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ABSTRACT 

 

The purpose of this thesis, which consists of four chapters, is to examine  some logistic 

equations under spesific conditions as several population models and to  investigate the 

local and global behavior of solutions for these equations. In addition, our goal is to  

show the importance of models whose population density are low.  

The first chapter presents, briefly, the history of logistic differential equations and their 

modelling.  

The second chapter illustrates fundamental definitions and theorems about  difference 

and differential equations and explains their stability theory. In the sub sections of this 

chapter  a logistic differential equation has been produced  and it has been applied to 

examine the local behavior of the solutions of this equation. Euler and Runge-Kutta 

methods has been applied to this equation and difference equations have been obtained. 

The local stability of solutions of these difference equations have been investigated and 

the results have been compared with  the solutions of the differential equation.   

In the third chapter, we examine the behaviors of the solutions of the equations  

 

dx t

dt
= r x t 1 x t 0 x t 1 x t 1   

and 

 

dx (t)

dt
= x t r 1 x t 0x t 1x t 1 + 1x t + 2x t 1   
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with and without Allee effect, where  , 0 , 1,  1, 2  and  r are positive real numbers,  

t   denotes the integer part of t [0, ) and t defines the time. The graphical 

presentation of these  results have been provided.  

The last chapter gives fundamental definitions and theorems about delay logistic 

differential equations.  It illustrates the local and global behavior of the differential 

equations  

 

dx (t)

dt
= rx t 1 x t x t + x t   

 

and 

 

dx (t)

dt
= rx t 1 x t x t + x t   

 

with and without Allee effect, where  ,   are known real numbers,  r, R 0   and  

> 0 is delay time. The results have been presented graphically.  

 

Key words: logistic differential equation; difference equation; local asymptotic 

stability; global asymptotic stability; Allee effect. 
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1.  

 

 

Fibonacci,  

 

           (1.1) 

 

ikinci mertebed     

bir 

modelleme biyolojik 

olarak kabul edilmektedir [1-3].  

 

Euler [4] ve daha  sonlu fark analizi ile ilgili 

ifere

kuracak    

 

1801-

vs.),  ,  da 

   

 

                                       (1.2) 

 



 

 

 

 

2 

ifere

 [7,8].  

 

1826- st  bir 

sonrakini e  

 

P t + 1 = r P t                                                  (1.3) 

 

fark  P t

, P t + 1  

. Bu model incel

besini her zaman kendisine yeterli 

(  

Verhults , bi  o 

,  lojistik denklem 

olarak bilinen  

 

P t + 1 = r P t
K P t

K
                                               (1.4) 

 

-11].  

 

Lojistik difere

nsiyel denklemin 

 

uygulanmaya    

lojistik difere totlar 

Geri 

Fark (Backward difference), ark (Forward Difference) ve Runge-Kutta 

.   

 



                                       (1.5) 

 Orta Nokta Euler metodu , 

diferensiyel denk  hayali (spurious) kritik 

p  [12].   parametresinin 

 kritik noktalardan 

, Orta Nokta Euler metodunun bu denkleme 

denklemin in 

Yine [13-15],  difere i Fark 

   hem diferensiyel denklem 

hem de elde edilen yeni denklemin ,   

ifere  ,  ancak ark ile elde 

edilen  denklemin ni  

 

Geri Fark 

,  diferensiyel 

metotla    

 

 fark nsiyel denklemlerin 

eer olmayan 

difere

problemleri de beraberinde getirmektedir  [12-20].  

 

 K. Grote ve R. Meyer-Spasche [21], bu metotlarla birlikte Runge-Kutta metodunu tek 

parametreli bir lojistik difere , elde edilen  

merik ve  grafiksel olarak 

lojistik difere

 ve  Runge-  

belirli fikirler elde edilirken,  bu 

metotlar  .  

 

Lojistik difere

modelleme de , denklemin d   



  

 

 

 

  ve                                   (1.6)    

 

 

 

                           (1.7) 

 

ferensiyel denklem     

 (1.7) denkleminin 

 

                           (1.8) 

 

 

  da  

 iken (1.8  

Y. Muroya [24] ,  

 

                                     (1.9) 

 

                                  (1.10) 

 

formunda ele al  (1.7) denklemin global asimptotik 

n . Y. Muroya [25-26] 

 W. Wang . G. Seifert ise 

[28 de (1.7   

   ise    



 

 

 

 

5 

 (1.7) diferensiyel 

denkleminin ilave 

lerdir [29].  

 

-36], r   

 

dN t

dt
= r N t 1 bN t ,   t > 0,

N 0 = N0 > 0,   
                               (1.11) 

 

difere

. K. Gopalsamy, (1.11) diferensiyel denkleminin 

r 2 

]. Yine K. Gopalsamy, V n = x n x 2 

Lyapun ) denkleminin 

]. Y. Muroya ve Y. Kato [39], (1.11) denklemini 

 

 

dN t

dt
= r N t 1 aN t bN t ,   t > 0,

N 0 = N0 > 0,   
                               (1.12) 

 

  Y. Muroya, r t , 0,   

r t 0, bj
m
j=0 > 0  ve a + b0 > bj

m
j=1    

 

  

dN t

dt
= r t N t 1 aN t bj

m
j=0 N n j ,   n t < n + 1,

N 0 = N0 > 0,   N j = N j 0,   j = 1, 2, , m,     m 1
            (1.13)  

 

 [40]. 

 

Yine Y. Muroya [41],  r t  , [0, ) 

r t 0, a t 0 ve b t > 0  

 



 

 

 

 

6 

dN t

dt
= N t r t a t N t b t N t , n  t < n + 1,

N 0 = N0 > 0,   
          (1.14) 

 

prob  

 

J.H. Shen ve I.P. Stavroulakis  [42], a t , b t [ 1, )   ve  b t 0  

 

dy

dt
+ a t y t + b t y t 1 = 0                             (1.22) 

 

 lojistik diferensiyel denkleminin  

-46  

 

  

 

xi k + 1 = xi k exp ri k aij
lm

l=0
n
j=1 k xj k l ,    i = 1,2, , n            (1.23) 

 

]. Burada, xi k , k. 

jenerasyonun i. ri k , k. jenerasyonun i. 

aij k , i. . -l). 

irini etkileyen 

[48 de  

 

Z. Luo ve J. Shen [49], (1.22) denklemi   

 

dx

dt
+ a t x t + b t x t k = 0                                 (1.24) 

 

diferensiyel denklemin . 

 

da   . Burada Allee 

[50], . Her ne kadar 

l



 [51]. Buna ilave 

 Allee etkisinin   [52-

61].  

 

 [62  

 

                                        (1.25) 

 

lasyon modelinin yerel  siz ve Allee etkili 

  da   

 

Bir 

   

a

 

ile ilgili olarak  Hutchinson [63], r

 

 

                                    (1.26) 

 

 

 [64-68].  

 

Hutchinson denklemini i ve genel bir denklem elde eden  K. 

Gopalsamy  [38],    

 

                         (1.27)     



difere  

ve 

 

 

Bu konuda  bir   bilinen bir parametre ve de bilinmeyen bir parametre 

 

                         (1.28) 

 

diferensiyel  denklemin  analizidir [69-

73].  

 

E.C. Pielou [74,75], 

 

                                   (1.29) 

 

diferensiyel denklemini ve  inceleyerek denklemlerdeki 

p rmeye 

  teorik -79] ve laboratuvar 

[80]   

 

M.P. Chen ve J.S. Yu [81], (1.29) diferensiyel denklemin daha genel hali olan  

 

                             (1.30) 

 

diferensiyel denkleminden  

 

                                                   (1.31) 

 

fark denklemin

 delay) lojistik diferensiyel denklemin 

n -85    



Allee etki il dir [86-

92].  ,  

i

zere 

 

                         (1.32) 

 

difere yerel 

(1.32

etkisiz diferensiyel 

1] .  

 

B lojistik diferensiyel denklemler  birer  

yerel ve global 

.  

 

 

, rulan bir lojistik diferens yerel 

 Euler  ve Runge-Kutta metotlar  fark 

  elde 

edilen re  

  

 

te ise yeni lojistik diferensiyel 

denklem

Bu denklemlerin  diferensiyel 

denklemin  

  

  lojistik diferensiyel 
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denklemlere t zaman ulanarak elde edilen yeni 

difere  Allee etkili yerel ve gl

 bulunan  lojistik difere

.  olarak  

 

ojistik diferensiyel 

te . Denklemin 

nsiyel denklemlerin denge 

yerel   

geometrik olarak . Ayr  lojistik denklemlere 

  Allee etkisi ile 

.   



 

 

 

 

 

2  

 

KAVRAMLAR VE UYGULAMALAR 

 

nsiyel denklemler ve fark denklemler ile ilgili temel kavramlara 

yer verilecektir. Ay nsiyel denkleminin Euler 

metot leri Fark, Geri Fark ve Runge- elde edilen fark 

denklemlerinin i hem teorik hem de geometrik olarak mukayese edilecektir.  

 

2.1. Diferensiyel Denklem V    

 

rda diferensiyel denklemler ve fark denklemler ile 

, teorem . 

 

 

yani  

 

x0 = 0   

 

olan   x0  
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dx

dt
= f(x)                                                     (2.1.2) 

 

x0  

 

i) x0 > 0  ise,  

ii) x0 < 0  

 

p n   ve q n  birinci 

mertebeden lineer fark denklemi  

 

y n + 1 = p n y n + q n                                 (2.1.3) 

 

 

p n = 1  

 

y n = q n                                              (2.1.4) 

 

 

q n = 0 olm homogendir, aksi taktirde homogen 

 

 

 

mertebeden 

 

y k + n = f k, y k , , y k + n 1                               (2.1.5) 

 

fark de y 0 , y 1 , , y n 1  

  

 

I  f: I I I 

mertebeden  
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y k + 1 = f k, y k                                        (2.1.6) 

fark denklemi ile birlikte y ko = yk0
 

denir. 

 

q n = 0 , y 0 =  

n 0  

 

y n = p kn 1
k=0 y 0 = p kn 1

k=0                        (2.1.7) 

 

elde edilir. 

n 0  

 

y n + 1 = p n y n + q n ,      y 0 =                        (2.1.8) 

 

 

 

y n = p kn 1
k=0 + q j p kn 1

k=j+1
n 2
j=0 + q n 1             (2.1.9) 

 

p n = a  ve q n = b n   

 

y n + 1 = ay n + b n  ,   y 0 = y0                         (2.1.10) 

 

 

 

y n = an y 0 + an 1 kn 1
k=0 b k                                 (2.1.11) 

 

b n = b  

 

y n = an y 0 + b
1 an

1 a
                                           (2.1.12) 

 

 

 



, ,  ve  

ikinci mertebeden homogen olmayan lineer fark denklemi 

 

                            (2.1.13) 

 

 ise bu denkleme homogendir denir  [97]. 

 

   

 

                                (2.1.14) 

 

 formunda bir 

 

 

                                           (2.1.15) 

 

 

 ise   ise; 

i)  Karakte  

 

 

(2.1.16) 

dir. 

ii) ) 

 

 

                                      (2.1.17) 

 

iii) Karakteristik nin  ve  gibi kompleks 

   

(2.1.14) d  
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y n = n A1cosn + A2sinn                                     (2.1.18)   

  

 

              

I  f C1[I I, I]   

 

y n + 1 = f y n , y n 1                                         (2.1.19) 

 

fark denkleminde y = f y, y   y I  

denir [98].  

 

Lineer olmayan (2.1.19) fark denklemi f u, v    

 

 

s =
f y ,y

u
    ve   t =

f y,y

v
                                         (2.1.20) 

 

 

 

x n + 1 sx n tx n 1 = 0                               (2.1.21) 

 

denklemine (2.1.19) denkleminin y 

denir [98]. (2.1.21) denklemin karakteristik denklemi ise, 

 

2 s t = 0                                             (2.1.22) 

 

 

i)   | 1,2| < 1 ise, bu 

taktirde  y denir. 

ii) 1,2 > 1 ise, bu 

taktirde  y denir [99]. 

 

-  
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f  fonksiyonu   xy-     bir D     bir  fonksiyon ve t,    

t + h, t h a, b D  

 

dy

dt
= f t, y                                                     (2.1.23) 

 

metodu

 

 

dy

dt

y t+h y t

h
                                                  (2.1.24) 

 

 

 

y t + h y t + hf t, y                                       (2.1.25) 

 

       Zaman     ile   h            t0 ,    t1   = t0 + h,   

  t2 = t0 + 2h,  

 

y ti+1 = y ti + hf ti , y ti                                   (2.1.26)    

  

dir.  

 

 

 

dy

dt

y t y t h

h
                                                   (2.1.27)    

     

 

 

   y ti+1 = y ti + hf ti+1 , y ti+1                               (2.1.28) 

 

Geri Euler metodu  [100].      
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(2.1.23) diferensiyel denklemin Orta Nokta Euler metodu 

Runge-Kutta metodu  

 

k1 = f ti , y ti , 

 

k2 = f ti +
h

2
, y ti +

h

2
k1  

 

 

 

y ti+1 = y ti + hk2                                     (2.1.29) 

 

dir [101]. 

 

verilecektir. 

 

Bifurcation teorisinde 

diferensiyel denklemdeki normal formu 

 

dx

dt
= rx x2                                                (2.1.30) 

 

 

 

 

 

2.2. Bir Lojistik Dif nalizi 
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dx t

dt
= rx t 1 k  x tn

k=0 + k  x tn
k=0                           (2.2.1) 

 

k (k = 1,2, , n) ve r pozitif reel 

k(k = 1, 2, , n) ler 

k(k = 1,2, , n) k(k = 1, 2, , n) ler de bir 

 

 

 bir Bernoulli diferensiyel 

denklem olup 

 

dx t

dt
r + k  n

k=0 x t = r k  x t
2n

k=0                           (2.2.2) 

 

 

 

m = 2 u t = x t
1 m

   

 

du t

dt
+ r + k  n

k=0 u t = r k  n
k=0                           (2.2.3) 

 

 

 

x t =
r+ k  n

k =0

r k  n
k=0 +C r+ k  n

k=0 e
r+ k  n

k =0 t
                              (2.2.4) 

 

 

x 0 = x0                                                    (2.2.5) 

 

b  
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 C =
r+ k  n

k =0 x0r k  n
k=0

x0 r+ k  n
k =0

                                               (2.2.6) 

 

 

x t =
x0 r+ k  n

k=0

r+ k  n
k =0 +r k  x0

n
k=0 1 e

r+ k  n
k =0 t

                              (2.2.7) 

 

dir. 

 

 

x1 = 0   ve        x2 =
r+ k  n

k =0

r k  n
k=0

                                     (2.2.8) 

 

olarak elde edilir.  

 

 

 

dx t

dt
= f(x t )                                             ( 2.2.9) 

 

 

 

df (x t )

dx (t)
= k  n

k=0 + r 2r k  x tn
k=0                       (2.2.10) 

 

dir. 

 

x1 = 0    

 

f x1 = k  n
k=0 + r                                        (2.2.11) 

 

i(i = 1, 2, , n) ler  
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f x1 = k  n
k=0 + r < 0                                  (2.2.12) 

 

ise bu taktirde x1  

 

f x1 = k  n
k=0 + r > 0                                  (2.2.13) 

 

 

x2 =
r+ k  n

k =0

r k  n
k=0

   

 

 

f x2 = k  n
k=0 + r                                  (2.2.14) 

 

x2  

U= k  n
k=0 + r   

i)  x1 = 0   

 

 

ii) x2 =
r+ k  n

k=0

r k  n
k =0

    

 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3 
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x1 = 0   

. 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2 yel 

x2 =
r+ k  n

k=0

r k  n
k =0

 

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2 

 

 

2.3. (2.2.1) Lojistik Diferensiyel 

nalizi 

 

Euler metodu (2.2.1)  lojistik diferensiyel denkleme  uygulanacak ve  

geometrik olarak  

 

 

 

 x t + 1 = x t + h rx t 1 k  x tn
k=0 + k  x tn

k=0           (2.3.1) 
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F x t =
df x t

dx
= 1 + h r + k  n

k=0 2r k  x tn
k=0              (2.3.2) 

 

 

 

 x t = x1 = 0    

 

F 0 = 1 + h r + k  n
k=0                                       (2.3.3) 

 

elde edilir.  

 

F 0 = 1 + h r + k  n
k=0 < 1                            (2.3.4) 

 

x1 = 0   

 

 

a) 1 + h r + k  x tn
k=0 < 1 

b) 1 < 1 + h r + k  x tn
k=0  

 

 

 

h r + k  n
k=0 < 0                                        (2.3.5) 

 

r + k  x tn
k=0 < 0  

 

 

 

2 < h r + k  n
k=0                                         (2.3.6) 

 

 

r + k  n
k=0

2

h
, 0                                       (2.3.7) 

 

bulunur. 
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x1 = 0    

 

F 0 = 1 + h r + k  n
k=0 > 1                               (2.3.8) 

 

 

 

 1 + h r + k  n
k=0  > 1                                        (2.3.9) 

 

veya 

 1 + h r + k  n
k=0 < 1                                    (2.3.10) 

 

 

 

r + k  n
k=0 > 0 h + 

x1 = 0 r + k  n
k=0 < 0  

   

 r + k  n
k=0 ,

2

h
                                    (2.3.11) 

 

 

 

 x1 = 0 

 

 

r + k  n
k=0 > 0 h +  

nsiyeli x2 =
r+ k  n

k =0

r k  n
k=0

   

 

F x2 = 1 h r + k  n
k=0                                    (2.3.12) 

 

bulunur.    
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F x2 = 1 h r + k  n
k=0 < 1                          (2.3.13) 

 

 r + k  n
k=0 > 0  

 

r + k  n
k=0 0,

2

h
                                         (2.3.14) 

 

ise, bu taktirde x2  

 

F x2 = 1 h r + k  n
k=0 > 1                             (2.3.15) 

 

   r + k  n
k=0 > 0   

 

r + k  n
k=0

2

h
,                                    (2.3.16) 

 

r + k  n
k=0 < 0   h +  

 

U= k  n
k=0 + r   

i) x1  

 

 

ii) x2    

 

 

r. 
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(2.3.1) fark               

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3

x1 = 0   

. 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3, h = 0.5 

 

 

               

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 8

denkleminin  x1 = 0   

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 8, h = 0.5 

 

 

              

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1 

x2 =
r+ k  n

k =0

r k  n
k =0

  denge nok

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1, h = 0.5 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3.5

denkleminin x2 =
r+ k  n

k=0

r k  n
k =0

  

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3.5, h = 0.5 

 

 

2.4. (2.2.1)  Lojistik Difere

nalizi 

 

 Euler metodu (2.2.1)  lojistik diferensiyel denkleme uygulanacak ve  

geometrik olarak   

 

(2.2.1) difere

 

 

x t + 1 = x t + h rx t + 1 1 k  x t + 1n
k=0 + k  x t + 1n

k=0           (2.4.1) 

 

fark denklemi elde edilir. 

 

Bu denklem 
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rh k  n
k=0 x t + 1

2
+ 1 rh h k  n

k=0 x t + 1 x t = 0                  (2.4.2) 

 

 

 

x t + 1 =
h r+ k  n

k=0 1+ h r+ k  n
k =0 1

2
+4rh k  n

k =0 x t

2rh k  n
k =0

                 (2.4.3) 

 

 

 

 

 

G x t =
dg x t

dx
=

1

h r+ k  n
k=0 1

2
+4rh k  n

k=0 x t

                   (2.4.4) 

 

elde edilir.  

 

 

 

G 0 =
1

h r+ k  n
k=0 1

2
< 1                           (2.4.5) 

 

ise,   

 

 

 

1 < h r + k  n
k=0 1

2
                           (2.4.6) 

 

 

 

h r + k  n
k=0 h r + k  n

k=0 2 > 0                      (2.4.7) 
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r + k  n
k=0 , 0

2

h
,                             (2.4.8) 

 

 

 

x1 = 0     

 

G 0 =
1

h r+ k  n
k=0 1

2
> 1                            (2.4.9) 

 

olursa 

 

1 > h r + k  n
k=0 1 2                               (2.4.10) 

 

olup 

 

h r + k  n
k=0 h r + k  n

k=0 2 < 0                      (2.4.11) 

 

 

 

 

 

r + k  n
k=0 0,

2

h
                                   (2.4.12) 

 

ise,  

 

x2   

 

G
r+ k  n

k =0

r k  n
k =0

=
1

h r+ k  n
k=0 1

2
+4h r+ k  n

k =0

                        (2.4.13) 



 

 

32

olup 

G
r+ k  n

k=0

r k  n
k =0

=
1

h r+ k  n
k =0 1

2
+4h r+ k  n

k=0

< 1             (2.4.14) 

 

ise, x2  

 

 

 

r + k  n
k=0 ,

2

h
0,                    (2.4.15) 

 

ise,  x2    

 

G
r+ k  n

k =0

r k  n
k=0

=
1

h r+ k  n
k=0 1

2
+4h r+ k  n

k =0

> 1            (2.4.16) 

 

e  

 

r + k  n
k=0

2

h
, 0                               (2.4.17) 

 

ise,  

 

U= k  n
k=0 + r   

i) x1  

 

ii) x2   
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. 

