

x(t)
(3.4)

However from (3.2), (H1)− (H2) and

r(t)Ψ(x(t))x∆(t) ≥ (r(t)Ψ(x(t))x∆(t))σ, xσ(t) ≥ x(t),

we have

w∆(t) ≤ z∆(t)
wσ(t)

zσ(t)
− z(t)x∆(t)

(r(t)Ψ(x(t))x∆(t))σ
(wσ(t))2 − p(t)z(t)

(r(t)Ψ(x(t))x∆(t))σ

rσ(t)Ψσ(x(t))xσ(t)

− z(t)q(t)
f(xσ(t))

xσ(t)
(3.5)

w∆(t) ≤ −Kz(t)q(t) +A(t)
wσ(t)

zσ(t)
− z(t)

((wσ(t))2

c2(zσ(t))2r(t)
(3.6)

where

A(t) =

[
z∆(t)− z(t)p(t)

c2rσ(t)

]
.
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Then

w∆(t) ≤ −Kz(t)q(t) +
c2r(t)A

2(t)

4z(t)
−

[√
z(t)

c2r(t)

wσ(t)

zσ(t)
− A(t)

2

√
c2r(t)

z(t)

]2

≤ −
[
Kz(t)q(t)− c2r(t)A

2(t)

4z(t)

]
(3.7)

Integration from t3 to t, we obtain

w(t)− w(t3) ≤ −
∫ t

t3

[
Kz(s)q(s)− c2r(s)A

2(s)

4z(s)

]
∆s (3.8)

which yields∫ t

t3

[
Kz(s)q(s)− c2r(s)A

2(s)

4z(s)

]
∆s ≤ w(t3)− w(t) < w(t3),

for all large t. This is contrary to (3.1).
Next, we consider x∆(t) < 0 for t > t2 ≥ t1 .
Define the function u(t) = −r(t)Ψ(x(t))x∆(t). The from (2.1)and (H2)− (H3), we
have

u∆(t) +
p(t)

c1r(t)
u(t) ≥ 0 ⇒ u(t) ≥ u(t2)e −p(t)

c1r(t)

(t, t2),

Thus

x∆(t) ≤ −u(t2)

(
1

c2r(t)
e −p(t)

c1r(t)

(t, t2)

)
. (3.9)

Integrating (3.9 ) from t2 to t, we have

x(t)− x(t2) ≤ r(t2)Ψ(x(t2))x
∆(t2)

∫ t

t2

(
1

c2r(t)
e −p(t)

c1r(t)

(t, t2)

)
∆s.

Condition (H3) implies that x(t) is eventually negative, which is a contradiction.
The proof is complete. �

Corollary 3.2. Assume that (H1)− (H4) hold. If

lim sup
t→∞

∫ t

t0

[
Kq(s)− r(s)p2(s)

4c2(rσ(s))2

]
∆s = ∞ (3.10)

then every solution of (2.1) is oscillatory.

Corollary 3.3. Assume that (H1)− (H3) hold. If

lim sup
t→∞

∫ t

t0

[
Ksq(s)− c2r(s)

4s

(
1− sp(s)

c2rσ(s)

)2
]
∆s = ∞ (3.11)

then every solution of (2.1) is oscillatory.

Example 2.4. Consider the second order dynamic equation(
1

t
(
1

4
+ e−|x(t)|)x∆(t)

)∆

+
1

t2
(x∆(t))σ +

1

t
xσ = 0, t ≥ 1. (3.12)
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The conditions (H1)− (H3) are satisfied. First let consider Corollary 3.2. Assume
that K=1, c2 = 5/4 and T = 2N = {t : t = 2k, k = N}. So we have σ(t) = 2t. It
remains to show condition (3.10), we have

lim sup
t→∞

∫ t

t0

[
Kq(s)− r(s)p2(s)

4c2(rσ(s))2

]
∆s = lim sup

t→∞

∫ t

1

[
1

s
− 4

5s

]
∆s = ∞.

Then, by Corollary 3.2, every solution of (3.12) oscillates. Now let consider Corol-
lary 3.3. Assume that K=1, c2 = 5/4 and T = Z. So we have σ(t) = t. From
condition (3.11),

lim sup
t→∞

∫ t

t0

[
Ksq(s)− c2r(s)

4s

(
1− sp(s)

c2rσ(s)

)2
]
∆s = lim sup

t→∞

∫ t

1

[
1− 1

2s2

]
∆s

=
∞∑
t=1

[
1− 1

2t2

]
= ∞,

then, by Corollary 3.3, every solution of (3.12) oscillates.
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cations, Birkhäuser, Boston, 2001.
[5] M. Bohner, L. Erbe, A. Peterson, Oscillation for second order dynamic equations on time

scale, J. Math., Anal., Appl., 301 (2005) 491-507.
[6] M. Bohner, S.H. Saker, Oscillation of second order nonlinear dynamic equations on time

scales, Rocky Mountain J. Math. 34 (2004) 1239-1254.

[7] E. Thandapani, B.S. Lalli, Oscillation criteria for a second order damped difference equation,
Appl. Math. Lett. 8 (1995) 1-6.
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Oscillation Theorems for Second-Order Damped Dynamic
Equation on Time Scales

M. Tamer Şenel

Department of Mathematics, Faculty of Science, Erciyes University, 38039, Kayseri , TURKEY

Abstract. In this paper, we establish some new oscillation criteria for the second-order damped dynamic equation

(r(t)Ψ(xΔ(t))Δ + p(t)Ψ(xΔ(t))+q(t) f (xσ (t)) = 0, t ∈ T,

where Ψ(t), f (t), p(t),q(t) and r(t) are rd-continuous functions. By using a generalized Riccati transformation and integral
averaging technique, we establish some new sufficient conditions which ensure that every solution of this equation oscillates.

Keywords: Oscillation, Dynamic equations, Time scales
PACS: 02.30.Hq, 04.40.Dg

INTRODUCTION

Much recent attention has been given to dynamic equations on time scales, or measure chains, and we refer the reader
to the landmark paper of S. Hilger [1] for a comprehensive treatment of the subject. Since then, several authors have
expounded on various aspects of this new theory; see the survey paper by Agarwal, Bohner, O’Regan and Peterson
[2]. A book on the subject of time scales by Bohner and Peterson [3] also summarizes and organizes much of the time
scale calculus. The various type oscillation and nonoscillation criteria for solutions of ordinary and dynamic equations
have been studied extensively in a large cycle of works (see, [4-11] ). In [4], Saker, Agarwal, O’Regan considered the
non-linear dynamic equation

(a(t)xΔ(t))Δ + p(t)xΔσ
(t)+q(t) f (xσ (t)) = 0,

where a(t), p(t),q(t) are positive rd-continous functions. They gave some sufficient conditions for oscillation.

In this paper, we shall study the oscillations of the following nonlinear second-order dynamic equations with
damping

(r(t)Ψ(xΔ(t))Δ + p(t)Ψ(xΔ(t))+q(t) f (xσ (t)) = 0, (1)

where Ψ(t), f (t), p(t),q(t) and r(t) are rd-continuous functions.

By using a generalized Riccati transformation and integral averaging technique, we establish some new sufficient
conditions which ensure that every solution of this equation oscillates. Throughout this paper, we will assume the
following hypotheses:
(H1) p(t), q(t) ∈Crd(R,R

+),
(H2) Ψ : T→ R is such that Ψ2(u)≤ κuΨ(u) for κ > 0, u �= 0,
(H3) f : R→ R is such that f (u)

u ≥ λ > 0, and u f (u)> 0, u �= 0,
(H4) r(t) ∈C1

rd([t0,∞),R+),
∫ ∞

t0 (
1

r(t)e−p(t)
r(t)

(t, t0))Δt = ∞.