 

              

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 8

x1 = 0   

. 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 8, h = 0.5 

 

 

 

               

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1
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x2 =
r+ k  n

k=0

r k  n
k =0

   

. 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1, h = 0.5 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3, h = 0.5 

x1 = 0  denge  nok

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3, h = 0.5 

(2.4.3) fark  

 

              

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2.5  (2.4.3) fark 

x2 =
r+ k  n

k=0

r k  n
k =0

   denge  nok

. 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2.5, h = 0.5 

 

 

2.5. (2.2.1) Lojistik Diferensiyel Denklemin Runge-

nalizi 

 

Runge-Kutta) metodu (2.2.1)  lojistik diferensiyel 

denkleme 

incel  

 

(2.2.1) diferensiyel denkleme Runge-Kutta 

 

 

x t + 1 = x t + h x t
rh

2

rh

2 k
n
k=0 x t +

h

2 k + 1n
k=0   

 

r r k x t
rh

2

rh

2 k
n
k=0 x t +

h

2 k + 1n
k=0 + k

n
k=0

n
k=0         (2.5.1) 
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elde edilir. Bu  

 

x3 =
2

rh k
n
k=0

    ve     x4 =
r+ k

n
k=0

r k
n
k =0

+
2

rh k
n
k=0

                   (2.5.2) 

 

h  x3  ve x4 denge 

x1 ve   x2 

 

 

 

 

H x =
dh x

dx
= 1 + h

rh

2
rh k

n
k=0 x +

h

2 k + 1n
k=0   

r r k x
rh

2

rh

2 k
n
k=0 x +

h

2 k + 1n
k=0 + k

n
k=0

n
k=0   

r k
n
k=0

rh

2

rh

2 k
n
k=0 x +

h

2 k + 1n
k=0   

rh

2
rh k

n
k=0 x +

h

2 k + 1n
k=0                                                                    (2.5.3) 

 

dir. 

 

 

i) x1 = 0 en  

 

H 0 = 1 + h r + k
n
k=0

rh

2
+

h

2 k + 1n
k=0   

                      r k
n
k=0

rh

2
+

h

2 k + 1n
k=0

2

                                                    (2.5.4) 

 

bulunur. 

 

x1 = 0  

 

H 0 < 1                                                (2.5.4) 
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a) H 0 < 1 

b) H 0 > 1 

 

 

(a) U = r + k
n
k=0  

 

h

2
1

rh

2 k
n
k=0 U 2 + 1 rh k

n
k=0 U r k

n
k=0 < 0              (2.5.5) 

 

1= 1    

 

 

1

r k
n
k =0

< h <
2

r k
n
k =0

                                               (2.5.6) 

 

 

 

r + k
n
k=0 = U

2

h
,

2r k
n
k=0

2 rh k
n
k=0

                            (2.5.7) 

 

dir. 

 

(b)     2= 3 + 2rh k
n
k=0    

 

h

2
1

rh

2 k
n
k=0 U 2 + 1 rh k

n
k=0 U r k

n
k=0 +

2

h
> 0      (2.5.8) 

 

 

 

 

 

2

r k
n
k =0

> h >
3

2r k
n
k=0

>
1

r k
n
k =0

                                (2.5.9) 
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r + k
n
k=0 = U ,

rh k
n
k=0 1 2

h

2
2 rh k

n
k =0

rh k
n
k =0 1+ 2

h

2
2 rh k

n
k =0

,         (2.5.10) 

 

elde edilir. 

 

 

 

r + k
n
k=0

2

h
,

rh k
n
k=0 1 2

h

2
2 rh k

n
k =0

rh k
n
k =0 1+ 2

h

2
2 rh k

n
k =0

,
2r k

n
k=0

2 rh k
n
k=0

(2.5.11)   

    

ise,  x1 = 0   

 

 

H 0 > 1                                                (2.5.12) 

 

ise,  x1 = 0 denge   

a) H 0 > 1 

b)  H 0 < 1 

 

(a)  

 

h

2
1

rh

2 k
n
k=0 U 2 + 1 rh k

n
k=0 U r k

n
k=0 > 0              (2.5.13) 

 

 

 

r + k
n
k=0 = U ,

2

h

2r k
n
k=0

2 rh k
n
k =0

,                             (2.5.14) 

 

elde edilir. 

(b)  

 

h

2
1

rh

2 k
n
k=0 U 2 + 1 rh k

n
k=0 U r k

n
k=0 +

2

h
< 0       (2.5.15) 
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r + k
n
k=0 = U

rh k
n
k =0 1 2

h

2
2 rh k

n
k=0

,
rh k

n
k =0 1+ 2

h

2
2 rh k

n
k=0

           (2.5.16) 

 

 

 

U ,
2

h

rh k
n
k =0 1 2

h

2
2 rh k

n
k =0

,
rh k

n
k =0 1+ 2

h

2
2 rh k

n
k=0

2r k
n
k =0

2 rh k
n
k =0

,     (2.5.17) 

 

 x1  = 0   

 

rh k
n
k =0 1 2

h

2
2 rh k

n
k =0

= U1  , 
rh k

n
k =0 1+ 2

h

2
2 rh k

n
k =0

= U2 ve 
2r k

n
k =0

2 rh k
n
k =0

= U3     (2.5.18) 

 

 x1  = 0  

 

 

. 

 

r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 2

x1 = 0   . 
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r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2, h = 1.6 

 

 

ii) x2    

 

 H x2 = 1 h 1
rh

2

h

2 k
n
k=0   

                r k
n
k=0 + k

n
k=0 + r k k

n
k=0

n
k=0                                        (2.5.19) 

x2  

 

H
r+ k

n
k=0

r k
n
k =0

< 1                                      (2.5.20) 

 

 

 

H
r+ k

n
k =0

r k
n
k=0

< 1                                       (2.5.21) 
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r + k
n
k=0 = U ,

2

h
                                   (2.5.22) 

 

elde edilir. 

 

H
r+ k

n
k =0

r k
n
k=0

> 1                                           (2.5.23) 

 

 

 

r + k
n
k=0 = U

2hr k
n
k=0 4

h2r k
n
k =0

,                              (2.5.24) 

 

bulunur.  

 

r + k
n
k=0 = U

2hr k
n
k =0 4

h2r k
n
k=0

,
2

h
                            (2.5.25) 

 

 

  

H
r+ k

n
k =0

r k
n
k=0

> 1                                       (2.5.26) 

 

ise,  x2  

 

 

 H
r+ k

n
k=0

r k
n
k =0

> 1                                           (2.5.27) 

 

 

 

r + k
n
k=0 = U

2

h
,                                 (2.5.28) 

 

dur. 
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H
r+ k

n
k=0

r k
n
k =0

< 1                                  (2.5.29) 

 

e  

 

r + k
n
k=0 ,

2hr k
n
k=0 4

h2r k
n
k =0

                       (2.5.30) 

 

 

 

r + k
n
k=0 ,

2hr k
n
k=0 4

h2r k
n
k =0

2

h
,                   (2.5.31) 

 

x2  

 

2hr k
n
k =0 4

h2r k
n
k=0

= U4                                       (2.5.31) 

 

 x2 

 

 

. 

 

r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9

x2 =
r+ k  n

k=0

r k  n
k =0

   . 



 

 

44

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9, h = 1.6 

 

 

iii) x3  

 

H
2

rh k
n
k =0

= 1 + h
rh

2
+

h

2 k 1n
k=0 r

2

h

rh

2
+

h

2 k
n
k=0 + k

n
k=0   

                            r k
n
k=0

rh

2
+

h

2 k
n
k=0

rh

2
+

h

2 k 1n
k=0   

 

dir. Bu durumda  

 

H
2

rh k
n
k=0

< 1                                               (2.5.32) 

 

ise,  x3 r + k
n
k=0

 

 

r + k
n
k=0

h

2
r + k

n
k=0 1 > 0                                  (2.5.33) 
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en 

 

r + k
n
k=0 = U , 0

2

h
,                                  (2.5.34) 

 

 

 

 

r
h3

4 k
n
k=0 U 2 r

h2

2 k
n
k=0 U 2 < 0          (2.5.35) 

 

en 

 

5= r
h2

2 k
n
k=0

2

+ 2rh3
k

n
k=0 > 0                      (2.5.36) 

 

olup 

 

r + k
n
k=0 = U

r
h 2

2 k
n
k =0 5

r
h3

2 k
n
k =0

,
r

h2

2 k
n
k =0 + 5

r
h3

2 k
n
k =0

               (2.5.37) 

 

 

 

r + k
n
k=0 = U

r
h2

2 k
n
k =0 5

r
h 3

2 k
n
k =0

, 0
2

h
,

r
h 2

2 k
n
k =0 + 5

r
h 3

2 k
n
k =0

                       (2.5.38) 

 

 

  x3    

 

H
2

rh k
n
k=0

> 1                                     (2.5.39) 
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H
2

rh k
n
k=0

> 1                                    (2.5.40) 

 

e siz  

 

r + k
n
k=0 0,

2

h
                                       (2.5.41) 

 

ve 

 

H
2

rh k
n
k =0

< 1                                (2.5.42) 

 

e  

 

r + k
n
k=0 ,

r
h2

2 k
n
k =0 5

r
h3

2 k
n
k =0

r
h 2

2 k
n
k =0 + 5

r
h 3

2 k
n
k =0

,             (2.5.43) 

 

elde edilir. (2.5.41) ve (2.5.43) birlikte dikka  

 

r + k
n
k=0 ,

r
h 2

2 k
n
k =0 5

r
h 3

2 k
n
k =0

0,
2

h

r
h2

2 k
n
k=0 + 5

r
h3

2 k
n
k=0

,                (2.5.44) 

 

bulunur. Burada  

 

r
h2

2 k
n
k =0 5

r
h3

2 k
n
k=0

= U6    ve   
r

h2

2 k
n
k =0 + 5

r
h3

2 k
n
k =0

= U7                  (2.5.45) 

 

 x3 
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r. 

 

r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 1.5

x3 =
2

rh k
n
k =0

  denge nok . 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.5, h = 5 

 

 

iv) Son olarak  x4   
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H
r+ k

n
k =0

r k
n
k=0

+
2

rh k
n
k=0

= 1 h
rh

2
+

h

2 k + 1n
k=0 2r + 2 k

n
k=0 +

h

2
  

                                             + r k
n
k=0

rh

2
+

h

2 k + 1n
k=0                         (2.5.46) 

 

x4     

               

H
r+ k

n
k =0

r k
n
k=0

+
2

rh k
n
k=0

< 1                                  (2.5.47) 

 

 

 

H
r+ k

n
k =0

r k
n
k=0

+
2

rh k
n
k=0

< 1                                    (2.5.48) 

 

 

 

h U 2 +
h2

4
+ 2 +

rh

2 k
n
k=0 U + r k

n
k=0 +

h

2
> 0               (2.5.49) 

 

 

 

6=
h

2

h

2
+ r k

n
k=0 2

2

> 0                      (2.5.50) 

 

olup 

 

r + k
n
k=0 ,

h

2
+r k

n
k =0

2

2

h
,               (2.5.51) 

 

elde edilir. 

 

 

H
r+ k

n
k=0

r k
n
k =0

+
2

rh k
n
k=0

> 1                          (2.5.52)  
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    h U 2 +
h2

4
+ 2 +

rh

2 k
n
k=0 U + r k

n
k=0 +

h

2

2

h
< 0       (2.5.53) 

 

 

 

7=
h

2

h

2
+ r k

n
k=0 2

2

+ 8 > 0                       (2.5.54) 

 

 

r k
n
k=0 +

h

2

2

h
> 0                                 (2.5.55) 

 

olup 

r + k
n
k=0

h2

4
+2+

rh

2 k
n
k =0 7

2h
,

h2

4
+2+

rh

2 k
n
k=0 + 7

2h
     (2.5.56) 

 

 

 

h

2
+r k

n
k =0

2
= U8                                          (2.5.57) 

 

ve  

 

h 2

4
+2+

rh

2 k
n
k=0 7

2h
= U9,

h 2

4
+2+

rh

2 k
n
k =0 + 7

2h
= U10       (2.5.58) 

 

 

 

r + k
n
k=0 = U U9, U8

2

h
, U10                     (2.5.59) 
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H
r+ k

n
k=0

r k
n
k =0

+
2

rh k
n
k=0

> 1                            (2.5.60) 

 

ise, bu taktirde x4    

 

H
r+ k

n
k =0

r k
n
k=0

+
2

rh k
n
k =0

> 1                                (2.5.61) 

 

ise, 

h r + k
n
k=0

2 +
h2

4
+ 2 +

rh

2 k
n
k=0 r + k

n
k=0 + r k

n
k=0 +

h

2
< 0     (2.5.62) 

 

olup  

r + k
n
k=0

h

2
+r k

n
k =0

2
,

2

h
                          (2.5.63) 

 

elde edilir. 

H
r+ k

n
k =0

r k
n
k =0

+
2

rh k
n
k =0

< 1                      (2.5.64) 

 

 

 

h r + k
n
k=0

2 +
h2

4
+ 2 +

rh

2 k
n
k=0 r + k

n
k=0 + r k

n
k=0 +

h

2

2

h
> 0  

 

 

 

r + k
n
k=0 ,

h 2

4
+2+

rh

2 k
n
k=0 7

2h
,

h2

4
+2+

rh

2 k
n
k =0 + 7

2h
,     (2.5.65) 

 

 

r + k
n
k=0 , U9 U8,

2

h
U10 ,                           (2.5.103) 

 x4 
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. 

 

r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9

x4 =
r+ k

n
k=0

r k
n
k =0

+
2

rh k
n
k =0

  denge nok

. 

 

 

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9, h = 5 
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B -

 

Kesim diferensiyel  

 

x1 = 0   ve        x2 =
r+ k  n

k =0

r k  n
k=0

                                     (2.6.1) 

 

 

i) x1 = 0    

 

 

ii) x2 =
r+ k  n

k =0

r k  n
k=0

    

 

 x1 x2 

x1 x2 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3 

x1 = 0   

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2 x2 =

r+ k  n
k=0

r k  n
k =0

  

 

e (2.2.1) diferensiyel 

analizi sonucunda  
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i) x1     

 

 

ii) x2   

 

 

diferensiyel denklemin her iki denge 

esim  

edilen fark denklem ve orijinal diferensiyel 

diferensiyel denklemde belirli 

 

x1 = 0   r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 3

fark denkleminin x1 

    r = 2,  k  n
k=0 = 0.5, k  n

k=0 = 8, 

x1 

diferensiyel denkleminin x1 

 

e r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1 ri 

x2 =
r+ k  n

k=0

r k  n
k =0

 

denkleminin x2 r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 3.5 , h=0.5 ve 
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x

diferensiyel denkleminin  x2  

 

 

e  (2.2.1) diferensiyel denklemine  Geri  e 

 

 

i) x1  

 

ii) x2  

 

 

diferensiyel 

ler metodu ile elde edilen (2.4.3) fark denkleminin denge 

diferensiyel denklemin kritik 

 

r =

2,   k  n
k=0 = 0.5, k  n

k=0 = 8

x1 = 0   

taraftan, x1   r = 2,   k  n
k=0 =

0.5, k  n
k=0 = 1 x2 =

r+ k  n
k=0

r k  n
k =0
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e x2 r = 2,   k  n
k=0 =

0.5, k  n
k=0 = 3

x1 = 0    x2   

r = 2,   k  n
k=0 =

0.5, k  n
k=0 = 2.5

x2 denge noktas  

 

e  Orta Nokta Euler metodu, yani Runge-Kutta metodu (2.2.1) diferensiyel 

 

 

x3 =
2

rh k
n
k=0

    ve    x4  =
r+ k

n
k=0

r k
n
k =0

+
2

rh k
n
k=0

                   (2.6.2) 

 

 

h  

 

i) x1   

 

 

ii) x2  

 

iii) x3  
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iv) x4   

 

eklinde  

 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 2, h=1.6 ve 

x1 = 0 denge 

x2

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9

ve (2.5.1) fark denkleminin x2 

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.5, h=5 ve x(0)=0.6  

x3 =
2

rh k
n
k =0

  

r = 2,   k  n
k=0 = 0.5, k  n

k=0 = 1.9, h=5 

, yani  x4 =
r+ k

n
k =0

r k
n
k=0

+
2

rh k
n
k=0

 

 

 

diferensiyel 

diferensiyel denklemin 

 

 

old
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diferensiyel 

diferensiyel 

 

 

 

analizler

gulanarak lojistik diferensiyel 
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3  

 

TAM D

 

 

diferensiyel denklemlerin 

d

fonksiyonlu diferensiyel  formunda elde 

 ve bu fark denklemlerinin Buradan elde edilen 

 konusu diferensiyel denklemlerin kar

   lojistik diferensiyel denklemlerine t 

zaman diferensiyel 

 gl

Allee fonksiyonsuz lojistik diferensiyel  

 

diferensiyel 

  .  

 

3.1. Fark Denkleminin lgili B eoremler 

 

Herhangi bir  I   f C[I I, I] 

lineer olmayan  

 

y n + 1 = f y n , y n 1                                    (3.1.1)
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.  

  

  (3.1.1)  fark denkleminin y 1 , y 0 I  y 0

y + y 1 y <  n 1 y n y <  > 0 

> 0 varsa, bu taktirde (3.1.1) denkleminin y  

denir [98]. 

 

denkleminin y 1 , y 0 I y 0 y +

y 1 y <  limn y n = y > 0 varsa ve (3.1.1) 

denkleminin y y yerel 

 denir [98]. 

 

y 1 , y 0    limn y n = y ise, bu taktirde (3.1.1) fark 

denkleminin y denir [98]. 

 

denkleminin y 

y denir [98]. 

 

3.1.5.  

y n + p = y n  

ise, y n  dizisine p periyotludur denir [103].   

 

Teorem 3.1.1.  

(3.1.1) fark denkleminin y  
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x n + 1 sx n tx n 1 = 0                                   (3.1.2) 

 

olsun. Bu denkleminin karakteristik denklemi 

  

2 s t = 0                                               (3.1.3) 

 

 

i)  (3.1.3) denkleminin 

  

 

s < 1 t < 2                                              (3.1.4) 

 

. Bu durumda (3.1.1) fark denkleminin y yerel asimptotik 

. 

 

ii) (3.1.3) denkleminin 

 

 

s < 1 t    ve  t > 1                                     (3.1.5) 

 

 Bu durumda (3.1.1) fark denkleminin y itici (repeller) 

denir. 

iii) (3.1.3) denkleminin 

 

 

  s2 + 4t > 0   ve    s > 1 t                                (3.1.6) 

 

y  bir  denir 

[98]. 

 

Bir x n + 1 = f x n , x n 1  fark denkleminin  x n n= 1

  

i) k 1  ve m    



61 

 

 

ya     veya    olup   

 

ve 

ya    veya   olup    

 

   denge no

   

devri  denir.  

ii)   ve     

 

ya    veya   olup    

 

ve 

ya   veya   olup   

 

   rimlerin hepsi  

 ise, bu taktirde    denir 

[104]. 

 

Teorem 3.1.2.     ve f(x,y) foksiyonu x 

bir fonksiyon olsun.  ,   fark denkleminin pozitif denge 

ise, bu fark denkleminin 

fazla ikidir [104].  

 

. Herhangi bir   ve    

ve    reel 

  

 

,                                          (3.1.7) 

 

ve   
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V u = V f u V u 0                                  (3.1.8) 

 

, bu taktirde V fonksiyonuna f fonksiyonu  v

Lyapunov fonksiyonu denir.  

 ]. 

 

Teorem 3.1.3. 

V u < 0 ise, bu taktir  [95]. 

 

Allee effect ile ilgili temel bilgiler verilecektir. 

 

Allee etkisi (Allee effect)  

korelasyonundan Bu konu ile ilgili ilk bilgiler  W.C. Allee 

tar . 

 abit 

 

 

taktirde  yok  [105].  

Bu Allee etkisi  yol 

tkisi ya 

 [106].  