Our attention is restricted to those solutions of (1) which exist on some half-line [tx,∞) and satisfy sup{|x(t)| : t >
T}> 0 for any T ≥ tx . We assume the standing hypothesis that (1) does possess such solutions. A solution x(t) of (1)
is said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is nonoscillatory. The
equation itself is called oscillatory if all its solutions are oscillatory.
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MAIN RESULTS

Theorem 1. Assume that (H1)− (H4) hold. Furthermore, assume that there exists a positive real rd-functions differ-
entiable functions z(t) such that

limsup
t→∞

∫ t

t0

[
λ z(s)q(s)− κr(s)A2(s)

4z(s)

]
Δs = ∞, (2)

where

A(t) =
[

zΔ(t)− z(t)p(t)
r(t)

]
. (3)

Then every solution of (1) is oscillatory.
Corollary 2. Assume that (H1)− (H4) hold. If

limsup
t→∞

∫ t

t0

[
λq(s)− κ p2(s)

4r(s)

]
Δs = ∞, (4)

then every solution (1) is oscillatory.
Corollary 3. Assume that (H1)− (H4) hold. If

limsup
t→∞

∫ t

t0

[
sγ λq(s)− κ(r(s)(sγ)Δ− sγ p(s))2

4r(s)
κs−γ

]
Δs = ∞, (5)

then every solution (1) is oscillatory.
Example. Consider the dynamic equation(

1
t2

(
xΔ(t)

1+(xΔ(t))2

))Δ

+
1
t2

(
xΔ(t)

1+(xΔ(t))2

)
+

1
t

(
1

xσ (t)

)
= 0, t > 0,

where r(t) = 1
t2 , p(t) = 1

t2 , q(t) = 1
t , Ψ(xΔ) = xΔ(t)

1+(xΔ(t))2 . All conditions of Corollary 3 are satisfied. Hence it is
oscillatory.
Corollary 4. Assume that (H1)− (H4) hold. If

limsup
t→∞

∫ t

t0

[
R(s, t0)λq(s)− κr(s)

4R(s, t0)

(
(R(s, t0))Δ− R(s, t0)p(s)

r(s)

)2
]

Δs = ∞,

where R(t, t0) =
∫ t

t0
1

r(s)Δs, then every solution (1) is oscillatory.

Now, let us introduce the class of functions R which will be extensively used in the sequel. Let D0 ≡ {(t,s) ∈ T
2 : t >

s≥ t0} and D≡ {(t,s) ∈ T
2 : t ≥ s≥ t0}. The function H ∈Crd(D,R) is said belongs to the class R if

(i)H(t, t) = 0, t ≥ t0, H(t,s)> 0, on D0,
(ii) H has a continuous Δ-partial derivative HΔ

s (t,s) on D0 with respect to the second variable.(H is rd-continuous
function if H is rd-continuous function in t and s.)
Theorem 5. Assume that (H1)− (H4) hold.Let z(t) be positive real rd-functions differentiable function and let
H : D→ R be rd-continuous function such that H belongs to the class R and where

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
H(t,s)λ z(s)q(s)− κr(s)(ϕ(t,s))2

4z(s)H(t,s)

]
Δs = ∞, (6)

ϕ(t,s) = zσ (s)HΔ
s (t,s)+H(t,s)A(s).

Then every solution of (1) is oscillatory.
Corollary 6. Suppose that the assumptions of Theorem 5 hold. If

limsup
t→∞

1
H(t, t2)

∫ t

t2
H(t,s)

[
λq(s)− κr(s)

4z(s)

(
HΔ

s (t,s)
H(t,s)

− p(s)
r(s)

)2
]

Δs = ∞,
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then every solution of (1) is oscillatory.
Corollary 7. Let the assumption (6) in Theorem 5 be replaced by

limsup
t→∞

1
H(t, t0)

∫ t

t0
H(t,s)λ z(s)q(s) = ∞,

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
r(s)

z(s)H(t,s)

(
H(t,s)A(s)+ zσ (s)HΔ

s (t,s)
)2

]
Δs < ∞.

Then every solution of (1) is oscillatory.

Now, suppose that p(t) = 0.
Theorem 8. Assume that (H1)−(H4) hold. Furthermore, assume that there exists a positive real rd-continuous function
z(t) such that

limsup
t→∞

∫ t

t0

[
λ z(s)q(s)− κr(s)

4z(s)
(zΔ(s))2

]
Δs = ∞, (7)

then every solution of Eq. (1) is oscillatory.
Corollary 9. Assume that (H1)− (H4) hold. If

limsup
t→∞

∫ t

t0
λq(s)Δs = ∞, (8)

then equation (1) is oscillatory.
Theorem 10. Assume that (H1)− (H4) hold.Let z(t) be positive real rd-functions differentiable function and let
H : D→ R be rd-continuous function such that H belongs to the class R . If

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
H(t,s)λ z(s)q(s)− κr(s)C2(t,s)

4z(s)H(t,s)

]
Δs = ∞,

where

C(t,s) = zσ (s)HΔ
s (t,s)+H(t,s)zΔ(s),

then equation (1) is oscillatory.
Corollary 11. Assume that (H1)− (H4) hold. Let z(t) = 1. If

limsup
t→∞

1
H(t, t0)

∫ t

t0

(
λH(t,s)q(s)−κr(s)(HΔ

s (t,s))
2
)

Δs = ∞,

then every solution of (1) is oscillatory.

We assume that f : R→ R is such that f ′(u)≥ k for u �= 0 and some k > 0.
Theorem 12. Assume that (H1)− (H4) hold. Furthermore, assume that there exists a positive real rd-continuous
function z(t) such that

limsup
t→∞

∫ t

t0

[
z(s)q(s)− κr(s)A2(s)

4kz(s)

]
Δs = ∞, (9)

where A(t) is as defined Theorem 1. Then every solution of (1) is oscillatory.
Theorem 13. Assume that (H1)− (H4) hold. Let z(t) be positive real rd-functions differentiable function and let
H : D→ R be rd-continuous function such that H belongs to the class R and

limsup
t→∞

1
H(t, t0)

∫ t

t0

[
H(t,s)z(s)q(s)− κr(s)

4kz(s)H(t,s)
B2(t,s)

]
Δ(s) = ∞, (10)

B(t,s) = H(t,s)A(t)+HΔ
s (t,s)

and A(t) is same as Theorem 1. Then every solution of (1) is oscillatory.
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Abstract

Much recent attention has been given to dynamic equations on time scales, or measure chains, and

we refer the reader to the landmark paper of S. Hilger [1] for a comprehensive treatment of the subject.

A book on the subject of time scales by Bohner and Peterson [2] also summarizes and organizes much of

the time scale calculus.

In this paper we shall study the oscillations of the following nonlinear second-order dynamic equations

with damping

(r(t)Ψ(x∆(t))∆ + p(t)Ψ(x∆(t)) + q(t)f(xσ(t)) = 0, t ∈ T, (1)

where Ψ(t), f(t), p(t), q(t) and r(t) are rd-continuous functions. By using a generalized Riccati transfor-

mation and integral averaging technique, we establish some new sufficient conditions which ensure that

every solution of this equation oscillates. Throughout this paper, we will assume the following hypotheses:

(H1) p(t), q(t) ∈ Crd(R,R+),

(H2) Ψ : T→ R is such that Ψ2(u) ≤ κuΨ(u) for κ > 0, u 6= 0,

(H3) f : R→ R is such that f(u)
u ≥ λ > 0, and uf(u) > 0, u 6= 0,

(H4) r(t) ∈ C1
rd([t0,∞),R+),

∫∞
t0

( 1
r(t)e−p(t)

r(t)

(t, t0))∆t =∞.
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