Bu durum zah edilebilir [107]; 

 

a) N [0, ) f N < 0 

 

b)f 0   

 

N t + 1 = rN t f N t 1                                   (3.1.9)  
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 r > 0  

 

N t + 1 = r a(N t )N t f N t 1                                     (3.1.10) 

 

.  a(N t ) 

 

a) N=0 ise,  a(N)=0, yani tur 

b) N (0, ) a > 0 , yani   

c) lim a( ) = 1, yani  

 

3.2.  =  Diferensiyel  

Denkleminin nalizi 

 

, 0, 1  t   t [0, )  

   

 

dx t

dt
= r x t 1 x t 0 x t 1 x t 1                 (3.2.1) 

 

diferensiyel denkleminin  yerel ve   Bu 

la t [n, n + 1)  (3.2.1) denkleminin bir fark denklemi olarak elde 

  

(3.2.1) denklemine belirli tipteki Allee fonksiyonl  bu denklemin 

e elde edilen bulgular 

geometrik  

 

diferensiyel denklemini diferensiyel 

denklemi  n=0,  t [n, n + 1)  

 

dx t

x t
= r 1 x t 0 x n 1 x n 1 dt                       (3.2.2) 
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x t = x n exp r 1 x s 0x n 1x n 1 ds
t

n
              (3.2.3) 

 

elde edilir. E diferensiyel denkleminin , bu 

taktirde bunun t  

  (3.2.2) diferensiyel denklemi  

 

dx t

dt
r 1 0x n 1x n 1 x t = rx2 t , n t < n + 1        (3.2.4) 

 

 bir Bernoulli diferensiyel denklemidir. u t = x t
1 2

 

en 

 

du t

dt
+ r 1 0x n 1x n 1 u t = r, n t < n + 1               (3.2.5) 

 

lineer diferensiyel denklemi elde edilir. Bu denkleminin  ikinci mertebeden bir 

fark denklemi olarak 

 

x n + 1 =
x n exp r 1 0x n 1x n 1

1+ x n
exp r 1 0x n 1x n 1 1

1 0x n 1x n 1

                          (3.2.6) 

 

. Burada 

 

1 0x n 1x n 1 0                                   (3.2.7) 

 

 

(3.2.1) diferensiyel denkleminin 

denkleminin 

(3.2.6) fark denkleminin  lde edilen 

  (3.2.1) diferensiyel denkleminin 

.  

denkleminin  
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3.2.1. Y nalizi 

 

Bu kesimde (3.2.6) fark denkleminin  ve 

e  . denkleminin 

  bu  

 

  (3.2.6) fark denkleminin  

 

x1 = 0      ve    x2 =
1

+ 0+ 1
                                   (3.2.8) 

 

(3.2.6) fark denkleminden 

 

A1 = 1 2 0x 1x 1 0x 1x 0rx exp r 1 0x 1x  

         x exp r 1 0x 1x + 1 x 0x 1x exp r 1 0x 1x  

         x 1 0x 1x exp r 1 0x 1x  

        0rx exp r 1 0x 1x 0  , 

 

B1 = x exp r 1 0x 1x + 1 x 0x 1x 2 

 

ve 

 

A2 = 1x x + 1 x 0x 1x exp r 1 0x 1x  

          x 1 0x 1x 1 exp r 1 0x 1x + 1r 1 x 0x 1x  

           exp r 1 0x 1x , 

 

B2 = x + 1 x 0x 1x exp r 1 0x 1x 2
 

 

 

 

s =
f x,x

x n
=

A1

B1
      ve    t =

f x,x

x n 1
=

A2

B2
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. 

 

 (3.2.6) fark denkleminden  x1 = 0   

denklemi 

 

A1(x1) = exp (r),    A2(x1) = 0   ve  B1(x1) = 1 

 

 

y n + 1 exp (r)y n = 0                                         (3.2.9) 

 

bulunur. Bu denkleme ait karakteristik denklemi ise 

 

2 exp (r) = 0                                                  (3.2.10) 

 

 

edilerek  (3.2.6) fark denkleminin x2 =
1

+ 0+ 1
    

denklemini;  

 

A1 x2 = 0

+ 0+ 1 + 0+ 1
0r

1

+ 0+ 1
exp

r

+ 0+ 1
  

               
1

+ 0+ 1
exp

r

+ 0+ 1
exp

r

+ 0+ 1

1

+ 0+ 1 + 0+ 1
   

               exp
r

+ 0+ 1
0r

1

+ 0+ 1
exp

r

+ 0+ 1
0   

            = exp
r

+ 0+ 1
+ 0

1

+ 0+ 1

2

0
1

+ 0+ 1

2

 exp
2 r

+ 0+ 1
, 

 

A2(x2) = 1
1

+ 0+ 1
 

+ 0+ 1

1

+ 0+ 1 + 0+ 1
1 exp

r

+ 0+ 1
 , 

 

B1(x2) =
1

+ 0+ 1
exp

r

+ 0+ 1

2

  

 

ve 
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B2(x2) =
1

+ 0+ 1

2

  

 

  

 

z n + 1 +
0 + 0 exp

r

+ 0+ 1 z n 1 exp
r

+ 0+ 1
1 z n 1 = 0        (3.2.11) 

 

denklemin karakteristik denklemi                             

   

               
2 +

0 + 0 exp
r

+ 0+ 1 1 exp
r

+ 0+ 1
1 = 0                  (3.2.12) 

 

dir. 

verebiliriz. 

 

Teorem 3.2.1.     0 > + 1 > 2   

i) 3 1 > + 0  taktirde (3.2.6) fark denkleminin  

yerel asim  

 

0 < r <
+ 0+ 1 ln 1

1

                                     (3.2.13) 

 

  

ii) 3 1 < + 0 . Bu taktirde (3.2.6) fark denkleminin 

yerel asim  

 

0 < r <
+ 0+ 1 ln

+ 0 1

0 1
                         (3.2.14) 

 

 

Teorem 3.1.1 , (3.2.6) fark denkleminin pozitif denge nokt
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1
+ 0 exp

r

+ 0+ 1
0 < 1 1 exp

r

+ 0+ 1
1 < 2         (3.2.15) 

 

 

Bu durumda 

 

a) 
1

+ 0 exp
r

+ 0+ 1
0 < 1 1 exp

r

+ 0+ 1
1  

b) 1 1 exp
r

+ 0+ 1
1 < 2 

 

 (a)  

 

1 exp
r

+ 0+ 1
1 1 <

1
+ 0 exp

r

+ 0+ 1
0   

                                              < 1 1 exp
r

+ 0+ 1
1                                   (3.2.16) 

 

 

 

1 exp
r

+ 0+ 1
1 1 <

1
+ 0 exp

r

+ 0+ 1
0           (3.2.17) 

 

bulunur ve buradan 

 

0 1 < + 0 1 exp
r

+ 0+ 1
                        (3.2.18) 

 

elde   0 > + 1  

 

exp
r

+ 0+ 1
<

+ 0 1

0 1
                                        (3.2.19) 

 

 (3.2.19  

 

r

+ 0+ 1
<

+ 0 1

0 1
                                   (3.2.20) 
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elde edilir. (3.2.20  

r <
+ 0+ 1 ln

+ 0 1

0 1
                                   (3.2.21) 

 

  

 

1
+ 0 exp

r

+ 0+ 1
0 < 1 1 exp

r

+ 0+ 1
1             (3.2.22) 

 

e  

 

+ 0 + 1 exp
r

+ 0+ 1
< + 0 + 1                        (3.2.23) 

  

elde edilir ve    + 0 + 1 > 0  

 

exp
r

+ 0+ 1
> 1                                             (3.2.24) 

 

 
r

+ 0+ 1
> 0  . 

(b)  

 

1 < 1 exp
r

+ 0+ 1
                                        (3.2.25) 

 

y . 1 >   

 

exp
r

+ 0+ 1
< 1

1
                                           (3.2.26) 

 

elde edilir.  

 

r <
+ 0+ 1 ln 1

1
                                     (3.2.27) 
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bulunur. (3.2.21) ve (3.2.27  

i)  

 

+ 0+ 1 ln 1

1
<

+ 0+ 1 ln
+ 0 1

0 1
                   (3.2.28) 

 

ise, bu taktirde  

 

1

1
<

+ 0 1

0 1
                                           (3.2.29) 

 

  

 

+ 0 < 3 1                                         (3.2.30) 

 

 

 

ii)  

 

+ 0+ 1 ln
+ 0 1

0 1
<

+ 0+ 1 ln 1

1
                       (3.2.31) 

 

ise, bu taktirde 

 

+ 0 1

0 1
< 1

1
                                        (3.2.32) 

 

 

 

+ 0 > 3 1                                     (3.2.33) 

 

 

 

 = 0.3, 0 = 1.2,  1 = 0.6, r = 2,  
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 x 1 = 0.2, x 0 = 0.25 k   (3.2.6) fark 

denkleminin 

.  

 

 

 

= 0.3,  0 = 1.2,  1 = 0.6, r = 2, x 1 = 0.2, x 0 = 0.25 

(3.2.6) fark denkleminin  

 

Teorem 3.2.1/(ii  = 0.3, 0 = 1.2,  1 = 0.4, r = 2,

x 1 = 0.2, x 0 = 0.25 lk   (3.2.6) fark 

denkleminin 
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= 0.3, 0 = 1.2, 1 = 0.4, r = 2,   x 1 = 0.2, x 0 = 0.25 

) fark denkleminin  

 

Teorem 3.2.2.  0 > + 1 > 2  ve 3 1 < + 0 olsun. Bu taktirde (3.2.6) fark 

denkleminin 

 

 

+ 0+ 1 ln 1

1
< <

+ 0+ 1 ln
+ 0 1

0 1
                  (3.2.34) 

 

. 

) fark denkleminin 

olabilmesi i  

 

1 exp
r

+ 0+ 1
1 > 1                                  (3.2.35) 

 

ve 
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1
+ 0 exp

r

+ 0+ 1
0 < 1 1 exp

r

+ 0+ 1
1         (3.2.36) 

 

 (3.2.35 en 

 

1 exp
r

+ 0+ 1
1 > 1                          (3.2.37) 

 

 

 

exp
r

+ 0+ 1
> 1+

                                       (3.2.38) 

 

olup 

 

exp
r

+ 0+ 1
<

+ 1
                                       (3.2.39) 

 

  

 

r <
+ 0+ 1 ln

+ 1
<0                               (3.2.40) 

 

elde edilir. Burada  . 

(3.2.35 en 

 

1 exp
r

+ 0+ 1
1 < 1                                 (3.2.41) 

 

 

 

exp
r

+ 0+ 1
< 1

1
                                         (3.2.42) 

 

bulunur ve buradan da 

exp
r

+ 0+ 1
> 1

1
                                        (3.2.43) 
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  1 >    

 

 

r >
+ 0+ 1 ln 1

1
> 0                                 (3.2.44) 

 

elde edilir. 

 (3.2.36)  

 

1
+ 0 exp

r

+ 0+ 1
0 < 1 1 exp

r

+ 0+ 1
1                          (3.2.45) 

 

veya 

 

1 exp
r

+ 0+ 1
1 1 <

1
+ 0 exp

r

+ 0+ 1
0                          (3.2.46) 

 

dir. 

 

 

 

     r <
+ 0+ 1 ln

+ 0 1

0 1
                                    (3.2.47) 

 

elde edilir. 

n 

 

1 exp
r

+ 0+ 1
1 1 <

1
+ 0 exp

r

+ 0+ 1
0                (3.2.48) 

 

 

 

1exp
r

+ 0+ 1
1 < + 0 exp

r

+ 0+ 1
0                 (3.2.49) 
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  0 > + 1  

 

exp
r

+ 0+ 1
<

+ 0 1

0 1
                                        (3.2.50) 

 

bulunur. 

(3.2.47) yeniden elde ederiz. n 

 

1 1 exp
r

+ 0+ 1
1 >

1
+ 0 exp

r

+ 0+ 1
0                  (3.2.51) 

 

bulunur ve )  + 0 + 1 > 0 hipotezi dikkate 

(3.2.27) elde edilir. 

+ 0 > 3 1 (3.2.35) ve (3.2.36  

 

+ 0+ 1 ln 1

1
< <

+ 0+ 1 ln
+ 0 1

0 1
  

 

 

 

 Teorem 3.2.2   dikkate      = 0.3,   0 = 1.2,    1 = 0.4,   r = 2, 

 x 1 = 0.2, x 0 = 0.25 . Bu durumda ilk   (3.2.6) 

fark denkleminin  itici ekil 
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= 0.3,  0 = 1.2, 1 = 0.4, r = 2, x 1 = 0.2, x 0 = 0.25 

) fark denkleminin   

 

Teorem 3.2.3. (3.2.6) fark denkleminin  

(3.2.6) fark denkleminin karakteristik denklemi 

 

2 exp (r) = 0                                                   (3.2.52) 

 

 

 

1 = 0   ve  2 = exp (r) > 1                              (3.2.53) 

 

denkleminin  
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3.2.2 S e Y Devir U  

 

Bu kesimde (3.2.6) fark denkleminin monoton davr

 (3.2.6) fark denkleminin in  ile 

ilgili yeter  

 

Teorem 3.2.4. x n n= 1 dizisi (3.2.6) fark denkleminin sun. Bu 

 

 

i)   0x n + 1x n 1 < 1 < x n   ) fark 

denkleminin  

 

 0,
1

1 exp ( r)
                                                        (3.2.54) 

 

 

ii) 1 < 0x n + 1x n 1 < n  ) fark 

denkleminin  

 

x n <
x 0

exp ( nr )

1 1

exp ( jr)

n
j=1 ,      n = 1,2,3,                      (3.2.55) 

 

. 

 

 

i)   0x n + 1x n 1 < 1 < x n   ) fark denkleminin 

 

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
       (3.2.56) 

 

 

 

 n=- x n > 0 ve  0x n + 1x n 1 < 1 < x n   
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r 1 x n 0x n 1x n 1 > r                             (3.2.57)  

    

 

 

 exp r 1 x n 0x n 1x n 1 > r                  (3.2.58) 

 

. 

 

 

x n < 1 x n 0x n 1x n 1 < 1 x n < 0          (3.2.59)   

 

d  

 

(3.2.57)- (3.2.59 an 

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
  

              <
x n

1 x n 0x n 1x n 1 exp ( r)+ x n
 

              <
x n

x n exp ( r)+ x n
 

               =
1

(1 exp ( r))
   

 

bulunur.  

ii) 1 < 0x n + 1x n 1 < n  ve n=- x n > 0 

olsun. Bu durumda 

 

1 0x n 1x n 1 < 0                                (3.2.60)   

    

 

 

0 <
1

exp r 1 0x n 1x n 1
< 1                              (3.2.61) 
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elde edilir. 1 < 0x n + 1x n 1 < n   

 

1

x n
<

1

1 x n 0x n 1x n 1
<

1

x n + 0x n + 1x n 1
            (3.2.62) 

 

 

 

(3.2.61) ve (3.2.62 den 

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
  

               <
1 0x n 1x n 1 x n

0 x n + 1x n 1 exp ( r)+ x n 1 exp ( r)
  

              < 0x n + 1x n 1 1 x n

0x n + 1x n 1 + x n exp ( r)
  

              < 0x n + 1x n 1 1 x n

x n exp ( r)
  

              <
x n 1 x n

x n exp ( r)
  

              =
x n 1

exp ( r)
  

 

elde edilir. 

  

 

x 1 <
x 0

exp ( r)

1

exp ( r)
  

 

x 2 <
x 1

exp ( r)

1

exp ( r)
=

1

exp ( r)

x 0

exp ( r)

1

exp ( r)
 

1

exp ( r)
=

x 0

exp ( 2r)

1

exp ( 2r)

1

exp ( r)
    

 

x n <
x n 1

exp ( r)

1

exp ( r)
=

x 0

exp ( nr )

1

exp ( nr)

1

e n 1 r exp ( (n 1)r)

1

exp ( r)
   

 

=
x 0

exp ( nr )

1 1

exp ( jr)

n
j=1   
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bu  

 

.   Teorem 3.2.4/(i)   dikkate    = 2,  0  = 0.2,   1  = 0.3,  

r = 0.25, x 1 = 0.2, x 0 = 1   (3.2.6) fark 

denkleminin nin  

   

 

 

 

 3.2.4. = 2,  0 = 0.2,  1 = 0.3, r = 0.25, x 1 = 0.2, x 0 = 1 

) fark denkleminin  

 

.2.5.   Teorem 3.2.4 /    = 3,   0  = 2,   1  = 0.2, r = 0.9,   

x 1 = 0.8, x 0 = 1   (3.2.6) fark denkleminin pozitif 

(0,0.5294 0.2706 2.7 0.9n

tekrar   
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. = 3,  0 = 2,  1 = 0.2, r = 0.9, x 1 = 0.8, x 0 = 1 

(3.2.6) fark denkleminin  

 

Teorem 3.2.5. x n n= 1 dizisi (3.2.6) fark denkleminin 

 

i) 1 < 0x n + 1x n 1  ise, bu taktirde (3.2.6) fark denkleminin 

  

ii) 1 > 0x n + 1x n 1 > x n  ise, bu taktirde (3.2.6) fark 

denkleminin poz . 

 

i)  (3.2.6)  denklemi  

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
          (3.2.63) 

 

veya   

 

x n+1

x n
=

1 0x n 1x n 1

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
       (3.2.64) 
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. (3.2.6) fark denkleminin 

 

 

x n+1

x n
< 1  

 

 

 

1 0x n 1x n 1

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
< 1           (3.2.65) 

 

 

 0x n + 1x n 1 > 1  

 

1 0x n 1x n 1 x n < 0                         (3.2.66) 

 

ve 

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n < 0 (3.2.67) 

 

 (3.2.66) ve (3.2.67 (3.2.64 elde edilir. 

Bu da istenilen sonu   

ii)  

 

x n+1

x n
> 1  

 

ise, bu  durumda (3.2.63) fark denkleminin  .  

 x n < 0x n + 1x n 1 < 1   

 

1 0x n 1x n 1 x n > 0                           (3.2.68) 

ve 

 

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n > 0 (3.2.69) 
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bulunur ki  
x n+1

x n
> 1  

 

. Teorem 3.2.5/ = 0.2, 0 = 2, 1 = 0.1, r = 0.5,

x 1 = 0.8, x 0 = 1    .2.6) fark 

denkleminin  

 

 

. = 0.2,  0 = 2, 1 = 0.1, r = 0.5, x 1 = 0.8, x 0 = 1 

(3.2.6) fark denkleminin  

  

. Teorem 3.2.6 / (ii) dikkate     = 0.1,   0  = 0.2,   1  = 0.1,   

r = 0.5, x 1 = 0.5, x 0 = 0.8    

(3.2.6) fark denkleminin  
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. = 0.1, 0 = 0.2,  1 = 0.1, r = 0.5, x 1 = 0.5, x 0 = 0.8 

) fark denkleminin  

 

Teorem 3.2.6. > 2 0 , r >
+ 0     olsun ve  f C[ 0, 0, , 0, ] olmak 

 

f(x, y) =
1 0x 1y x

1 x 0x 1y exp r 1 0x 1y + x
                           (3.2.70) 

 

.  

x
1

0r
,

+ 0

0r
                                               (3.2.71) 

 

 ve  

y
2r+1 + 0

2 0r
,      veya    y

r 1 0

1r
,

2r+1 + 0

2 1r
          (3.2.72)       

                      

ise,  

(3.2.70  

 

C1 = 0x2 + exp r 1 x 0x 1y 1 x 0x 1y   
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1 + 0
2rx2 + 0 1rxy 1y + 2 0x + 0rx + + 0 x 1 0x 1y   

 

ve 

 

D1 = 1 x 0x 1y exp r 1 x 0x 1y + x 2
 

 

 

 

f x,y

x
=

C1

D1
                                               (3.2.73)   

     

dir. 

E  

 

y >
1

1

0

1
x                                                (3.2.74) 

 

ve  

 

x >
1

0r
                                                     (3.2.75) 

 

 

 

y > 0
2rx2+ 0 r+2 x 1

1 0rx 1
                                       (3.2.76) 

 

ve 

 

y >
1

1

+ 0

1
x                                           (3.2.77) 

 

veya 

 

y < 0
2rx2+ 0 r+2 x 1

1 0rx 1
                                     (3.2.78) 
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ve 

 

                                             (3.2.79)     

 

) kesin olarak negatiftir. 

(3.2.74) ve (3.2.77  

 

                                                        (3.2.80) 

 

elde edilir. (3.2.78 i  

 

                            (3.2.81) 

 

 

  en  

 

                                  (3.2.82) 

 

 

 

                                          (3.2.83) 

 

o  

 

                                         (3.2.84) 

 

elde edilir.  

  

 

                        (3.2.85) 
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. (3.2.74

birlikte   

 

2

1

2 0

1
x < 0r 2 0+ x2+ 3 0+2 0r+ x 2

1 0rx 1
                 (3.2.86) 

 

ve buradan da  

 

0r

1 0rx 1
x2 + 0

1 0rx 1
x < 0                            (3.2.87) 

 

elde edilir. Bu ise 

 

x 0,
+ 0

0r
                                    (3.2.88) 

 

. 

(3.2.84) ve (3.  

 

x
1

0r
,

+ 0

0r
                                      (3.2.89) 

 

bulunur.  

 

 

C2 = 1x2 + exp r 1 x 0x 1y 1 x 0x 1y   

         0 1rx2 + 1
2rxy 1 r + 1 x + 1x 1 0x 1y    

 

 

 

f x,y

y
=

C2

D1
                                                   (3.2.90) 
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x >
1

0

1

0
y ,                                                 (3.2.91) 

 

x >
r+1

0r

1

0
y  ,                                              (3.2.92) 

 

x >
1

+ 0

1

+ 0
y ,                                         (3.2.93) 

 

x <
r+1

0r

1

0
y  ,                                             (3.2.94) 

 

x <
1

+ 0

1

+ 0
y                                           (3.2.95) 

 

 

(3.2.90) kesin olarak negatiftir. (3.2.91) ve (3.2.92 n t  

 

2x >
1

0

1

0
y +

r+1

0r

1

0
y                               (3.2.96)          

elde edilir.  (3.2.  

 

2x >
2

+ 0

2 1

+ 0
y                                    (3.2.97) 

 

bulunur. 

(3.2.96) ve (3.2.97)  

 

a)  
2

+ 0

2 1

+ 0
y <

1

0

1

0
y +

r+1

0r

1

0
y                         

b) 
1

0

1

0
y +

r+1

0 r

1

0
y <

2

+ 0

2 1

+ 0
y           

         

 

 

                         y <
2r+1 + 0

2 1r
  ,                                    (3.2.98)  
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y >
2r+1 + 0

2 1r
                                      (3.2.99) 

 

 

 

 (3.2.94) ve (3.2.95 n  

 

2x <
1

+ 0

1

+ 0
y +

r+1

0r

1

0
y                              (3.2.100) 

 

. (3.2.91  )  

 

 

y >
r 1 0

1r
                                           (3.2.101) 

 

elde edilir.  (3.2.98) ve (3.2.101) birlikte  

 

y
r 1 0

1r
,

2r+1 + 0

2 1r
 ,                          (3.2.102) 

 

(3.2.99) ve (3.2.101  

 

y
2r+1 + 0

2 1r
 ,                                 (3.2.103) 

 

elde edilir.  

 

denkleminin 

en fazla iki  

 

3.2.3. P  

 

Bu kesimde  
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x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
         (3.2.104) 

 

fark denkleminin 

 

 

Teorem 3.2.7.  0x n + 1x n 1 > 1 olsun. ) fark 

denkleminin  

 

x n >
2

+ 0+ 1
                                     (3.2.105) 

 

ise, bu taktirde (3.2.104) fark denkleminin 

 

n=-  

 

V n = x n x2
2                                  (3.2.106) 

 

 Bu taktirde 

 

          V n = V n + 1 V n = x n + 1 x n x n + 1 + x n 2x2   (3.2.107)  

                                        

 , 

 

x n + 1 x n = 1 0x n 1x n 1 x n  

1

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
x(n)                     (3.2.108) 

 

ve 

 

x n + 1 x n =
1 x n 0x n 1x n 1 x n 1 e r 1 0x n 1x n 1

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
     (3.2.109) 

 

elde edilir.  
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x n + 1 + x n 2x2 =
1 x n 0x n 1x n 1 exp r 1 0x n 1 x n 1

1 x n 0x n 1x n 1 e r 1 0x n 1x n 1 + x n
  

  
+ 0+ 1 x n 2 + + 0+ 1 x n 1 0x n 1x n 1 + x n + 0+ 1 x n 2

+ 0+ 1
 

=
+ 0+ 1 x n 2

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n + 0+ 1
 

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1  

+ x n + + 0+ 1 x n 1 0x n 1x n 1   

 

bulunur.  (3.2.109) ve bu son if  

 

x n + 1 x n x n + 1 + x n 2x2   

 

=
1

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1 + x n
2

+ 0+ 1

  

1 x n 0x n 1x n 1 1 exp r 1 0x n 1x n 1 x n     

+ 0+ 1 x n 2 1 x n 0x n 1x n 1   

exp r 1 0x n 1x n 1 + x n + + 0+ 1 x n   

1 0x n 1x n 1   

 

elde edilir.  0x n + 1x n 1 > 1  

 

1 exp r 1 0x n 1x n 1 < 0  ,                           (3.2.110) 

 

1 x n 0x n 1x n 1 < 0                               (3.2.111) 

 

ve 

 

1 x n 0x n 1x n 1 e r 1 0x n 1x n 1 + x n < 0    (3.2.112) 

 

dir. 
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x n >
2

+ 0+ 1
  V n < 0 elde edilir. Bu ise 

(3.2.104) fark denkleminin 

 

 

.  = 0.2, 0 = 2, 1 = 1.88, r = 2,

x 1 = 0.7, x 0 = 0.6  ) fark 

denkleminin 

 

 

 

. = 0.2,  0 = 2, 1 = 1.88, r = 2, x 1 = 0.7, x 0 = 0 

(3.2.104) fark denkleminin  

 

3.2.9.  = 0.2,  
0

= 0.8,
1

= 0.5,   x 1 = 0.8,   x 0 = 0.9   ve  r [2,5]  

) fark denkleminin     
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. = 0.2,
0

= 0.8,
1

= 0.5, x 1 = 0.8, x 0 = 0.9  ve r [2,5]  

(3.2.104)  fark denkleminin   

 

3.2.4. (3.2.1) Denkleminin Denge N

Analizinde Allee Etkisi 

 

Bu kesimde (3.2.1) lojistik diferensiyel denklemine t zaman

uygulanarak elde edilen yeni diferensiyel 

Kesim 

3.2.1 ve Kesim 3.2.3 gibi olup bu kesimde 

Burada elde edilen  olar 3.2.6) fark denkleminin 

  

 > 0  

 

a x t =
x t

+x t
                                        (3.2.113) 
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x, (3.2.1) diferensiyel denkleminin pozitif kritik 

 

 

      r =
r

a x
                                                 (3.2.114) 

 

olsun.  t zaman  in (3.2.1) diferensiyel denklemine bu Allee fonksiyonunu uygularsak  

 

dx t

dt
= r x t 1 x t

0
x t

1
x t 1

x t

+x t
                  (3.2.115) 

 

lojistik diferensiyel denklemini elde ederiz.  Burada r   

bu denkleminin  

 t [n, n + 1)  (3.2.115) diferensiyel denklemi 

 

dx t

dt
r 1

0
x n

1
x n 1

x n

+x n
x t = r x t

2 x n

+x n
       (3.2.116) 

 

formunda bir Bernoulli diferensiyel denklemidir ve  t n + 1  iken bu denklemin 

  

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1
x n

+x n
+ x n

    (3.2.117) 

 

fark denklemi olarak bulunur. Burada , 
0

x n +
1

x n 1 1 dir. Bu denklemin 

 

(3.2.117) fark denkleminin x =
1

+ 0+ 1

  

denklemin kararkteristik denklemi     

                   

2 +
0 + 0 exp

r

+ 0 + 1 + 0+ 1 +1

+

1 1 exp
r

+ 0 + 1 + 0 + 1 +1

= 0  

(3.2.118) 
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Teorem 3.2.8. 
0

> +
1

> 2  olsun. Bu durumda  

 

i) +
0

< 3
1
 (3.2.117) fark denkleminin yerel 

asim  olabilmesi  

 

r <
+ 0+ 1 + 0+ 1 +1

ln 1

1

                              (3.2.119) 

 

 

ii) +
0

> 3
1
 olma  (3.2.117) fark denkleminin  yerel 

asimp  

 

r <
+ 0+ 1 + 0+ 1 +1

ln
+ 0 1

0 1

                          (3.2.120) 

 

. 

  

 

Teorem 3.2.9.  

 

1
0

x n
1

x n 1 < 0 

 

 

 

x n <
2

+ 0+ 1

                                                 (3.2.121) 

 

ise, bu taktirde (3.2.117) fark denkleminin 
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.  = 0.2,  
0

= 0.8,

1
= 0.5, x 1 = 0.8, x 0 = 0.9 , = 0.5,  r [3,9]  ve  L = r =

r

a x
  

(3.2.117) fark denkleminin  

 

 

 

. = 0.2,
0

= 0.8,
1

= 0.5, x 1 = 0.8, x 0 = 0.9  , = 0.5   ve  

r [3,9]  e  (3.2.117) fark denkleminin   

 

t-1 zaman  

 

a x t 1 =
x t 1

+x t 1
                                        (3.2.122) 

 

Allee fonksiyonunu   

 

dx t

dt
= r x t 1 x t

0
x t

1
x t 1

x t 1

+x t 1
                  (3.2.123)  
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lojistik diferensiyel denklemi elde edilir.  t [n, n + 1) ve t n + 1  iken bu 

denklemin  

 

x n + 1 =
1 0x n 1x n 1 x n

1 x n 0x n 1x n 1 exp r 1 0x n 1x n 1
x n 1

+x n 1
+ x n

   (3.2.124) 

 

fark denklemidir  Burada yine, 
0

x n +
1

x n 1 1  

(3.2.124) denkleminin  (3.2.6 denkleminin                   

x =
1

+ 0+ 1

  

 

de . 

 

1. Teorem 3.2.8 ve  = 0.2,
0

= 0.8,

1
= 0.5, x 1 = 0.8, x 0 = 0.9 , = 0.5,  r [3,9]  ve  L = r =

r

a x
  

(3.2.124) fark denkleminin  
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. = 0.2,
0

= 0.8,
1

= 0.5, x 1 = 0.8, x 0 = 0.9  , = 0.5   ve  

r [3,9]  fark denkleminin   

 

Son olarak, t-  

 

a x t 1 , t =
x t

+x t 1
,                                               (3.2.125) 

 

a x t 1 , t =
x t 1

+x t
                                                   (3.2.126) 

 

Allee fonksiyonla    

 

dx t

dt
= r x t 1 x t

0
x t

1
x t 1

x t

+x t 1
                   (3.2.127) 

 

ve 

 

dx t

dt
= r x t 1 x t

0
x t

1
x t 1

x t 1

+x t
                 (3.2.128) 
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lojistik diferensiyel denklemleri elde edilirken,  ve  iken 

 

 

(3.2.129) 

 

ve  

 

(3.2.130) 

 

fark denklemleridir. Burada ,  dir. (3.2.129) ve (3.2.130) 

denkleminin  ) ve (3.2.130) fark 

denklemlerin    

(3.2.118) karakteristik denklemi elde edilir. ki 

)  ve (3.2.130) fark denklemleri  

 

2.  

     ve    ere  

(3.2.129) ve  (3.2.130

 



100 

 

 

 

.(a) = 0.2,  
0

= 0.8,  
1

= 0.5, x 1 = 0.8, x 0 = 0.9  , = 0.5   ve  

r [3,9]  ) fark denkleminin   
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.(b)  = 0.2,
0

= 0.8,
1

= 0.5, x 1 = 0.8, x 0 = 0.9  , = 0.5   ve  

r [3,9]  ) fark denkleminin   

 

3.2.5.   

 

Bu kesimde, edilen  grafiklerle 

 x 1  ve  x 0  

 

 Kesim -3.2.3 ve 

e Teorem 3.2.4,  (3.2.6) fark denkleminin 

d , -

 3.2.8 e bunlar grafiksel olarak 

denkleminin 9),  r [2,5] 

e ise (3.2.1) diferensiyel denklemi 

ve  Allee sabiti   = 0.5  kte 
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 (r [3,7]  L = r =
r

a x
), 

6 onra    

kaosun orta ). ise 

verilen parametrele  teorik olarak, 

   (3.2.124) fark denkleminde ise 

denkleminde  5.5 civ kaosa g

ve (3.2.130) fark denkleminde ise  6   

 Allee etkili fark 

iz 

fonksiyonlar   etkili fonksiyonun ise (3.2.124) 

ol ni sadece  t-  tespiti 

 

 

3.3.  
( )

= + +    

Diferensiyel Denkleminin nalizi 

 

Bu kesimde , 0 , 1,  1, 2   t ,  t [0, ) tam 

  

 

dx (t)

dt
= x t r 1 x t 0x t 1x t 1 + 1x t + 2x t 1      

(3.3.1) 

 

diferensiyel denkleminin  Bu 

 t [n, n + 1) (3.3.1) denkleminin bir fark denklemi olarak elde 

(3.3.1) denklemine denkleminin 

lgular 

geometrik  
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diferensiyel denklemini diferensiyel denklemi  

t [n, n + 1)  

 

dx t

x t
= r +

1 0
r x n +

2 1
r x n 1 dt                       (3.3.2) 

 

 

 

x t = x n exp r +
1 0

r x n +
2 1

r x n 1 ds
t

n
          (3.3.3) 

 

elde edilir. .1) diferensiyel denkleminin bu taktirde 

bunun te pozitif  

diferensiyel denklemi  

 

dx t

dt
r + 1 0r x n + 2 1r x n 1 x t = rx2 t         (3.3.4) 

 

 bir Bernoulli diferensiyel denklemidir. u t = x t
1
 

en 

 

d

dt

1

x t
exp r + 1 0r x n + 2 1r x n 1 t  

= rexp r + 1 0r x n + 2 1r x n 1 t                                           (3.3.5) 

 

elde edilir ve  bu denkleminin  

 

x n + 1 =
x n exp r+ 1 0r x n + 2 1r x n 1

1+ rx n
exp r + 1 0r x n + 2 1r x n 1 1

r+ 1 0r x n + 2 1r x n 1

                        (3.3.6) 

 

ikinci mertebeden bir fark denklemi olarak bulunur. Burada 

 

r + 1 0r x n + 2 1r x n 1 0                    (3.3.7) 
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(3.3.1) diferensiyel denkleminin .6) fark 

denkleminin edenle 

(3.3.6) fark denkleminin 

(3.3.1) diferensiyel denkleminin 

 

 

.6) fark denkleminin  

 

nalizi 

 

Bu kesimde (3.3.6) fark denkleminin 

e  denkleminin 

denge noktalar    

 

 denkleminin  

 

x1 = 0      ve    x2 =
r

+ 0+ 1 r 1 2

                                   (3.3.8) 

 

    

 

+ 0 + 1 r 1 2 > 0                                (3.3.9) 

 

ise  x2  (3.3.6) fark denklemini   

 

x n + 1 =
r+ 1 0r x n + 2 1r x n 1 x n

rx n + r+ 1 0r r x n + 2 1r x n 1 e r+ 1 0r x n + 2 1r x n 1
(3.3.10) 

 

 

 

A3 = r + 2
1

2
0
r +

2 1
r x rx + r +

1 0
r +

2 1
r r x  

 

exp r + 1 0r + 2 1r x x r + 1 0r + 2 1r x r 
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+ 1 0r r e r+ 1 0r+ 2 1r x
1 0r exp r + 1 0r + 2 1r x   

 

r + 1 0r + 2 1r r x  , 

 

B3 = rx + r +
1 0

r +
2 1

r r x exp r +
1 0

r +
2 1

r x
2

 

 

ve 

 

A4 =
2 1

r x rx + r +
1 0

r +
2 1

r r x   

 

           exp r + 1 0r + 2 1r x x r + 1 0r + 2 1r x       

         2 1r exp r + 1 0r + 2 1r x 2 1r  

 

        exp r + 1 0r + 2 1r x r + 1 0r + 2 1r r x   

 

 

 

s =
f x,x

x n
=

A3

B3
      ve  t =

f x,x

x n 1
=

A4

B3
 

 

 Bu durumda, x1 = 0  

 

A3(x1) = r2e r,  A4(x1) = 0 ve   B3(x1) = r2e 2r  

 

 (3.3.10) fark denkleminin  x1 = 0   denklemi 

 

y n + 1 ery n = 0                                         (3.3.11) 

 

 

2 er = 0                                                (3.3.12) 
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(3.3.10) fark denkleminin   x2 =
r

+
0

+
1

r 1 2

  

denklemi;  

 

A3 x2 =
r2+ 1r 0r2

+ 0+ 1 r 1 2

r2

+ 0+ 1 r 1 2

r

+ 0+ 1 r 1 2

r2

+ 0+ 1 r 1 2

  

 

                    r + 1 0r r exp
r2

+ 0+ 1 r 1 2
  

 

         =
r3

+ 0+ 1 r 1 2

2 r +
1 0r r

1 0
r r exp

r2

+
0

+
1

r 1 2

  

 

 A4(x2) =
2 1

r
r3

+ 0+ 1 r 1 2

2 1 exp
r2

+
0

+
1

r 1 2

  

 

ve 

 

B3(x2) =
2r4

+
0

+
1

r
1 2

2  

 

 

 

z n + 1
1 0r + + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
z n   

 

               
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
z n 1 = 0                                (3.3.13) 

 

denkleminin karakteristik denklemi                   

             

2
1 0r + + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
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2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
= 0                                                          (3.3.14) 

 

dir. 

 

 

Teorem 3.3.1. 3 1 > + 0 > 2 + 1 ve 2 > 1 olsun. Bu durumda (3.3.10) fark 

denkleminin 

 

 

2+ 1

+ 0+ 1
< < 2

1
                                                    (3.3.15) 

 

denkleminin  pozitif de

 

 

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
  

                                                                      < 2                                                         (3.3.16) 

. 

Bu durumda, 

 

a) 
1 0r + + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
 

b) 1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
< 2     

. 

(a  olarak 

 

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
   

                                                                                                                                 (3.3.17) 
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buradan 

 

exp
r2

+ 0+ 1 r 1 2
> 1                                        (3.3.18) 

 

elde edilir ki (   

 

 

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
1 <

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
   (3.3.19) 

 

  0 > + 1 ve 2 > 1 hipotezleri   

 

exp
r2

+ 0+ 1 r 1 2
<

+ 0 1 r+ 2 1

0 1 r+ 2 1
                           (3.3.20) 

 

elde edilir.   

 

2 1r < 2 1r + r exp
r2

+ 0+ 1 r 1 2
                    (3.3.21) 

 

.        

 

               r < 2

1
                                                      (3.3.22) 

 

ise, bu taktirde 

2 1r

2 1r+ r
< exp

r2

+ 0+ 1 r 1 2
                                 (3.3.23) 

 

bulunur. (3.3.20) ve (3.3.23 en 

 

2 1r

2 1r+ r
<

+ 0 1 r+ 2 1

0 1 r+ 2 1
                                  (3.3.24) 

 

   3 1 > + 0 > 2 + 1 ve 2 > 1 hipotezleri n  
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r <
3 2 1

3 1 + 0
                                              (3.3.25) 

 

elde edilir. (3.3.9), (3.3.22) ve (3.3.25  

 

2+ 1

+ 0+ 1
< r < 2

1
<

3 2 1

3 1 + 0
                                 (3.3.26) 

 

 

 

= 0.2,
0

= 1.2,
1

= 0.6,
1

= 0.8,

2
= 0.9, r = 0.9, x 1 = 3  ve x 0 = 7  10  

rk denkleminin 

 

 

 

 

 

. = 0.2,  
0

= 1.2,
1

= 0.6,
1

= 0.8,
2

= 0.9, r = 0.9, x 1 = 3  ve 

x 0 = 7 ) fark denkleminin  
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Teorem 3.3.2.     3 1 > + 0 > 2 + 1 ve 2 > 1 olsun. (3.3.10) fark denkleminin 

b  

 

r >
3 2 1

3 1 + 0
                                                 (3.3.27)     

 

 

 (3.3.10) fark denkleminin pozitif denge 

 olabilmesi  

 

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
  (3.3.28) 

 

ve 

 

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
> 1                               (3.3.29) 

 

   

 

a) 
1 0r + + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
 

b) 1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
<

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
 

 

n 

 

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
   (3.3.30) 
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exp
r2

+ 0+ 1 r 1 2
> 1                                        (3.3.31) 

 

 (    

 

1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
<

1 0r + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
 (3.3.32) 

 

 0 > + 1 ve 2 > 1  

 

exp
r2

+ 0+ 1 r 1 2
>

+ 0 1 r+ 2 1

0 1 r+ 2 1
                          (3.3.33) 

 

elde edilir.  

 

1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
>

1 0r + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
  

                                                                                                                                 (3.3.34) 

 

 

1

2 1r 1 e

r2

+ 0+ 1 r 1 2

r
> 1 0r + 0 r 1 e

r2

+ 0+ 1 r 1 2

r
  (3.3.35) 

 

e   

 

exp
r2

+ 0+ 1 r 1 2
<

+ 0 1 r+ 2 1

0 1 r+ 2 1
                          (3.3.36) 

 

elde edilir. Bu ise  (3.3.33)     

 

1

2 1r 1 e

r2

+ 0+ 1 r 1 2

r
<

1 0r + + 0 r 1 e

r2

+ 0+ 1 r 1 2

r
   (3.3.37) 
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exp
r2

+ 0+ 1 r 1 2
< 1                                    (3.3.38) 

 

elde edilir ki bu durum da (3 . 

Son olarak, (3.3.29  

 

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
> 1                                  (3.3.39) 

 

yaz  

 

 2 1r r exp
r2

+ 0+ 1 r 1 2
> 2 1r                         (3.3.40) 

 

.  

 

2 1r > 0 > 2 1r r                             (3.3.41) 

 

o  

exp
r2

+ 0+ 1 r 1 2
< 2 1r 

1r+ r 2
                           (3.3.42) 

 

elde ed . 

Yine, (3.3.29  

 

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1                                  (3.3.43) 

 

dikkate  

 

2 1r + r exp
r2

+ 0+ 1 r 1 2
> 2 1r                             (3.3.44) 

 

bulunur ve buradan 
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exp
r2

+ 0+ 1 r 1 2
< 2 1r 

2 1r+ r
                                      (3.3.45) 

 

elde edilir. 

  3 1 > + 0 > 2 + 1 ve 2 > 1   (3.3.33) ve 

en  

 

+ 0 1 r+ 2 1

0 1 r+ 2 1
< 2 1r 

2 1r+ r
                                  (3.3.46) 

 

  

 

r >
3 2 1

3 1 + 0
                                          (3.3.47) 

 

 

 

   Teorem 3.3.2         = 0.2,  
0

 = 3,
1

= 2,
1

= 2,   

2
= 3, r = 3.2, x 1 = 3.5  ve  x 0 = 4.5  

tekrar denkleminin   itici nokta (repeller  

point)  
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= 0.2,  
0

= 3,  
1

= 2,
1

= 2,
2

= 3, r = 3.2, x 1 = 3.5  ve  

x 0 = 4.5  ve x 0 = 7 denkleminin  

 

Teorem 3.3.3. 2 1 > + 0 > 2 + 1  ve 2 > 1 olsun. (3.3.10) fark denkleminin 

pozitif de  bi  

 

  2

1
< <

2 2 1

2 1 0
                                       (3.3.48) 

 

. 

 (3.3.10) fark denkleminin pozitif denge 

 

 

   
1 0r + + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
> 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
(3.3.49)        

                                                                                                                                     

ve 
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1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r

2

+ 4
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
> 0   (3.3.50) 

 

  (3.3.50)  

 

t = e
r2

+ 0+ 1 r 1 2                                                 (3.3.51) 

 

 

r > 2

1
                                                       (3.3.52) 

Bu durumda, 

 

+ 0 r 1

2
t2 + 2 1 0r + 0 r 1 4 r 2 1r t 

                       + 1 0r 2 + 4 r 2 1r > 0                                                              (3.3.53) 

 

 (3.3.53 e  

 

diskriminant delta = 16 2r2
1r 2 + 0 + 1 r 1 2        (3.3.54) 

 

olup,     > 0   0 > + 1  

 

1

0
< 2

1
<                                          (3.3.55) 

 

dir en   

 

4 r < 2 + 0 r 1                                   (3.3.56) 

 

  

 

1r < 0r    ve  2 > 1                               (3.3.57)    
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   0 < 1r 2 < 0r 1                                  (3.3.58) 

 

elde edilir. (3.3.56) ve (3.3.58)  

 

 

4 r 2 1r 2 1 0r + 0 r 1 > 0             (3.3.59) 

 

bulunur. Bu durumda 

 

1 0r 2  + 4 r 2 1r > 0                         (3.3.60) 

 

o  

 

t 0,
4 r 2 1 r 2 1 0r + 0 r 1

2 + 0 r 1
2

4 r 2 1r 2 1 0r + 0 r 1 +

2 + 0 r 1
2 ,   

                                                                                                                                          (3.3.61) 

 

 

 

2 + 0 r 1
2

4 r 2 1r 2 1 0r + 0 r 1
< exp

r2

+ 0+ 1 r 1 2

exp
r2

+ 0+ 1 r 1 2
<

2 + 0 r 1
2

4 r 2 1r 2 1 0r + 0 r 1 +

                    (3.3.62) 

 

bulunur.  

  

 

a) 1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
<

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
 

b) 
1 0r + 0 r 1 exp

r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0+ 1 r 1 2

r
 

. 

 birinci olarak 
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1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
<

1 0r + + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
  (3.3.63) 

 

 

 

exp
r2

+ 0+ 1 r 1 2
< 1                                             (3.3.64) 

 

elde edilir ki      

nci olarak  

 

1 0r + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0 + 1 r 1 2

r
  (3.3.65) 

 

  0 > + 1   ve   2 > 1  

 

exp
r2

+ 0+ 1 r 1 2
<

+ 0 1 r+ 2 1

0 1 r+ 2 1
                          (3.3.66) 

 

elde edilir. 

 

 

1 0r + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
< 1

2 1r 1 exp
r2

+ 0 + 1 r 1 2

r
 (3.3.67) 

 

Bu   buradan (3.3.66) elde edilir. 

  

 

1
2 1r 1 exp

r2

+ 0+ 1 r 1 2

r
<

1 0r + 0 r 1 exp
r2

+ 0+ 1 r 1 2

r
 (3.3.68) 

 

 (3.3.63  bu  (3.3.9) ile  

, (3.3.62) ile (3.3.66  
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2 + 0 r 1
2

4 r 2 1r 2 1 0r + 0 r 1 +
<

+ 0 1 r+ 2 1

0 1 r+ 2 1
                 (3.3.69) 

 

.  

, n 

 

        2 r + 0 r 1 + 0 + 1 r 2 1 4 r 2 1r  

+ 0 1 r + 2 1 < + 0 1 r + 2 1                                (3.3.70) 

 

elde edilir.  

 

+ 0 + 1 r 2 1 > + 0 1 r + 2 1 > 0           (3.3.71) 

 

, 

 

2 r[ + 0 r 1 + 0 + 1 r 2 1 2 1r 2  

+ 0 1 r + 2 1 ] < 0                                                                       (3.3.72) 

 

 

 

+ 0 r 1 + 0 + 1 r 2 1 > 2 2 1r  

                                                                              + 0 1 r + 2 1  (3.3.73)   

                                     

. Hipotezden, 2 1 > + 0 > 2 + 1  

 

r <
2 2 1

2 1 0
                                               (3.3.74) 

 

ise,  Bu durumda  (3.3.70 negatif, 

 (3.3.52) ve 

) elde edilir. B

tamamlar. 
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= 0.2,  
0

= 3.5,
1

= 3,
1

= 2,

2
= 3, r = 1.61, x 1 = 5.5  ve  x 0 = 4.85  

tekrar denkleminin pozitif denge nokt

ilgili g  

 

 

 

3.3.3. = 0.2,
0

= 3.5,
1

= 3,
1

= 2,
2

= 3, r = 1.61, x 1 = 5.5  ve  

x 0 = 4.85 de .10) fark denkleminin  

 

Teorem 3.3.4. (3.3.10) fark denkleminin  

Bir fark denkleminin 

karakteristik denkleminin  i

  

(3.3.10) fark denkleminin karakteristik denklemi 

 

2 er = 0                                               (3.3.75) 

 

denkleminin  

 

1 = 0   ve   2 = er  
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) fark denkleminin  

 

 

3.3.2.  

 

Bu kesimde (3.3.10) fark denkleminin 

.10) fark denkleminin 

 

 

Teorem 3.3.5. n=- x n > 1   x n n= 1 dizisi (3.3.10) fark 

denkleminin r, > 1 kabul edilsin. Bu 

 

i)  r < 1 0r x n + 2 1r x n 1 < 0 

taktirde (3.3.10) fark denkleminin  

 

 0,
1

1 e r
                                                        (3.3.76) 

 

 

ii)  rx n < 1 0r x n + 2 1r x n 1 < r  

.10) fark denkleminin  

 

0,
1

1 2e r
                                            (3.3.77) 

 

 

 

i)  (3.3.10) denklemi, 

 

C = x n r + 1 0r x n + 2 1r x n 1                                               (3.3.78) 

ve 

 D = r + 1 0r r x n + 2 1r x n 1  
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         exp r + 1 0r x n + 2 1r x n 1 + rx n              (3.3.79)   

                                               

 

 

x n + 1 =
C

D
                                            (3.3.80) 

 

. 

n=- x n > 1  ve  

 

r < 1 0r x n + 2 1r x n 1 < 0 

 

  o  

 

0 < 1 0r x n + 2 1r x n 1 + r < r                 (3.3.81) 

 

ve 

 

0 <
1

exp r+ 1 0r x n + 2 1r x n 1
<

1

exp ( r)
                          (3.3.82) 

 

. Bu durumda, (3.3.81) ve (3.3.82  

 

x n + 1 <
x n r

r+ 1 0r r x n + 2 1r x n 1 exp ( r)+ rx n
                       (3.3.83) 

 

olur. n=- x n > 1  ve r, > 1  

 

rx n < 1 0r r x n + 2 1r x n 1 + r < r rx n < 0       (3.3.84) 

 

elde edilir. (3.3.83) ile birlikte (3.3.84  

 

x n + 1 <
x n r

rx n exp ( r)+ rx n
=

1

1 exp ( r)
                         (3.3.85) 
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sonucu bulunur. 

 

ii) n=- x n > 1  ve  

 

rx n < 1 0r x n + 2 1r x n 1 < r 

 

 

 

r rx n < 1 0r x n + 2 1r x n 1 < 0 < r ,               (3.3.86) 

 

0 <
1

exp r+ 1 0r x n + 2 1r x n 1
< 1 <

1

exp r
                        (3.3.87) 

 

ve 

 

r 2 rx n < 1 0r r x n + 2 1r x n 1 < rx n < 0      (3.3.88) 

 

Bu durumda, (3.3.86), (3.3.87) ve (3.3.88) birlikte  

 

x n + 1 <
x n r

r 2 rx n exp r + rx n
<

x n

1+ x n 1 2 exp r
  

 

               <
x n

x n 1 2 exp r
 =

1

1 2exp ( r)
                                                        (3.3.89) 

 

elde edilir. . 

 

.  Teorem 3.3.5  /(i) dikkate     = 0.5,  0 = 0.2,    1  = 0.3,   

1 = 0.02, 2 = 0.03, r = 0.25, x 1 = 0.2  ve x 0 = 1 lk 

 ) fark denkleminin nin 0,
1

0.5 1 e 0.25
 

nu ifade eden .   
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.4. = 0.5,  0 = 0.2,  1 = 0.3,  1 = 0.02, 2 = 0.03, r = 0.25, x 1 = 0.2   

ve x 0 = 1 .10) fark denkleminin  

 

.5.   Teorem 3.2.5 /(ii)   dikkate      = 0.5,  0  = 0.2, 1  = 0.3, 

  1 = 0.02, 2 = 0.03, r = 0.25, x 1 = 4  ve x 0 = 2.5 

  .10) fark denkleminin nin  

0,
1

0.5 1 2e 0.25
 e .  



124 

 

 

 

kil 3.3.5. = 0.5,  0 = 0.2,  1 = 0.3,  1 = 0.02, 2 = 0.03, r = 0.25, x 1 = 4   

ve x 0 = 2.5  .10) fark denkleminin  

 

Teorem 3.3.6. x n n= 1 dizisi (3.3.10) fark denkleminin 

 

i)  r + 1 0r x n + 2 1r x n 1 < 0 ise, bu taktirde 

(3.2.10) fark denkleminin  

ii)  r + 1 0r x n + 2 1r x n 1 > rx n   ise, bu taktirde 

(3.2.10) fark denkleminin poz . 

 

i)  (3.3.10) fark denkleminden 

 

x n+1

x n
=

r+ 1 0r x n + 2 1r x n 1

r+ 1 0r r x n + 2 1r x n 1 exp r+ 1 0r x n + 2 1r x n 1 + rx n
    (3.3.90)      

 

  (3.3.10) fark denkleminin 
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x n+1

x n
< 1                                              (3.3.91) 

 

. Yani, (3.2.90  

 

r+ 1 0r x n + 2 1r x n 1

r+ 1 0r r x n + 2 1r x n 1 exp r+ 1 0r x n + 2 1r x n 1 + rx n
< 1       (3.3.92) 

 

.  

 

r + 1 0r x n + 2 1r x n 1 < 0 

o  

 

1 exp r +
1 0

r x n +
2 1

r x n 1 < 0         (3.3.93) 

 

ve 

r + 1 0r r x n + 2 1r x n 1 < 0                  (3.3.94) 

 

elde edilir. (3.3.93) ve (3.3.94 leri 

 d   

ii)   

 

x n+1

x n
> 1                                         (3.3.95) 

 

ise, bu  taktirde (3.3.10) fark denkleminin  monoton artan

  

 

r + 1 0r x n + 2 1r x n 1 > rx n  

 

hipotezinden  

 

r + 1 0r x n + 2 1r x n 1 x n > 0              (3.3.96) 

ve 
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r + 1 0r x n + 2 1r x n 1 x n  

 

exp r + 1 0r x n + 2 1r x n 1 + x n > 0                                 (3.3.97) 

 

abilir. 

tamamlar.  

 

 = 0.2, 0 = 2, 1 = 0.1, r = 0.5,

x 1 = 0.8, x 0 = 1  

denkleminin   

  

 

 

 

= 0.2,  0 = 2, 1 = 0.1, r = 0.5, x 1 = 0.8, x 0 = 1 

denkleminin   

 

Teorem = 2, 0 = 3, 1 = 2, r = 0.4,

x 1 = 1, x 0 = 2  i  

(3.3.10) fark denkleminin  

.  
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= 2, 0 = 3, 1 = 2, r = 0.4, x 1 = 1, x 0 = 2 

(3.3.10) fark denkleminin  

 

Teorem 3.3.7.  f C[ 0, 0, , 0, ]  

 

f x, y =
x r+ 1 0r x+ 2 1r y

r+ 1 0r r x+ 2 1r y exp r+ 1 0r x+ 2 1r y + rx
             (3.3.98) 

 

.  < 0 ,     1 <
2 3 0 2 + 0

9 0
  ve  

 

2

1
< 1

0
<

3 1

3 0 2
<

3 1+2 + 0 + 9 1
2+ 20 12 0 1+4 + 0

2

2 3 0
<      (3.3.99) 

 

 

 

x >
+ 0 r 1

0r 1 3 0 r 5 1
    ve    y <

4r 0r 1 r+2 + 0 r 1

1r 2 4 0r 1 + 0 r 1
          (3.3.100)    
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ise,  

(3.3.98)  

 

E1 = r 1 0r x2 + exp r + 1 0r x + 2 1r y   

 

        r + 2 1 0r x + 2 1r y r + 1 0r r x + 2 1r y   

 

+x r + 1 0r x + 2 1r y 1 0r r + 1 0r r x 

 

        + 2 1r y 1 0r r   

 

E2 = r 1 0r x2 1 exp r + 1 0r x + 2 1r y   

 

        + 2 1r  x  exp r + 1 0r x + 2 1r y  

 

       r + 1 0r x + 2 1r y r + 1 0r r x + 2 1r y   

 

ve 

 

 F1 = rx + r + 1 0r r x + 2 1r y  

 

         exp r + 1 0r x + 2 1r y
2

,   

 

 

 

f x,y

x
=

E1

F1
   ve  

f x,y

y
=

E2

F1
                                 (3.3.101) 

 

dir. 

2

1
< 1

0
<  1 0r < 0 ve 2 1r < 0 dir.  

E1 ve E2  
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r + 1 0r x + 2 1r y > 0                          (3.3.102) 

 

r + 1 0r r x + 2 1r y > 0                    (3.3.103) 

 

r + 2 1 0r x + 2 1r y < 0                       (3.3.104) 

 

1 0r r + 1 0r r x + 2 1r y 1 0r r < 0        (3.3.105) 

 

, bu taktirde    
f x,y

x
< 0  ve   

f x,y

y
< 0 dir. 

(3.3.102)-(3.3.105  

 

y <
r

2 1r

1 0r

2 1r
x

 y <
r

2 1r

1 0r r

2 1r
x

y >
r

2 1r

2 1 0r

2 1r
x

y < 1 0r r

1 0r 2 1r

r

2 1r

1 0r r

2 1r
x

 

                                 (3.3.106) 

 

ve 

 

x <
r

1 0r

2 1r

1 0r
y

 x <
r

1 0r r

2 1r

1 0r r
y

x >
r

2 1 0r

2 1r

2 1 0r
y

x <
1

1 0r

r

1 0r r

2 1r

1 0r r
y

 

                          (3.3.107) 

 

. 

 

 

 

3y <
3r

2 1r

1 0r

2 1r
x

2 1 0r r

2 1r
x + 1 0r r

1 0r 2 1r
     (3.3.108) 
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ve    

 

3y >
3r

2 1r

6 1 0r

2 1r
x                                     (3.3.109) 

 

bulunur.  < 0  ve  

 

r >
3 1

3 0 2
                                          (3.3.110) 

 

 

 

x >
+ 0 r 1

0r 1 3 0 r 3 1
                                 (3.3.111) 

 

 elde edilir. 

) ifadesi 

 

 

3x <
r

1 0r

2 1r

1 0r
y

r

1 0r r

2 1r

1 0r r
y

1

1 0r

r

1 0r r
  

        2 1r

1 0r r
y                                                                                               (3.3.112) 

 

ve 

3x >
3r

2 1 0r

3 2 1r

2 1 0r
y                             (3.3.113) 

 

elde edilir. (3.3.110   

 

4 0r 1 + 0 r 1 > 0                       (3.3.114)   

   

 

 

4r 0r 1 r + 2 + 0 r 1 > 0             (3.3.115) 
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 (3.3.112) ve (3.3.113 en 

 

y <
4r 0r 1 r+2 + 0 r 1

1r 2 4 0r 1 + 0 r 1
                          (3.3.116)    

 

bulunur.   

 

3 0 r2 2 + 0 + 3 1 r + 2 1 > 0                      (3.3.117) 

 

 elde edilir.  

 

 diskriminant delta = 9 1
2 + 20 12 0 1 + 4 + 0

2                           (3.3.118) 

 

 < 0 <
5

3 0   > 0 . (3.3.117)  

 

3 1+2 + 0 + 9 1
2+ 20 12 0 1+4 + 0

2

2 3 0
<                          (3.3.119) 

 

.  

 

1 <
2 3 0 2 + 0

9 0
  

 

o   

 

3 1

3 0 2
<

3 1+2 + 0 + 9 1
2+ 20 12 0 1+4 + 0

2

2 3 0
  

 

 

 

 

denkleminin 

  



132 

 

 

Teorem 3.3.8. x n n= 1 dizisi (3.3.10) fark denkleminin b

Ayruca, 

0 < 1 0r < 2 1r                             (3.3.120) 

ve 

rx 2n < r + 1 0r x 2n + 2 1r x 2n 1 <
x 2n 1

x 2n
   (3.3.121) 

 

x 2n < x2 < 2n 1  

ise, (3.3.10) denkleminin  

  

 

U1 = x 2n r + 1 0r r x 2n + 2 1r x 2n 1   

 

          1 exp r + 1 0r x 2n + 2 1r x 2n 1   

ve 

 

V1 = r + 1 0r r x 2n + 2 1r x 2n 1   

 

        exp r + 1 0r x 2n + 2 1r x 2n 1 + rx 2n   

 

 (3.3.10) fark denkleminden, 

 

x 2n + 1 x 2n =
U1

V1
                              (3.3.122) 

 

Hipotezden   

 

r + 1 0r r x 2n + 2 1r x 2n 1 > 0 

 

 

 

1 exp r + 1 0r x 2n + 2 1r x 2n 1 > 0             (3.3.123) 
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x 2n + 1 > 2n  . 

tekrarla, 

 

x 2n + 3 > 2n + 2 , x 2n + 5 > 2n + 4 ,                        (3.3.124) 

bulunur. 

 

U2 = r + 1 0r x 2n + 2 1r x 2n 1    

x 2n x 2n 1 exp r + 1 0r x 2n + 2 1r x 2n 1  

 

 rx 2n x 2n 1 1 exp r + 1 0r x 2n + 2 1r x 2n 1  

 

ve 

 

V2 = r + 1 0r x 2n + 2 1r x 2n 1   

 

        exp r + 1 0r x 2n + 2 1r x 2n 1 +  rx 2n  

 

       1 exp r + 1 0r x 2n + 2 1r x 2n 1   

 

  

 

x 2n + 1 x 2n 1 =
U2

V2
                             (3.3.125) 

 

. Hipotezden 

 

0 < r + 1 0r x 2n + 2 1r x 2n 1 <
x 2n 1

x 2n
 

 

 

 

< x 2n + 5 < 2n + 3 < x 2n + 1 < 2n 1  
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elde edilir. Son olarak, 

 

U3 = r + 1 0r x 2n + 1 + 2 1r x 2n    

 

x 2n + 1 x 2n exp r + 1 0r x 2n + 1 + 2 1r x 2n  

 

                   rx 2n + 1 x 2n 1 exp r + 1 0r x 2n + 1 + 2 1r x 2n  

 

ve 

 

V3 = r + 1 0r x 2n + 1 + 2 1r x 2n   

 

         exp r + 1 0r x 2n + 1 + 2 1r x 2n +  rx 2n + 1   

 

         1 exp r + 1 0r x 2n + 1 + 2 1r x 2n   

 

  

 

x 2n + 2 x 2n =
U3

V3
                                  (3.3.126) 

 

. , 0 < 1 0r < 2 1r
 

 ve x 2n + 1 < 2n 1   

 

 

  r + 1 0r x 2n + 2 1r x 2n 1   

 

   > r + 1 0r x 2n + 1 + 2 1r x 2n   

   > 0  

 

elde edilir. U3 > 0  

 

  r + 1 0r x 2n + 1 + 2 1r r x 2n x 2n + 1   
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> 2n r + 1 0r r x 2n + 1 + 2 1r x 2n   

 

  exp r + 1     0r x 2n + 1 + 2 1r x 2n   

 

 0 <
1 0

r <
2 1

r  ve x 2n + 1 > 2n    

 

    r + 1 0r x 2n + 1 + 2 1r r x 2n  

 

> r + 1 0r r x 2n + 1 + 2 1r x 2n  

 

x 2n + 1 > 2n   

 

x 2n + 1 > 2n exp r + 1 0r x 2n + 1 + 2 1r x 2n        (3.3.127) 

 

. 

U3 > 0, yani x 2n + 2 > 2n   

  

 

> x 2n + 6 > 2n + 4 > 2n + 2 > 2n  

 

elde ed . 

 

3.3.3. P  

 

Bu kesimde 

 

x n + 1 =
x n e r+ 1 0r x n + 2 1r x n 1

1+ rx n
e r+ 1 0r x n + 2 1r x n 1 1

r+ 1 0r x n + 2 1r x n 1

                  (3.3.128) 

 

fark denkleminin   
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Teorem 3.3.9. 1 0r x n + 2 1r x n 1 < 0 abul 

edilsin. .128) fark denkleminin 

 

 

x n >
2r

+ 0+ 1 r 1 2
                                     (3.3.129) 

 

ise bu taktirde (3.3.128) fark denkleminin 

 

n=-  

 

V n = x n x2
2                                  (3.3.130) 

 

 bir Ly . Bu taktirde 

 

          V n = V n + 1 V n = x n + 1 x n x n + 1 + x n 2x2  (3.3.131)          

                                  

   

 

E1 =     x n r + 1 0r r x n + 2 1r x n 1   

 

           1 exp r + 1 0r x n + 2 1r x n 1  , 

 

E2 = + 0 + 1 r 1 2 x n 2r  r + 1 0r r x n   

 

+ 2 1r x n 1 exp r + 1 0r x n + 2 1r x n 1  

 

          + rx n + x n + 0 + 1 r 1 2 r + 1 0r x n   

 

          + 2 1r x n 1   

  

ve 
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F = r + 1 0r r x n + 2 1r x n 1   

 

      exp r + 1 0r x n + 2 1r x n 1 + rx n   

 

  (   

 

x n + 1 x n =
E1

F
                                    (3.3.132) 

 

ve 

 

x n + 1 + x n 2x2 =
E2

F + 0+ 1 r 1 2
                     (3.3.133) 

 

. , 

 

x n + 1 x n x n + 1 + x n 2x2 =
E1E2

F2 + 0+ 1 r 1 2
       (3.3.134) 

 

bulunur. Hipotezden  

 

r + 1 0r x n + 2 1r x n 1 < 0 

 

 ol  

 

x n >
2r

+ 0+ 1 r 1 2
  

 

oluyorsa,  (3.3.134) ifadesi negatiftir. Bu ise  V n < 0 . Bu da bize 

(3.3.128) fark denkleminin  . 

 

.8. Teorem 3.3  = 0.2, 0 = 1, 1 = 0.6, 1 = 0.4,

2 = 0.7, r = 0.8, x 1 = 3.5 , x 0 = 3.6  

.128) fark denkleminin n global 

. 
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3.3.8.  = 0.2, 0 = 1,  1 = 0.6, 1 = 0.4, 2 = 0.7, r = 0.8, x 1 =

3.5 , x 0 = 3.6  ) fark denkleminin  
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3.3.9. = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8,

x 0 = 0.9 ve r [2,5]   (3.3.128) fark denkleminin bifurcation 

  

 

 

  = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8,

x 0 = 0.9  ve  r [2,5]  denkleminin    

 

3.3.4. (3.3.1) Denkleminin 

Analizinde Allee Etkisi 

 

Bu kesimde (3.3.1) lojistik diferensiyel denklemine t zaman

uygulanarak elde edilen yeni diferensiyel 

Kesim 

3.3.1 ve Kesim 3.3.3 gibi olup bu kesimde teoremlerin sade  elde 

edilen  (3.3.10) fark denkleminin  ile 

geometrik tir. 

 > 0  

 



140 

 

a x t =
x t

+x t
                                        (3.3.135) 

 

Allee fonksiyonunu ve x, (3.3.1) diferensiyel denkleminin 

 

 

      r =
r

a x
                                                 (3.3.136) 

 

ve 

v =
1

a x
                                                (3.3.137) 

 

.  diferensiyel denklemine bu Allee fonksiyonunu  

uygularsak  

 

dx t

dt
= x t r 1 x t

0
x t

1
x t 1 + v

1
x t   

 

             + 2x t 1
x t

+x t
                                                                              (3.3.138) 

 

lojistik diferensiyel denkleminini elde ederiz.  Burada r   , (3.3.138) diferensiyel 

denkleminin   ve v  

 parametredir.  

denkleminin .  

 t [n, n + 1)  (3.2.138) diferensiyel denklemi 

 

dx t

dt
r 1 0x n 1x n 1 + v 1x n + 2x n 1

x n

+ x n
x t  

      = r x t
2 x n

+x n
                                                                                      (3.3.139) 

 

formunda bir Bernoulli diferensiyel denklemidir.   

 

M1 = r 1
0

x n
1

x n 1 + v 1x n + 2x n 1 x n   
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ve 

 

  

 

  

 

    iken bu denkleminin  

 

                                                       (3.3.140) 

 

. Burada, 

 

        (3.3.141) 

 

r. (3.3.140) ile (3.3.10) fark denkleminin   

 

           

         

 

ve 

 

  

 

 (3.3.140) fark denkleminin 

denklemin kararkteristik denklemi     

  

                                    (3.3.142) 
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Teorem 3.3.10. 3 1 > + 0 > 2 + 1 ve 2 > 1 olsun. (3.3.140) fark denkleminin 

 

 

2+ 1 + 0+ 1 r 1 2 +r

+ 0+ 1 r
< r < 2v

1
  

 

 

  Teorem 3.3.1  gibi   

 

Teorem 3.3.11. n  .140) fark 

denkleminin  

 

x n >
2r

+ 0+ 1 r 1v 2v
  

 

ise, bu taktirde (3.3.140) fark denkleminin 

r. 

  Teorem 3.3.9  gibi   

 

Teorem 3.3.10 ve Teorem 3.3.11   = 0.2,
0

= 0.8,

1
= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8, x 0 = 0.9, = 0.5, r [3,7] ve  

L = r =
r

a x
  denkleminin 
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 = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8, 

  x 0 = 0.9  , = 0.5   ve  r [3,7]  denkleminin 

 

 

-  

 

a x t 1 =
x t 1

+x t 1
                                        (3.2.143) 

 

Allee fonksiyonunu   

 

dx t

dt
= x t r 1 x t

0
x t

1
x t 1 + v

1
x t   

 

             +
2

x t 1
x t 1

+x t 1
                                                                           (3.3.144)  

                                                                 

lojistik diferensiyel denklemi elde edilir.  t [n, n + 1) ve t n + 1  iken bu 

denkleminin  
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M2 = r 1
0

x n
1

x n 1 + v 1x n + 2x n 1 x n   

 

ve 

 

N2 = r 1 x n
0

x n
1

x n 1 + v 1x n + 2x n 1  

exp r 1
0

x n
1

x n 1 + v 1x n + 2x n 1
x n 1

+x n 1
  

  + r x(n)  

 

 

 

x n + 1 =
M2

N2
                                                       (3.3.145) 

 

   denkleminin 

 ) fark denkleminin  

) elde edilir. .3.10 ve 

 

 

3.3.11.  Teorem 3.3.10 ve Teorem 3.3.11   = 0.2,
0

=

0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8, x 0 = 0.9, = 0.5, r [4,9] 

ve  L = r =
r

a x
  olmak ) fark denkleminin 

3.3 r. 
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3.11. = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8,

x 0 = 0.9, = 0.5   ve r [4,9]    ) fark denkleminin 

 

 

Son olarak, t-  

 

a x t 1 , t =
x t

+x t 1
,                                               (3.3.146) 

 

a x t 1 , t =
x t 1

+x t
                                                   (3.3.147) 

 

,    

 

dx t

dt
= x t r 1 x t 0x t 1x t 1 + v 1x t   

             +
2

x t 1
x t

+x t 1
                                                                          (3.3.148)   

                                                        

ve 
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                                                                                           (3.3.149)      

                                                             

lojistik diferensiyel denklemleri elde edilir.   ve  iken 

 

 

, 

 

  

 

           

          

 

ve 

 

, 

 

  

 

           

          

 

 

                                           (3.3.150) 

 

ve 

                                           (3.3.151) 

 

fark denklemleridir. Burada yine . (3.3.150) ve (3.3.151) 

) ve (3.3.151) fark 
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denklemlerinin  ) 

)  ve (3.3.151) fark denklemleri  

 

.   Teorem 3.3.10 ve Teorem 3.3.11   = 0.2,
0

=

0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8, x 0 = 0.9, = 0.5, r [4,9] 

ve  L = r =
r

a x
    

 

 

 

 

.(a)  = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8,

x 0 = 0.9, = 0.5   ve r [4,9]    denkleminin 
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.(b)  = 0.2,
0

= 0.8,
1

= 0.5, 1 = 0.0001, 2 = 0.0002, x 1 = 0.8,

x 0 = 0.9, = 0.5   ve r [4,9]    ) fark denkleminin 

 

 

3.3.5.   

 

Bu kesimde, elde edilen arak grafiklerle 

 x 1  ve  x 0  

 ait iki boyutlu 

   

Kesim -3.3.3 e verilen Teorem 3.3.9,  

(3.3.10) fark denkleminin pozi

 karakterize e - 3.3. bunlara 

 ) fark denkleminin 

diya ),  r [2,5]   3.4  

 .  
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Kesim 3.3 e ise (3.3.1) diferensiyel denklemi ve  Allee sabiti   = 0.5  

 

3.3

 (r [4,9]  L = r =
r

a x
 ve v =

r

a x
) .2  

 

.10- .   (3.3.145) fark denkleminde 

 sona erd

  3.3.11-

) denkleminde  6 

) fark denkleminde .5  

 -

.  

 etkili fonksiyonun ise (3.3.145

sadece  t-  

 

 

 



 

 

 

 

 

 

 

 

 

4  

 

 

 

gecikmeli lojistik diferensiyel nin 

analizi edeflenen mak  uygun 

diferensiyel denklemlerin 

yerel ve global kar . 

zamanlar  

 Allee etkili ve Allee 

etkisiz denklemlerin mukayeseleri  

ncellikle  temel  

 

4.1. Diferensiyel 

Teoremler  

 

Bu kesimde, bundan sonraki kesimlerde  diferensiyel denklemler 

 ve  teoremler  

 

x   

 

dx

dt
= f x, t          ve         x t0 = x0                                     (4.1.1)
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x

diferensiyel  

  

.1.1. > 0  x(t0) x <    

x(t) x <   , t0 > 0 varsa, bu taktirde x   

yerel  denir [108].  

 

x   limt x t = x  ise bu 

taktirde x  na  denir [108]. 

 

.  ( =   Lyapunov   

x = 0   

 

x 0 <     x( ) < ,    t t0                            (4.1.2) 

 

> 0 , t0 > 0 varsa, bu taktirde x = 0  kritik 

=  denir. 

x = 0   

i) x = 0   

ii) x = 0   

 

x 0 <     limt x t = 0                               (4.1.3) 

 

ise, bu taktirde x = 0  t0 = 0  denir [108]. 

 

4.1.4.  x0   ar - e verilen 

 x     global  denir . 

 

  Lyapunov fonksiyonu ile ilgili bir temel bilgiler verelim.  
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:                                                  (4.1.4) 

 

ise, yani 

 

V(0)=0   ve   V x > 0,     x U 0                          (4.1.5) 

 

fonksiyonudur. 

  

 

V =
V

x

x

t
= V x = V f                                    (4.1.6) 

 

x U 0    

V 0                                                 (4.1.7) 

 

oluyor ise x = 0 , 

 

V < 0                                                 (4.1.8) 

 

ise . 

 

 

x  ise                                  (4.1.9) 

 

, bu 

taktirde ise x = 0 . 

x 0  ve , bu taktirde (4.1.7), 

 v = x x   [109].  

 

Lemma 4.1.1.  a1  ve  a2    

 

+ a1 + a2e = 0 
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karakteristik denklem    

 

a1 > 1,                                          (4.1.10) 

 

a1 + a2 > 0,                                           (4.1.11) 

 

a2 < 2 + a1
2,                                          (4.1.12) 

 

. Burada    , a1 0  = a1tan    ( 0 < < )  

a1 = 0  =
2
 dir [110]. 

 

a, 1  ve  2 pozitif sabitler, f C    

 

x t = ax t + [f x t 1 + f x t 2 ]                 (4.1.13) 

 

diferensiyel x , (4.1.13) diferensiyel denkleminin 

b = (x )   

 

x t = ax t b[x t 1 + x t 2 ]                    (4.1.14)  

 

ve buna ait karakteristik denklemi  

 

= b e 1 + e 2 a                               (4.1.15) 

 

dir.  ispatlanabilir [112]. 

 

Teorem 4.1.1. 

 b0
+

= minj 1 bj: bj > 0     ve  b0 = maxj 1
a

2
, bj: bj < 0       (4.1.16) 

 

in  nin negatif 

 b0 , b0
+

 b0
+

=

minj 1 bj: bj > 0 =  ise, b0 ,   
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Teorem 4.1.2.  j 1   

 

j
2j 1

1+ 2
,

2j+1

1+ 2
,                                   (4.1.17) 

 

bj =
a

2cos 1+ 2
2 j cos 1 2

2 j

                              (4.1.18) 

 

in x   kritik 

 b0 , b0
+

 

ol b0
+

= minj 1 bj: bj > 0 =  ise, b0 ,  

 

 

Allee effect ile ilgili e veril  zamana 

gecikmeli bir matematiksel model 

verilecektir; 

a) N [0, ) f N < 0 

b)f 0   

 

 

dN (t)

dt
= N t f N t T = F(N t , N t T )                                  (4.1.19)  

 

diferensiyel 

   

 

dN (t)

dt
= N t a(N t )f N t T = Fa (N t , N t T )                   (4.1.20) 

 

denklemi ele . 

 Burada  a(N t ) biyolojik an

: 

a) N=0 ise,  a(  

b) N (0, ) a > 0  
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c) lim ( ) = 1   [92]. 

 

4.2. 
( )

= +  Diferensiyel Denkleminin 

nalizi 

 

Bu kesimde ,    r, R 0   ve > 0 

 

 

dx (t)

dt
= rx t 1 x t x t + x t                 (4.2.1) 

 

diferensiyel 

Bu  S. Ruan  [111   ve  

 (4.2.1) diferensiyel denkleminin 

Buna ilave olarak (4.2.1) denklemine belirli tipte Allee 

elde edilen bulgular geometrik   

 

diferensiyel  

 

nalizi 

 

Bu kesimde (4.2.1) diferensiyel denkleminin 

rik  

 

  (4.2.1) diferensiyel  Bu denklemde t yerine t 

yazarsak  

 

         
dx ( t)

dt
= rx t 1 x t x t + x t                  (4.2.2) 

 

elde edilir. u t = x t    

 

Buna durumda, 
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du (t)

dt
=

dx ( t)

dt
                                             (4.2.3) 

 

  

 

du t

dt
= ru t 1 u t u t 1 + u t 1                  (4.2.4) 

 

elde edilir.  

 

u1 = 0   ve   u2 =
r+

r +
 ,  r 0                                 (4.2.5) 

 

diferensiyel  O halde (4.2.4) 

diferensiyel denkleminin  u1 = 0  

 

du t

dt
= r u t + u t 1                                          (4.2.6) 

 

ve buna ait karakteristik denklemi de 

 

r e = 0                                            (4.2.7) 

 

dir.  (4.2.4) diferensiyel denkleminin  u2 =
r+

r +
 

 

 

y t = u t u2                                             (4.2.8) 

 

 

 

dy t

dt
= 2 ru2 + ru2 r y t ru2 y t 1                (4.2.9) 

 

denklemi elde edilir. 

denklem de  
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+ 2 ru2 + ru2 r + ru2 e = 0                               (4.2.10) 

 

 

(4.2.7) ve (4.2.10) 

karakteristik denklemlerinin  

 

Teoremin ifade ve ispat  ]  

 

Teorem 4.2.1.  u1 = 0 ve  u2 =
r+

r +
 , (r 0)  ) diferensiyel 

 

i)  r <
1
   

 

 = r tan , , 0 < <                                        (4.2.11)  

      

 

 

           
1 2+r2 2 < < r                                      (4.2.12) 

 

ise, bu taktirde (4.2.1) diferensiyel denkleminin u1 = 0  

 ii)  >
1
  

 

=
+

2 + + r tan  ,   0 < <                    (4.2.13) 

 

 

 

< r < +
1

1 + tan2 2 + + r
2
                  (4.2.14) 
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 ise, bu taktirde (4.2.1) diferensiyel denklemin  u2 =
r+

r +
 

 

 

i) Lemma 4.1.1  ve  (4.2.7)  denklemi birlikte    

 

a1 = r         ve       a2 =                                  (4.2.15) 

 

dir.   

 

a1 = r > 1                                            (4.2.16)     

 

  r <
1
    elde edilir ki bu da (i . 

 

 

a1 + a2 = r > 0                                (4.2.17) 

 

> 0   

 

r + > 0                                         (4.2.18) 

 

ve buradan da 

 

< r                                             (4.2.19)  

    

bulunur. 

Son olarak,   

 

< 2 + r2 2                                    (4.2.20) 

 

ve buradan 

 

1 2+r2 2 <                                    (4.2.21) 
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bulunur (4.2.12) elde edilir. 

ii) Lemma 4.1.1 ve (4.2.10)     

 

a1 = 2 ru2 + ru2 r         ve       a2 = ru2                (4.2.22) 

 

  

 

                                    a1 = 2 ru2 + ru2 r > 1                                       (4.2.23)    

 

  Bu durumda, u2 =
r+

r +
    

 

r+

+
+ >

1
                                             (4.2.24) 

 

 

r >
+ 2 +

                                        (4.2.25) 

 

bulunur.   

 

2 ru2 + ru2 r + ru2 > 0                            (4.2.26) 

 

buradan da 

 

r >                                           (4.2.27) 

elde edilir.  

 

ru2 < 2 + 2 2 ru2 + ru2 r 2                       (4.2.28) 

 

 u2 =
r+

r +
  e (4.2.13) birl  (4.2.28  
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r < +
1

1 + tan2 2 + + r
2
                  (4.2.29) 

 

. (4.2.27) ve (4.2.29

  

 

>
+ 2 +

                                     (4.2.30) 

 

n elde edilmesi gerekir.  Bu ise (4.2.25) ve (4.2.28) den elde edilir. 

taraftan, (4.2.30)  

 

>
1
                                             (4.2.31) 

 

  

 

 

.2.1. Teorem 4.2.1/(i)  dikkate  = 0.5, r = 4.712388, = 0.05,

= 0.3, = 6  ve   x = x 0 = 0.62 e  ) 

diferensiyel denkleminin u1 = 0 

2.1             
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   = 0.5, r = 4.712388, = 0.05, = 0.3, = 6  ve    

        x = x 0 = 0.62  (4.2.1) diferensiyel 

zaman-  
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)   = 0.5, r = 4.712388, = 0.05, = 0.3, = 6  ve  

    x = x 0 = 0.62   (4.2.1) diferensiyel  

-   

 

 = 0.5, r = 4.712388, = 0.05,

= 0.3, = 8  ve    x = x 0 = 0.62 ebilir.  

(4.2.1) diferensiyel denkleminin u1 = 0  ile ilgili 

2.2  
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(a)  = 0.5, r = 4.712388, = 0.05, = 0.3, = 8 ve  

    x = x 0 = 0.62  (4.2.1) diferensiyel 

zaman-  
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)  = 0.5, r = 4.712388, = 0.05, = 0.3,  

= 8 ve   x = x 0 = 0.62  (4.2.1) diferensiyel 

dizisinin -  

 

. Teorem 4.2.1/(ii)    dikkate       = 0.5, r = 2.2214414622,     

 = 0.5, = 0.8, = 1  ve   x = x 0 = 0.6 ebil  

) diferensiyel denkleminin u2 =
r+

r +

2.3    
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)  = 0.5, r = 2.2214414622, = 0.5, = 0.8, = 1  ve   

  x = x 0 = 0.6  (4.2.1) diferensiyel 

zaman-  
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)   = 0.5, r = 2.2214414622, = 0.5, = 0.8, = 1  ve  

   x = x 0 = 0.6   (4.2.1) diferensiyel 

-  

 

. Teorem 4.2.1/(ii  = 0.5, r = 5.2, = 0.5, =

0.8, = 1  ve  x = x 0 = 0.6 e  ) 

diferensiyel denkleminin u2 =
r+

r +
     ile ilgili grafikler 
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4(a)  = 0.5, r = 5.2, = 0.5, = 0.8, = 1  ve    xx = x 0 = 0.6 

 (4.2.1) diferensiyel  zaman-

 

 



168 

 

 

4(b)   = 0.5, r = 5.2, = 0.5, = 0.8, = 1  ve   x = x 0 = 0.6 

 (4.2.1) diferensiyel -

 

 

Teorem 4.2.2.  2 < r2 ise, bu taktirde  her  > 0  ) 

diferensiyel denkleminin  u1 = 0  

.  i 0 0  ) karakteristik denkleminin 

mevcut olsun.  Bu durumda  

 

i 0 r e i 0 = 0                                               (4.2.32) 

 

Buradan  

 

r cos 0 = 0

0 + sin 0 = 0
                                                 (4.2.33) 

 

ve 

 

0
2 = 2 2 r2                                                     (4.2.34) 
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bulunur.   2 < r2  

 er  > 0 gecikme 

 u1 = 0  

 

 Teorem 4.2.2   dikkate      =  0.5,   r =  4.712388975,   

= 0.05, = 0.3, = 1  ve    x = x 0 = 0.6 e  

4.2.1) diferensiyel denkleminin u1 = 0  

2.5          

    

 

 

)   = 0.5, r = 4.712388975, = 0.05, = 0.3, = 1  ve  

 x = x 0 = 0.6   (4.2.1) diferensiyel  

zaman-   
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)   = 0.5, r = 4.712388975, = 0.05, = 0.3, = 1  ve  

   x = x 0 = 0.6  (4.2.1) diferensiyel 

-  

 

Teorem 4.2.3. >  , r 0   ve    r <
3 +

 olsun. Bu durumda  her  > 0 gecikme 

) diferensiyel denkleminin  u2 =
r+

r +
  pozitif kritik 

 

.    i 0 0  ) karakteristik 

mevcut olsun.  Bu durumda  

 

i 0 + 2 ru2 + ru2 r + ru2 e i 0 = 0                 (4.2.35) 

 

. Buradan 

 

2 ru2 + ru2 r + ru2 cos 0 = 0

0 ru2 sin 0 = 0
                         (4.2.36) 
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0
2 = 2 ru2

2 2 ru2 + ru2 r 2                           (4.2.37) 

 

 

 

0
2 = 2 +r

+
r + 2 r +                         (4.2.38) 

 

bulunur.  

 

+ r > 0 

 

  

 

r + 2 r + < 0                          (4.2.39) 

 

ise, 0
2 < 0   (4.2.39 >    

 

r <
3 +

                                           (4.2.40) 

 

elde edilir ki bu da hipotezin kendisidir. Bu durumda, (4.2.10) karakteristik denkleminin 

 her 

 > 0 u2 =
r+

r +
 kritik 

 

 

. Teorem 4.2.3  = 0.5, r = 2.2214414622, = 0.5,

= 0.8, = 1  ve   x = x 0 = 0.6 e  4.2.1) 

diferensiyel denkleminin  u2 =
r+

r +
 kritik  
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)   = 0.5, r = 2.2214414622, = 0.5, = 0.8, = 1  ve   

  x = x 0 = 0.6  (4.2.1) diferensiyel 

zaman-  
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)   = 0.5, r = 2.2214414622, = 0.5, = 0.8, = 1  ve   

  x = x 0 = 0.6   (4.2.1) diferensiyel  

-   

 

Teorem 4.2.4.  < 0  ve  r > 0 , > 0   

 

  0 < x t < 2r + 1x t < x t                                 (4.2.41) 

 

mevcut olsun. Bu taktirde (4.2.1) diferensiyel denkleminin  u2 = 0  kritik 

 

 

. > 0  ) 

   

 

V x t , x t + = x2 t + x2 t + d
0

                            (4.2.42) 
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dV

dt
= 2x

dx

dt
+ x(t)2 x(t )2                                  (4.2.43) 

 

 < 0 ve  r > 0  e 

 

 

dV

dt
= 2x t rx t 1 x t x t + x t + x t 2 x t 2   

 

= 2r + 1 x t 2 2 rx t 3 x t 2 2 rx t 2x t + 2 x t x t  

 

             < 2r + 1 x t 2 x t 2
 

 

        = 2r + 1x x t 2r + 1x + x t .  

 

, 0 < x t < 2r + 1x t < x t    
dV

dt (4.2.1)
  

negatiftir. Bu ise    (4.2.1) diferensiyel 

denkleminin  u1 = 0   . 

 

 

.2.7.  = 0.5, r = 1.570796, = 0.005,

= 0.0003, = 1.7  ve t=0   x 0 = 0.62 ve x = 3 

 diferensiyel denkleminin  u1 = 0   kritik 

global asimptotik 2.7
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)  = 0.5, r = 1.570796, = 0.005, = 0.0003, = 1.7  

 x 0 = 0.62 ve x = 3  diferensiyel denkleminin 

zaman-  
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)   = 0.5, r = 1.570796, = 0.005, = 0.0003, = 1.7  

 x 0 = 0.62 ve x = 3  diferensiyel denkleminin 

-  

 

Teorem 4.2.5.   0 < r <
+ +2

2 2 +
<  ve  <

+

2
 

 > 0   

 

r + 1 x t < x t                                 (4.2.44) 

 

 olsun. Bu durumda (4.2.1) diferensiyel denkleminin  u2 =
r+

r +
  

 

 

.  > 0   

 

 

V x t , x t + = x t u2
2 + x t + u2

2d
0

                 (4.2.45) 
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dV

dt
= 2 x t u2

dx (t)

dt
+ x t u2

2 x t u2
2              (4.2.46) 

 

olup   

 

   
dV

dt
= 2 x t u2 rx t 1 x t x t + x t   

 

            + x t u2
2 x t u2

2   

 

         = 2 rx t 3 + 2r + 1 + 2 ru2 x t 2 x t 2 2u2rx t  

 

              2u2 x t x t 2 rx t x t x t u2 + 2 x t x t u2   

 

  dir. Hipotezden   r>0  ve r + < 0  

 

dV

dt
< 2r + 1 + 2 ru2 x t 2 2u2 (r + 1)x t x t                      (4.2.47) 

 

bulunur 0 < r <
+ +2

2 2 +
  

 

2r + 1 + 2 ru2 x t 2 < 0                             (4.2.48) 

 

dir. Bu durumda  (4.2.47) 

 

dV

dt
< 2u2 (r + 1)x t x t                            (4.2.49) 

 

  

 

+ +2

2 2 +
> 0                                             (4.2.50) 
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<
+

2
  

 

(4.2.49 Buradan 

 

r + 1 x t x t < 0                                  (4.2.51) 

 

elde edilir. Bu ise 

 

r + 1 x t < x t                                     (4.2.52) 

 

hipotezidir.  Bu da   
dV

dt
< 0  . Bu durumda,  

dV

dt (4.2.1)
 negatif 

  Lyapunov fonksiyonu   (4.2.1) diferensiyel denkleminin 

u2 =
r+

r +
  

tamamlar.  

 

.2.8. Teorem 4.2.5  = 0.5, r = 0.04, = 0.5, = 0.8, =

1.5   x 0 = 6 ve x = 7  

(4.2.1) diferensiyel denkleminin u2 =
r+

r +
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) = 0.5, r = 0.04, = 0.5, = 0.8, = 1.5  ve   

x 0 = 6  ve x = 7 diferensiyel 

zaman-  

 

 

)  = 0.5, r = 0.04, = 0.5, = 0.8, = 1.5  ve   

x 0 = 6  ve x = 7 diferensiyel 

-  
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4.2.2. (4.2.1) Diferensiyel Denklemin

nalizinde Allee Etkisi 

 

Bu kesimde (4.2.1) lojistik diferensiyel denklemine  t zaman

fonks  yeni diferensiyel 

yerel ve glo  elde edilen teorik  geometrik olarak 

, (4.2.1) diferensiyel denkleminin   

 p > 0  

 

a x t =
x t

p+x t
                                        (4.2.53) 

 

  u2 =
r+

r +
, (4.2.1) diferensiyel denkleminin   

 

 

      r =
r

a u2
                                                 (4.2.54)  

 

ve 

=
1

a u2
                                               (4.2.55) 

 

olsun.  2.1) diferensiyel denklemine (4.2.53)-(4.2.55 n  

 

 

     
dx (t)

dt
= a x t r x t 1 x t x t + x t              (4.2.56) 

 

diferensiyel denklemi elde edilir.  Burada r  

denk  (4.2.56) diferensiyel denklemine v t = x t  

 

 

  
dv (t)

dt
= a v t r v t 1 v t v t 1 + v t 1         (4.2.57) 
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bulunur. Bu denklemin  

 

v =
r +

r +
  (r 0)                                 (4.2.58) 

 

dir.  

 

y t = v t v                                             (4.2.59) 

 

 

 

dy t

dt
= a y t + v r y t + v 1 y t + v y t 1 + v   

            + y t 1 + v                                                           

                                                           

denklemini elde ederiz. Bu durumda, (4.2.57) diferensiyel denkleminin (4.2.58) ile 

verilen   

 

dy t

dt
= a y t + v 2 r v + vr r y t vr y t 1           (4.2.60) 

 

dir. Bu denklemin karakteristik denklemi ise 

 

v + p + v 2 r v + vr r + v vr e = 0                    (4.2.61) 

 

dir. 

 

Teorem 4.2.6.  v =
r +

r +
, r 0  ) diferensiyel denkleminin kritik 

  >
1 p

v
    

 

=
a(v)

+
2 + + r tan  ,   0 < <                    (4.2.62) 
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< r < +
1

1 + tan2 2 + + r
2
                  (4.2.63) 

 ise, bu taktirde (4.2.56) diferensiyel denkleminin  v =
r +

r +
 

 

  Lemma 4.1.1 (  ve (4.2.61) karakteristik denklemi birlikte dikkate 

   

 

a1 =
v 2 r v+ vr r

v+p
        ve       a2 =

v vr

v+p
               (4.2.64) 

 

 

 

                                          a1 =
v 2 r v+ vr r

v+p
> 1                                       (4.2.65)    

 

 v =
r +

r +
   nden 

 

r >
+ 2 + p +

v
                                  (4.2.66) 

 

bulunur.   

 

v 2 r v+ vr r

v+p
+

v vr

v+p
> 0                            (4.2.67) 

 

 

r >                                           (4.2.68) 

 

dir.  

 

v vr

v+p
< 2 +

v 2 r v+ vr r

v+p

2

                       (4.2.69) 

 

v =
r +

r +
   ol n 
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r < +
1

1 + tan2 2 + + r
2
                  (4.2.70) 

 

elde edilir.  

 

>
+ 2 + p +

v
                                     (4.2.71) 

 

1  

 

>
1 p

v
                                             (4.2.72) 

 

elde edilir. tamamlar. 

 

.  Teorem 4.2.6  dikkate      = 0.5,   r  = 6.664323027642,   

= 0.5, = 0.8, = 6.664323020764 , p=0.1 ve  x = x 0 = 0.6 

e  .56) diferensiyel denkleminin v =
r +

r +
 kritik 

2.9    

 

 

 



(a)   

 , p=0.01 ve    ) 

diferensiyel zaman-  

 

 

 

(b)  

 , p=0.01 ve    ) 

diferensiyel -

 

 

.   ve   yerine  

 , 

p=0.1 ve  tekrar ) diferensiyel 

denkleminin 2.10 
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)  = 0.5, r  = 2.2214414622, = 0.5, = 0.8, = 1 , p=0.1 ve  

x = x 0 = 0.6  ) diferensiyel 

zaman-  

 



 

 

)   , p=0.1 ve   

  ) diferensiyel 

-  

 

11.   ve   yerine  

  ,  p=0.1 ve  

   ) diferensiyel denkleminin 

   2.11
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(a)  = 0.5,  r  = 5.2, = 0.5, = 0.8, = 1 , p=0.1 ve   

x = x 0 = 0.6  ) diferensiyel 

zaman-  
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(b)  = 0.5, r  = 5.2, = 0.5, = 0.8, = 1 , p=0.1 ve 

   x = x 0 = 0.6  ) diferensiyel 

-  

 

Teorem 4.2.7. > ,  r 0  ve  r <
3 +

olsun. Bu durumda  her  > 0 gecikme 

) diferensiyel denkleminin  v =
r +

r +
  

 

    i 0 0  ) karakteristik 

mevcut olsun.  Bu durumda (4.2.61  

 

v + p i 0 + v 2 r v + vr r + v vr e i 0 = 0                 (4.2.73) 

 

ve buradan da  

 

v 2 r v + vr r + v vr cos 0 = 0

v + p 0 v vr sin 0 = 0
                         (4.2.74) 

 

elde edilir. Buradan 

 

0
2 =

2v2

v+p 2
vr 2 2 r v + vr r 2                           (4.2.75) 

 

ve 

0
2 =

r + 2v2

v+p 2

r 3 +

+
                        (4.2.76) 

 

bulunur. (4.2.76  

 

r 3 + < 0                           (4.2.77) 

 

ise, bu taktirde  0
2 < 0    >   ve r <

3 +
  hipotezleri yeter 

 Yani, Buna durumda, (4.2.61) karakteristik denkleminin  



    her  

  

 

. 6 da  r yerine   ve   yerine  

 , p=0.1 ve 

 ebili  ) diferensiyel denkleminin  

  2.12(a) ve 

      

       

 

 

(a)   

, p=0.1  ve   ) diferensiyel denkleminin 

zaman-  

 



 

 

(b) , p=0.1 ve   

  ) diferensiyel 

-  

 

Teorem 4.2.8.    ve   

   

 

                             (4.2.78) 

 

 olsun. Bu durumda (4.2.1) diferensiyel denkleminin    

 

    

 

 

                 (4.2.79) 
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dV

dt
= 2 x t v

dx (t)

dt
+ x t v 2 x t v 2              (4.2.80) 

 

olup (4.2.56) n  

 

   
dV

dt
= 2 x t v a x t r x t 1 x t x t + x t  

 

            + x t v 2 x t v 2   

 

         = 2 r x t 3a x t + a x t 2r + 2 r v + 1 x t 2 x t 2 

 

             2vr a x t x t 2v x t x t 2 r x t x t a x t  

 

            x t v + 2 x t x t v   

 

 dir. r >0  ve r + < 0  

 

dV

dt
< a x t 2r + 2 r v + 1 x t 2 2vr a x t x t 2v x t x t   

 

2 r x t x t a x t x t v + 2 x t x t v                         (4.2.81) 

 

0 < r <
+ +2 a x t

2 2 + a x t
  

 

a x t 2r + 2 r v + 1 < 0                             (4.2.82) 

 

dir. Bu durumda (4.2.81) 

 

dV

dt
< 2vr a x t x t 2v x t x t 2 r x t x t a x t x t v     

 

+2 x t x t v                                                                                          (4.2.83) 
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. r >  

 

                  
+ +2 a x t

2 2 + a x t
> 0                                       (4.2.84) 

 

me  

 

<
+

2 a x t
   

 

hipotezi elde edilir. (4.2.87  

 

x t v > 0                                             (4.2.85) 

 

 

 

2 r x t x t a x t x t v    <0                     (4.2.86) 

 

ve 

 

2 x t x t v < 0                               (4.2.87) 

 

  

 

dV

dt
< 2v r a x t + 1 x t x t                                 (4.2.88) 

 

 (4.2.88  

 

0 < r a x t + 1 x t < x t                                (4.2.89) 

 



  bulunur. Bu durumda,   Lyapunov 

(4.2.56) diferensiyel denkleminin  kritik 

 

 

.2.13. .   ve   yerine  

  , p=0.1 ve 

  ve  i  ) 

diferensiyel denkleminin   

2.13          

 

 

 

(a)    

  ve  ) diferensiyel denkleminin 

 zaman-   
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(b)  = 0.5, r = 0.04, = 0.5, = 0.8, = 1.5, p = 0.1  

 x 0 = 6  ve x = 7 ) diferensiyel 

dizisinin -  

 

 -  

 

a x t =
x(t )

+x t
                                        (4.2.90) 

 

Allee fonksiyonunu   

 

dx (t)

dt
= a x t r x t 1 x t x t + x t                   (4.2.91)  

 

lojistik diferensiyel 

n karakteristik denklemi (4.2.56) diferensiyel denklemi ile 

.2.91) diferensiyel  



 

.    ve   yerine  

   , p=0.1 ve  

  ) diferensiyel 

denkleminin 

4.2.14    

 

 

 

(a)   , p=0.1 ve     

   (4.2.91) diferensiyel  

zaman-   

 



 

 

4.2.14(b)   , p=0.1 

ve       (4.2.91) diferensiyel 

dizisinin -   

 

15.    ve   yerine  

    ,  p=0.1   ve     

   ) diferensiyel denkleminin 

  ile ilgili grafikler 

2.15    
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(a)  = 0.5,  r  = 5.2, = 0.5, = 0.8, = 1 , p=0.1 ve    

x( ) = x 0 = 0.6  ) diferensiyel   

zaman-  

 

 



 

 

(b)   , p=0.1 ve  

     ) diferensiyel 

-  

 

.    ve   yerine  

 , p=0.1 ve 

 e  in (4.2.91) diferensiyel denkleminin  

  asimptotik 2.16 (a) ve 
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16(a)  = 0.5, r = 2.2214414622, = 0.5, = 0.8, 

= 1,  p=0.1 ve  x( ) = x 0 = 0.6  (4.2.91) diferensiyel denkleminin 

 zaman-  

 



 

 

.(b)  ,  p=0.1ve    

  ) diferensiyel 

-  

 

17.    ve   yerine  

  , p=0.001 

  ve   ) 

diferensiyel denkleminin   
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17(a)  = 0.5, r = 0.04, = 0.5, = 0.8, = 1.5, p = 0.001  ve  

 x 0 = 6 ve x = 6.2 91) diferensiyel 

 zaman-   
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7(b) = 0.5, r = 0.04, = 0.5, = 0.8, = 1.5, p = 0.001  

 x 0 = 6  ve x = 6.2 91) diferensiyel denkleminin 

-  

 

 

 

Bu kesimde, elde edilen  kullan arak grafiklerle 

diferensiyel   x  ve  x 0  

 Bu denklemle

  

Kesim diferensiyel denklemin  d   

-4.2.5 ile  karakterize edil , elde 

 .2.1-  grafiksel olarak  

e ise (4.2.1) diferensiyel denklemi ve  Allee sabiti   = 0.1  

, (4.2.56) 

diferensiyel denklemin -

-  
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= 0.5, r  = 6.664323027642, = 0.5, = 0.8, = 6.664323020764, p=0.1 ve  

 x(t ) = x t = 0.6   (4.2.56) 

diferensiyel denkleminin  v =
r +

r +
  

 

    

(4.2.56) diferensiyel  

   terdi  

.2.56) diferensiyel denkleminin v 

nin (4.2.1) diferensiyel 

  

4.2.10). - (4.2.91) 

diferensiyel eki ayn

 (4.2.56)  denkleminden de  daha  

 .  

Bunlara ilave olarak, (4.2.1) diferensiyel denkleminin  yapan 

d  (4.2.56) diferensiyel denkleminin  t=35 

 . (4.2.91) 

diferensiyel denkleminde   v 

c  

.  (4.2.1), (4.2.56) ve 

(4.2.91)   lemin 

  asimptotik 

(

) diferensiyel denkleminin 

n    

 

Yine, d ) diferensiyel denklemi 

 (4.2.56) diferensiyel denkleminde 

 

4.2.13),  (4.2.91) diferensiyel denkleminde 
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MATLAB ler 

nedeniyle Allee sabitinin p=0.01 

 

 fark 

denklemlerinin daha fazla ka . 

Buna ilave olarak,   t-

n Allee fonksiyonun  

  

 

4.3. 
( )

= +  Diferensiyel  Denkleminin 

nalizi 

 

,    r, R 0   ve > 0 

 

 

dx (t)

dt
= rx t 1 x t x t + x t                       (4.3.1) 

 

diferensiyel 

S. Ruan 

 (4.3.1) diferensiyel denklemin 

.3.1) denklemine belirli tipte Allee 

 

 

 (4.3.1) diferensiyel  
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nalizi 

 

diferensiyel denkleminin  

  

 

diferensiyel t 

yazarsak  

 

dx ( t)

dt
= rx t 1 x t x t + x t                           (4.3.2) 

 

u t = x t    

Buna durumda, 

 

du (t)

dt
=

dx ( t)

dt
                                             (4.3.3) 

 

 

du t

dt
= r u t 1 1 u t u t 1 + u t                  (4.3.4) 

 

elde edilir.  

u1 = 0   ve   u2 =
r+

r +
 ,  r 0                                 (4.3.5) 

 

diferensiyel  

O halde (4.3.4) diferensiyel denkleminin  u1 = 0 .4) 

diferensiyel denkleminin   

 

du t

dt
= r u t 1 + u t                                    (4.3.6) 

 

ve buna ait karakteristik denklemi de 

 

r e = 0                                            (4.3.7) 
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dir. 

diferensiyel denkleminin  u2 =
r+

r +
 

 

 

y t = u t u2                                             (4.3.8) 

 

 

dy t

dt
= ru2 y t 2 ru2 + ru2 r y t 1        (4.3.9) 

 

denklemi elde edilir. 

denklem de  

 

+ ru2 + 2 ru2 + ru2 r e = 0                              (4.3.10) 

 

karakteristik 

] dikkate 

 

 

Teorem 4.3.1.  u1 = 0 ve  u2 =
r+

r +
 (r 0)  .1) diferensiyel 

 

i) <
1
    

 

 = tan  ,   0 < <                                        (4.3.11)  

      

 

 

           
1 2 + 2 2 < r <                                       (4.3.12) 

 

ise, bu taktirde (4.3.1) diferensiyel denkleminin u1 = 0  
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ii) <
1
   

=
+

r tan ,   0 < <                    (4.3.13) 

 

 

 

< r <
+2

+
1

1 + tan2 r 2                 (4.3.14) 

 

 ise, bu taktirde (4.3.1) diferensiyel denkleminin u2 =
r+

r +
 

 

 

i) ve (4.3.7) karakteristik denklemi birlikte dikkate 

   

a1 =         ve       a2 = r                                  (4.3.15) 

 

  (4.1.10)   

 

a1 = > 1                                            (4.3.16)     

 

Buradan ise   <
1
    elde edilir ki bu da  (i  

, (4  

 

a1 + a2 = r > 0                                (4.3.17) 

 

 > 0   

 

r + > 0                                         (4.3.18) 

 

ve buradan da 

r <                                              (4.3.19)     

bulunur. 

.11)   
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r < 2 + 2 2                                    (4.3.20) 

 

dir. Bu  

1 2 + 2 2 < r                                   (4.3.21) 

 

elde edilir. (4.3.19) ve (4.3 (4.3 . 

ii) Lemma 4.1.1 ve (4.3.10) karakteristik de , 

 

a1 = ru2         ve       a2 = 2 ru2 + ru2 r                (4.3.22) 

 

 

 

                                    a1 = ru2 > 1                                       (4.3.23)    

 

 u2 =
r+

r +
   .23)  

 

r+

+
>

1
                                             (4.3.24) 

 

r >
+

+                                             (4.3.25) 

 

bulunur. 

 

 

ru2 + 2 ru2 + ru2 r > 0                 (4.3.26) 

 

dir ve buradan  

r >                                           (4.3.27) 

 

elde edilir. 
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2 ru2 + ru2 r < 2 + 2 ru2
2                       (4.3.28) 

 

.   u2 =
r+

r +
   ve   (4.2.13) b  

 

r <
+2

+
1

1 + tan2 r 2                  (4.3.29) 

 

elde edilir. (4.2.27) ve (4.2.29) b  (4.3 un 

 

 

>
+

+                                      (4.3.30) 

 

 Bu ise  

<
1
                                             (4.3.31) 

 

.  

 

.1. Teorem 4.3  = 0.5, r = 5, = 0.8, = 0.3,

= 4.71238898025  ve   x( ) = x 0 = 0.8 ebilir.  

(4.3.1) diferensiyel denkleminin u1 = 0 

3        
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.1(a)  = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve  

    x( ) = x 0 = 0.8  (4.3.1) diferensiyel zaman-
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.1(b)  = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve  

   x( ) = x 0 = 0.8 .1) diferensiyel  

-  

 

3.2. Teorem 4.3  = 0.5, r = 7, = 0.8, = 0.3,

= 4.71238898025  ve   x( ) = x 0 = 0.8 eb  

(4.3.1) diferensiyel denkleminin u1 = 0  ile ilgili 

3  
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l 4.3.2(a)  = 0.5, r = 7, = 0.8, = 0.3, = 4.71238898025  ve   

x( ) = x 0 = 0.8   (4.3.1) diferensiyel 

zaman-  
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.2(b) = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve    

x( ) = x 0 = 0.8  (4.3.1) diferensiyel 

-  

 

.3. Teorem 4.3.1/(ii  = 0.5, r = 5, = 1.2, = 0.2,

= 1.9 ve   x( ) = x 0 = 0.9 eb  .1) 

diferensiyel denkleminin u2 =
r+

r +

3    
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.3(a)  = 0.5, r = 5, = 1.2, = 0.2, = 1.9  ve  x( ) = x 0 = 0.9 olmak 

 (4.3.1) diferensiyel zaman-
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.3(b)  = 0.5, r = 5,   = 1.2, = 0.2, = 1.9  ve    x( ) = x 0 = 0.9   

 (4.3.1) diferensiyel  -

 

 

.4. Teorem 4.3.1/(ii  = 0.5, r = 5, = 1.2, = 0.2, =

5  ve   x( ) = x 0 = 0.9   eb  .1) diferensiyel 

denkleminin u2 =
r+

r +
  3.4(a) 
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.4(a)  = 0.5, r = 5, = 1.2, = 0.2, = 5   ve    x( ) = x 0 = 0.9 

(4.3.1) diferensiyel zaman-
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.4(b)   = 0.5, r = 5, = 1.2, = 0.2, = 5 t=0 

   x = x 0 = 0.9 4.3.1) diferensiyel 

-  

 

Teorem 4.3.2. r2 < 2 ise, bu taktirde  her  > 0  .1) 

diferensiyel denkleminin  u1 = 0  

 (4.3.7) karakteristik denkleminin a 

i 0 0  (4.3  

 

 i 0 r e i 0 = 0                                              (4.3.32) 

 

n  

 

r cos 0 = 0

0 r sin 0 = 0
                                                 (4.3.33) 

 

elde edilir. Buradan 
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0
2 = 2 r2 2                                                     (4.3.34) 

 

bulunur.  r2 < 2  (4.3.7) karakteristik denkleminin  

.  B  her  > 0 gecikme 

u1 = 0  

 

.5. Teorem 4.3  = 0.5, r = 5, = 0.8, = 0.3,

= 4.71238898025  ve    x( ) = x 0 = 0.8 eb  

(4.3.1) diferensiyel denkleminin u1 = 0  

3             

 

 

.5(a)  = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve    

x( ) = x 0 = 0.8 .1) diferensiyel 

zaman-  
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)  = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve  

   x( ) = x 0 = 0.8 .1) diferensiyel 

-  

 

Teorem 4.3.3. >   , r 0  ve  r >
+3

 mevcut olsun. Bu durumda   her  > 0 

gecikme .1) diferensiyel denkleminin  u2 =
r+

r +
  

 

    (4.3.10) karakteristik a 

i 0 0  (4.3.10  

 

i 0 + ru2 + 2 ru2 + ru2 r e i 0 = 0                 (4.3.35) 

 

.35 en  

 

ru2 + 2 ru2 + ru2 r cos 0 = 0

0 2 ru2 + ru2 r sin 0 = 0
                         (4.3.36) 
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elde edilir. Buradan 

 

0
2 = 2 2 ru2 + ru2 r 2 ru2

2                           (4.3.37) 

 

bulunur. (4.3.37 n  

 

0
2 = 2 +r

+
r + + 2 r +                         (4.3.38) 

 

4.3  

 

+ r > 0 

 

 

r + + 2 r + < 0                        (4.3.39) 

 

ise, 0
2 < 0  .39 >     

 

r >
+3

                                         (4.3.40) 

 

elde edilir ki bu da hipotezin kendisidir.Yani,  (4.3.10

  her  > 0 gecikme 

u2 =
r+

r +
  

 

.6. Teorem 4.2.3  dikkate      = 0.5, r = 4, = 1.2, = 0.2,   

= 1.9  ve  x( ) = x 0 = 0.9 eb  .1) 

diferensiyel denkleminin  u2 =
r+

r +
 asimptotik 

3             
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.6(a)   = 0.5, r = 4, = 1.2, = 0.2, = 1.9  ve 

 x( ) = x 0 = 0.9 .1) diferensiyel 

zaman-  
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.6(b)  = 0.5, r = 4, = 1.2, = 0.2, = 1.9  ve  

    x( ) = x 0 = 0.9 .1) diferensiyel  dizisinin 

-  

 

Teorem 4.3.4.  <
1

2
 ve  r > 0  > 0   

1

2
< ( )   ve    

1

2
< ( )                                 (4.3.41) 

mevcut olsun. Bu taktirde (4.3.1) diferensiyel denkleminin  u1 = 0   

 

 > 0  ) 

   

 

V x t , x t + = x2 t + x2 t + d
0

                            (4.3.42) 

 

 

 

dV

dt
= 2x

dx

dt
+ x(t)2 x(t )2                                  (4.3.43) 



223 

 

 

olup (4.3 <
1

2
    ve  r > 0   

 

dV

dt
= 2x t rx t 1 x t x t + x t + x t 2 x t 2  

       = 2 + 1 x t 2 x t 2 + rx t x t 1 2 x t  

                +rx t x t  1 2 x t   

        < rx t x t 1 2 x t + rx t x t 1 2 x t   

 

 

 

1

2
< ( )   ve    

1

2
< ( )                               (4.3.44) 

 

 
dV

dt (4.3.1)
  

 (4.3.1) diferensiyel denkleminin  u1 = 0   

 

 

.7. Teorem 4.3.4   dikkate      = 0.5, r = 5, = 0.8, = 0.3,   

= 4.71238898025  ve    x( ) = 3 ve x 0 = 2  

(4.3.1) diferensiyel denkleminin  u1 = 0    

3          
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.7(a) = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve   

   x( ) = 3 ve x 0 = 2 3.1) diferensiyel 

zaman-  
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.7(b) = 0.5, r = 5, = 0.8, = 0.3, = 4.71238898025  ve   

   x( ) = 3 ve x 0 = 2 .1) diferensiyel 

-  

 

Teorem 4.3.5.   1 < <
1

2
   ve  1 < r <

+ 2

2
   > 0  

 

x t > u2              ve           x t >
1
                     (4.3.45) 

 

 olsun. Bu durumda (4.3.1) diferensiyel denkleminin  u2 =
r+

r +
  

 

  > 0  

 

 

V x t , x t + = x t u2
2 + x t + u2

2d
0

                 (4.3.46) 
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dV

dt
= 2 x t u2

dx (t)

dt
+ x t u2

2 x t u2
2              (4.3.47) 

 

olup (4.3  

 

   
dV

dt
= 2 x t u2 rx t 1 x t x t + x t  

 

            + x t u2
2 x t u2

2   

 

        = 1 + 2 x t 2 + 2 ru2 1 x t 2 2u2 1 + x t + 2u2 1 r x t  

 

+2 rx t x t u2 x t + 2rx t x t 1 x t  

 

  dir. 1 < <
1

2
     

 

dV

dt
< 2 ru2 1 x t 2 + 2u2 1 r x t + 2 rx t x t u2 x t +

2rx t x t 1 x t                                                                                (4.3.48) 

 

bulunur.  1 < r <
+ 2

2
   

 

2 ru2 1 < 0          ve   1 r < 0                                   (4.3.49) 

 

dir. Bu durumda (4.3.49) 

 

dV

dt
< 2 rx t x t u2 x t + 2rx t x t 1 x t             (4.3.50) 

 

 

 

x t > u2              ve           x t >
1
                    (4.3.51) 

 



227 

 

  
dV

dt
< 0  elde edilir. Yani,   

dV

dt (4.3.1)
  Lyapunov 

  (4.3.1) diferensiyel denkleminin u2 =
r+

r +
 

 

 

.3.8. Teorem 4.3.5   dikkate      = 0.5, r = 4, = 1.2, = 0.2,   

= 0.7   x 0 = 6 ve x = 5.2 

tekrar .1) diferensiyel denkleminin u2 =
r+

r +
 

asimptotik          

 

 

 

.8(a)  = 0.5, r = 4, = 1.2, = 0.2, = 0.7   

x 0 = 6 ve x = 5.2 .1) diferensiyel 

zaman-  
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.8(b)  = 0.5, r = 4, = 1.2, = 0.2, = 0.7   

x 0 = 6 ve x = 5.2 .1) diferensiyel  

-   

 

4.3.3 (4.3.1) Denklemin

Analizinde Allee Etkisi  

 

Bu kesimde (4.3.1) lojistik diferensiyel denklemine  t zaman

diferensiyel 

ve glob . Burada elde edilen teorik ve geometrik 

 (4.3.1) diferensiyel denkleminin  ile mukayeseleri 

 

 > 0  

 

a x t =
x t

p+x t
                                        (4.3.52) 
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u2 =
r+

r +
, (4.3.1) diferensiyel denkleminin   

 

 

      r =
r

a u2
                                                 (4.3.53)  

 

ve 

=
1

a u2
                                               (4.3.54) 

 

olsun.  diferensiyel denklemi 

 

     
dx (t)

dt
= a x t r x t 1 x t x t + x t              (4.3.55) 

 

  Burada r  

) diferensiyel denklemine v t = x t  

 

 

  
dv (t)

dt
= a v t r v t 1 1 v t v t 1 + v t         (4.3.56) 

 

bulunur. Kritik nokta ) diferensiyel denklemin 

kritik  

 

v =
r +

r +
  ,r 0                               (4.3.57) 

 

dir. Bu kritik nokta  (4.3.56) diferensiyel denklemini   

 

y t = v t v                                             (4.3.58) 

 

d  

 

dy t

dt
= a y t + v r y t 1 + v 1 y t + v y t 1 + v   
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            + y t + v                 

 

 

 

dy t

dt
= a y t + v r v y t r v + 2 vr r y t 1    (4.3.59) 

 

bulunur. Bu denkleme ait karaktersitik denklem ise   

 

v + p + v r v + v r v + 2 vr r e = 0               (4.3.60) 

 

dir. 

(4.3.57  (4.3.60) karakteristik denkleminin 

fade 

 

 

Teorem 4.3.6. r 0  v =
r +

r +
  ) diferensiyel denkleminin 

kritik <
1

+
p

v
   

 

=
(v)

+
r tan  ,   0 < <                    (4.3.61) 

 

 

 

< r <
+2

+
1

1 + tan2 r 2             (4.3.62) 

 

 ise, bu taktirde (4.3.55) diferensiyel denkleminin  v =
r +

r +
 

 

Lemma 4.1.1 ve (4.3.60    

 

a1 =
v r v

v+p
        ve       a2 =

v r v+2 vr r

v+p
                (4.3.63) 
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                                          a1 =
v r v

v+p
> 1                                       (4.3.64)    

 

 v =
r +

r +
   nden 

 

r >
+

+
p +

v
                                  (4.3.65) 

 

bulunur. 

 

 

v r v

v+p
+

v r v+2 vr r

v+p
> 0                            (4.3.66) 

 

e  

 

r >                                           (4.3.67) 

 

dir. 

Son olarak,  

 

v r v+2 vr r

v+p
< 2 +

v r v

v+p

2

                       (4.3.68) 

 

Burada   v =
r +

r +
   n 

 

r <
+2

+
1

1 + tan2 r 2                  (4.3.69) 

 

elde edilir. .65) ve (4.3.67  

 

>
+

+
p +

v
                              (4.3.70) 



 

(4.3.70  

 

                                             (4.3.71) 

 

hipotezi elde edilir. Bu da teormin  

 

3.9. Teorem 4.3.3  

 ve     

(4.3.55) diferensiyel denkleminin   ile ilgili 

3.9    

 

 

(a)   ve  

    .55) diferensiyel 

zaman-  
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 4.3.9(b)  = 0.5, r = 5, = 1.2, = 0.2, = 1.9, p = 0.5 ve  

  x( ) = x 0 = 0.9 .55) diferensiyel 

-  

 

. Teorem 4.3.6   = 0.5,  r = 5,

= 1.2, = 0.2, = 5, p=0.5  ve   x( ) = x 0 = 0.9  

 .55) diferensiyel denkleminin v =
r +

r +
  

 3.10 
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(a)  = 0.5, r = 5, = 1.2, = 0.2, = 5, p=0.5  ve  

   x( ) = x 0 = 0. .55) diferensiyel 

zaman-  
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.10(b)  = 0.5, r = 5, = 1.2, = 0.2, = 5, p=0.5  ve   

  x( ) = x 0 = 0. .55) diferensiyel 

-  

 

Teorem 4.3.7.  >   ve r <
+3

  olsun. Bu durumda  r 0  ve  her  > 0 

.55) diferensiyel denkleminin  v =
r +

r +
  pozitif denge 

 

    (4.3.60) karakteristik a 

i 0 0  (4.3.60  

v + p i 0 + v r v + v r v + 2 vr r e i 0 = 0                (4.3.72) 

 

.72  

 

v r v + v r v + 2 vr r cos 0 = 0

v + p 0 v r v + 2 vr r sin 0 = 0
                         (4.3.73) 

elde edilir. Buradan 
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0
2 =

2v2

v+p 2
r v + 2 vr r 2 r v 2               (4.3.74) 

 

bulunur. (4.3.7  

 

0
2 =

r + 2v2

v+p 2

r + +3

+
                        (4.3.75) 

 

 

 

r + + 3 < 0                           (4.3.76) 

 

ise, bu taktirde  0
2 < 0     >   ve r <

+3
  

Buna durumda, (4.3.60

Terorem 4.1.2den her  > 0 v =
r +

r +
 kritik 

 

 

. Teorem 4.3.  = 0.5,  r = 4, = 1.2, = 0.2,

= 1.9, p = 0.5  ve   x( ) = x 0 = 0.9 eb  

(4.3.55) diferensiyel denkleminin  v =
r +

r +
  

3.11             
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(a)   = 0.5, r = 4, = 1.2, = 0.2, = 1.9, p = 0.5 ve    

x( ) = x 0 = 0.9  ) diferensiyel   zaman-
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(b)  = 0.5,  r = 4, = 1.2, = 0.2, = 1.9, p = 0.5  ve  

   x( ) = x 0 = 0.9   ) diferensiyel  

-   

 

Teorem 4.3.8.   1 < r a x t <
+ 2

2
     ve  1 < a x t <

1

2
  

 > 0   

 x t > v              ve           x t >
1

                                        (4.3.77) 

 olsun. Bu durumda (4.3.55) diferensiyel denklemin   v =
r +

r +
 

 

  > 0  

 

 

V x t , x t + = x t v 2 + x t + v 2d
0

                 (4.3.78) 
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dV

dt
= 2 x t v

dx (t)

dt
+ x t v 2 x t v 2              (4.3.79) 

 

olup (4.3.55) en  

 

   
dV

dt
= 2 x t v a x t r x t 1 x t x t + x t  

 

            + x t v 2 x t v 2   

 

         = 1 + 2 a x t x t 2 + 2 r va x t 1 x t 2 

 

            2v 1 + a x t x t + 2v 1 r a x t x t   

 

            +2 r x t x t a x t v x t  +2r x t x t a x t 1 x t  

 

  dir. 1 < a x t <
1

2
     

 

dV

dt
< 2 r va x t 1 x t 2 + 2v 1 r a x t x t   

 

          +2 r x t x t a x t v x t  

 

          +2r x t x t a x t 1 x t                                                       (4.3.80) 

 

bulunur.  1 < r a x t <
+ 2

2
 ve  

 

2 r va x t 1 < 0          ve   1 r a x t < 0                 (4.3.81) 

 

dir. Bu durumda (4.3.80) 

 

dV

dt
< 2 r x t x t a x t v x t   
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          +2r x t x t a x t 1 x t                                                      (4.3.82) 

 

durumda 

 

x t > v              ve           x t >
1
                    (4.3.83) 

 

  
dV

dt
< 0  elde edilir. O halde   

dV

dt (4.3.55)
   Lyapunov 

  (4.3.55) diferensiyel denklemin v =
r +

r +
 

 

 

.3.12. Teorem 4.3  = 0.5,  r = 4,   = 1.2, = 0.2,

= 0.7, p=0.5 ve  x 0 = 6 ve x = 5.2 

 ) diferensiyel denkleminin v =
r +

r +
 

asimptotik 3.12  
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(a)  = 0.5, r = 4, = 1.2, = 0.2, = 0.7

 x 0 = 6 ve x = 5.2 ) diferensiyel denkleminin 

 zaman-   
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(b)  = 0.5,  r = 4, = 1.2, = 0.2, = 0.7

 x 0 = 6 ve x = 5.2 ) diferensiyel denkleminin 

-  

 

 -  

 

a x t =
x(t )

+x t
                                        (4.3.84) 

 

Allee fonksiyonunu (4.3   

 

a x t r x t 1 x t x t + x t                   (4.3.85)  

 

lojistik diferensiyel 

len karakteristik denklem (4.3.55) diferensiyel denklemi ile 

) v

4.3.8 e .3.85) diferensiyel de . 
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. Teorem 4.3.6  = 0.5, r  = 5, = 1.2, = 0.2,

= 1.9, p = 0.5 ve    x( ) = x 0 = 0.9 s  

(4.3.85) diferensiyel denkleminin v =
r +

r +

3.13    

 

 

 

(a)   = 0.5, r  = 5, = 1.2, = 0.2, = 1.9, p = 0.5 ve   

  x( ) = x 0 = 0.9 ) diferensiyel 

zaman-  
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(b)  = 0.5, r  = 5, = 1.2, = 0.2, = 1.9, p = 0.5 ve   

  x( ) = x 0 = 0.9   ) diferensiyel  

-   

 

. Teorem 4.3.6    = 0.5, r = 5,

= 1.2, = 0.2, = 5, p=0.5  ve    x( ) = x 0 = 0.9 

 ) diferensiyel denkleminin v =
r +

r +
  

 3.14 
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(a)   = 0.5, r = 5, = 1.2, = 0.2, = 5, p=0.5  ve    

 x( ) = x 0 = 0.9  ) diferensiyel 

zaman-  
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(b)  = 0.5, r = 5, = 1.2, = 0.2, = 5, p=0.5  ve  

  x(t ) = x t = 0.9 ) diferensiyel 

-  

 

nek 4.3.15. Teorem 4.3  = 0.5,  r = 4, = 1.2, = 0.2,

= 1.9, p = 0.5  ve    x(t ) = x t = 0.9 eb  

(4.3.85) diferensiyel denkleminin  v =
r +

r +
  

3.15             
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(a)   = 0.5, r = 4, = 1.2, = 0.2, = 1.9, p = 0.5 ve    

x( ) = x 0 = 0.9  ) diferensiyel 

zaman-  
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(b)  = 0.5,  r = 4, = 1.2, = 0.2, = 1.9, p = 0.5   ve   

x( ) = x 0 = 0.9 ) diferensiyel 

-  

 

.16. Teorem 4.3  = 0.5, r = 4, = 1.2, = 0.2,

= 0.7, p=0.5 ve  x 0 = 6 ve x = 5.2 

 ) diferensiyel denkleminin v =
r +

r +
 

asimptotik 3.16          
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(a)  = 0.5, r = 4, = 1.2, = 0.2, = 0.7

 x 0 = 6 ve x = 5.2 ) diferensiyel denkleminin 
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.3.16(b)  = 0.5, r = 4, = 1.2, = 0.2, = 0.7

 x 0 = 6 ve x = 5.2 ) diferensiyel denkleminin 

-  

 

4.3.3.  Kesim 4.3  

 

Bu kesimde, elde edilen arak grafiklerle 

diferensiyel  x

 ve  x t   Diferensiyel denklemlerin 

  

-4.3.5,  (4.3.1) diferensiyel denkleminin 

d

.3.1-4.3  grafiksel olarak  

 .3.1) diferensiyel denklemi ve  Allee sabiti   = 0.5  

) 

diferensiyel denklem -Teorem4.3
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- 4.3.6 

) diferensiyel denklemin 

 

) diferensiyel rinin v 

 (4.3.1) diferensiyel 

 ) 

diferensiyel denkleminde ise, Allee fonksiyonun t-

.55

.1) diferensiyel 

 a (4.3.55) diferensiyel 

de .10). (4.3.85) 

diferensiyel e  , ancak v 

kritik noktas  u 

ir (

4.3.15 ) diferensiyel denklemin 

) diferensiyel de

) ve (3.3.85) diferensiyel denklemlerinde  aniden global asimptotik 

kara ) 

diferensiyel denkleminde ise 

  

-
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